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Abstract

The response of one or more floating compliant disks to a monochromatic

linear water wave is investigated theoretically and experimentally, in a

regime where scattering effects dominate. A model is constructed assuming

the disks behave as thin elastic plates, moving freely in a fluid domain of

finite depth and infinite extent in the horizontal directions. The response

of a single disk is devised first, using a novel version of the eigenfunction

matching method, that accommodates a realistic Archimedean draught.

The solution to the multiple-disk problem is obtained using Graf’s addition

formula.

A unique series of wave tank experiments is reported that replicates as

closely as possible the conditions of the model. An optical remote sensing

device provides accurate measurements for the disk deflection. Theoretical

and experimental data are compared in terms of the natural modes of vi-

bration of the disk. The modal amplitudes are analysed for three different

disk thicknesses, over a frequency range relevant to the regime of inter-

est. Additional tests with two disks provide data for different spacings and

angles between the disks.

For tests involving a single disk, good agreement is obtained overall for the

dominant modes, although discrepancies appear consistently in the results.

The influence of components of the experimental setup are analysed theo-

retically by extension of the original model to explain or discard their effect

on the motion of the disk. For tests with two disks, evidence that the disks

influence each other’s motion is found and reasonable agreement is obtained

with the theory.
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Chapter 1

Introduction

Ocean dynamics are mainly governed by interactions with the atmosphere that result

from the equilibrium between the solar radiation transmitted to the earth and the

energy emitted by the earth as thermal radiation (Gill, 1982). In particular, Massel

(1996) reported that wind is the primary driver of the motion of the water surface, re-

ferred to as the free surface. Waves can be generated at the free surface, and propagate

under the influence of gravity (as a restoring force). The physical mechanisms involved

in the generation of wind waves are described by Massel (1996), based on the early

works Phillips (1957) and Miles (1957). We shall restrict the domain of application of

the work presented in this thesis to wind waves and swell (waves generated by storms).

This regime is associated with periods ranging over 1–25 s (Mei et al., 2005), and we

shall refer to these types of wave as surface waves.

The interaction of surface waves with floating objects has been the subject of ex-

tensive research in the second half of the 20th century, mainly motivated by the rapid

expansion of the maritime industry after the second world war (Wijnolst and Werge-

land, 2009). This includes, but is not limited to, the design and construction of ships,

oil platforms, breakwaters, floating docks, floating production, storage and offloading

(FPSO) units, buoys and very large floating structures (VLFSs, typically floating air-

ports). Depending on the type of structures analysed, the dynamic response to surface

wave forcing may be either rigid or elastic. The latter case defines the scope of this

thesis, and is commonly referred to as hydroelasticity.

According to Chen et al. (2006), hydroelasticity concerns with “the motion and

distortion of deformable bodies responding to environmental excitations in the sea”

and brings together problems involving “inertial, hydrodynamic and elastic forces”.

Although this definition covers most hydroelastic applications related to marine engi-
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neering, hydroelasticity is pertinent whenever a fluid and an elastic structure interact

dynamically. In the introduction of the theme issue “The mathematical challenges and

modelling of hydroelasticity” published in the Philosophical Transactions of the Royal

Society A, Korobkin et al. (2011) extended the definition of hydroelasticity to the study

of “the deformations of elastic bodies responding to hydrodynamic excitations and si-

multaneously the modification of these excitations owing to the body deformation”.

The theme issue comprises papers with applications in various fields, i.e. polar and

marine engineering, and biology.

In this thesis, we are concerned with the hydroelastic interactions of surface waves

with a collection of floating elastic plates. This problem is particularly relevant in

marine engineering (design of VLFSs) and polar climate modelling (ocean waves/sea-ice

interactions), as part of which, pontoon-type structures and sea-ice floes have plate-like

shapes and elastic behaviours. Although these two areas differ significantly in terms

of research goals, the modelling and experimental approaches used to study them are

similar. A thorough description of the research activity in these two areas will be given

subsequently.

The wave/structure interactions considered in this work are characterised by scat-

tering processes, where the presence of a floating plate in a wave field induces a hor-

izontal redistribution of the wave energy spectrum that depends on the scattering

characteristics of the plates, i.e. geometry, mass and elastic properties. In addition,

hydroelastic interactions differ significantly from wave/rigid body interactions in that

surface waves can propagate in plate-covered fluid regions as flexural-gravity waves,

named after the two forces involved in the process. For this reason, the mathematical

techniques developed to solve hydroelastic problems are modified from those involving

a floating rigid body.

We will investigate theoretically and experimentally the flexural motion and scat-

tering characteristics of one plate and two interacting plates (i.e. when the presence

of a plate affects the motion of the other one) under regular wave forcing in a three-

dimensional setting. We consider plates that have a circular geometry only, which

simplifies the mathematical model and the experimental setup. The experiments have

been conducted in a wave tank, which allowed us to control the wave forcing, limit ex-

ternal disturbances and reproduce idealised conditions from standard wave and plate

models. Therefore, an experimental validation of the model is sought as part of the

present study.

2



1.1 Surface wave and elastic plate models

Linear surface waves

An initial assessment of the wave conditions is required to determine the type of forc-

ing that the plate experiences. Throughout this thesis, we assume a fluid domain of

finite depth, a potential flow (Batchelor, 1967) and small wave amplitude compared

to the wavelength, so that we can use the linear theory of water waves (Airy, 1845).

The problem is additionally simplified, when considering a harmonic motion, i.e. the

steady-state response due to a monochromatic incident wave. Under these assump-

tions, the response of the hydroelastic system is referred to as the frequency response

or time-harmonic response. In addition, we consider that the fluid/structure interac-

tions are dominated by scattering effects, so that the surface wave regime considered

in the subsequent theoretical work is based on the large body approximation, which is

characterised by a plate size (diameter for a disk) to wavelength ratio of the order of

unity (see, e.g., Mei et al., 2005, Chapter 8). Note that this approximation is inde-

pendent of the scale chosen. It only allows us to neglect viscous effects arising from

fluid/structure interactions (e.g. form drag).

thin-elastic plate

Under linear wave forcing, it is sensible to characterise the flexural motion of the

plates using the Kirchhoff-Love plate theory (Love, 1944; Timoshenko and Woinowsky-

Krieger, 1959), commonly referred to as the thin elastic plate theory. Note that this

theory is usually used to model ice floes and VLFSs, when they interact with surface

waves, as will be shown in §1.2. This standard linear theory is derived under the

assumption that every straight line perpendicular to the mid-surface at rest remains

straight and perpendicular to the mid-surface after deformation (Kirchhoff’s hypothe-

sis). A consequence of this assumption is that the plate’s vertical displacement must

be small compared to its thickness, in addition to the condition of small aspect ratio

(i.e. h/L = O(10−2–10−3), where h is the thickness and L a characteristic horizontal

dimension, e.g. the diameter). Under these assumptions, the deflected surface at the

interface with the fluid is used to characterise the motion of the plate and is referred

to as the deflection or the vertical displacement. The deflection function is governed

by a linear partial differential equation, involving an inertial term (due to the mass of

the plate) and a fourth-order spatial term characterising its flexure.

By considering the thin-elastic plate theory, we neglect a number of physical pro-
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cesses that are assumed small compared to the plate’s flexural and inertial forces.

In particular, we do not consider the rotary inertia and transverse shear effects (see

Mindlin, 1951), and the planar extensibility (see Eisley, 1964). In the vibrational regime

considered in this work, these processes are not relevant (Fox and Squire, 1991a; Balm-

forth and Craster, 1999). The flexural behaviour of the thin-elastic plate is determined

by two elastic constants, Young’s modulus and Poisson’s ratio. These quantities are

assumed constant, i.e. homogeneous and time-invariant. The validity of these assump-

tions depends on the material of the plate. We note that inhomogeneities may be

considered using a Young’s modulus varying through the thickness of the plate (see

Kerr and Palmer, 1972), and that accounting for viscoelastic effects would cause the

flexural motion of the plate to depend on its time history (see Flügge, 1975).

In this thesis, we intend to characterise the transversal vibrations of the plate under

harmonic surface wave forcing, assuming the planar rigid body motions (surge, sway

and yaw) can be neglected. We assume that the plate is free to move transversally, as

a superposition of rigid body motions (i.e. heave, pitch and roll) and flexural motion.

Therefore, the vertical response of the plate with given properties is determined by the

hydrodynamic forcing only.

Using the surface wave conditions described above, solutions for the scattering by

a floating rigid body are given by John (1950) and Wehausen (1971), amongst many

others. The scattering problem is decomposed into diffraction (scattering due to the

fixed body) and radiation (wave field produced by the oscillating body in calm waters)

problems. Although a similar approach may be used with an elastic plate (Newman,

1994, 2005) and is standard for complex structures (commonly used in commercial

software, e.g. for the study of ship hulls), the solution to the scattering problem is

usually derived using a direct approach in the idealised context described here. These

methods may be implemented using the fact that waves can propagate in a plate-

covered fluid region.

1.2 Physical context

1.2.1 Sea-ice

On the outskirts of the Antarctic continent and in the central Arctic Basin, sea-ice

covers approximately 7% of the world’s oceans (Wadhams, 2000) and plays a signif-

icant role in regulating the global climate system. The retreat of the Arctic sea-ice
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caused by global warming (≈ 10% in extent over the period 1979–2007; Comiso et al.,

2008) reduces the albedo and creates large regions of open water, which absorb 90%

of solar radiations, warming the ocean and inducing further melting. As a result, the

morphology of the sea-ice cover has been strongly affected, particularly on its margins,

such that it now consists of a mixture of discrete ice floes and open water (Kwok and

Rothrock, 2009).

On the other hand, satellite data have shown that the Antarctic sea-ice extent

has increased by 1% over a similar time period (Squire, 2011). These observations

vary strongly when taken at different places and different years, however, and may

not account for associated changes in morphology. The seasonal variability of sea-ice

extent is particularly important in the Southern Ocean, as it approximately doubles

the surface area of the Antarctic continent in winter. As a consequence, first-year ice

represents over 80% of Antarctic sea-ice and is subject to significant transformation

dynamics, mostly influenced by currents, winds and surface waves penetrating from

the open ocean. These regions create a protective barrier to the inner multi-year ice

and ice shelves (Wadhams, 2000).

At the margin of the Antarctic sea-ice cover, an interfacial region, referred to as the

marginal ice zone (MIZ), separates the open ocean from the quasi-continuous interior

pack ice. It commonly extends over tens to hundreds of kilometres (Squire et al.,

1995) and consists of a mélange of ice floes with different shapes and sizes, similarly to

the recent observations made in certain regions at the margin of the Arctic ice cover.

Within the MIZ, repetitive wave motion causes the ice cover to flex rhythmically and

induces fatigue and stresses within the ice structure that may eventually result in its

fracture (Langhorne et al., 1998, 2001). Using heli-borne observations of the MIZ,

Toyota et al. (2011) have determined that the floe size distribution is mainly governed

by wave-induced breaking phenomena.

The propagation of ocean surface waves through the MIZ is primarily influenced by

scattering. As they penetrate further into the pack ice, the surface waves are attenuated

due to these scattering effects (Robin, 1963; Wadhams, 1973, 1975, 1978; Squire and

Moore, 1980; Wadhams et al., 1986, 1988) and additional phenomena, such as anelastic

effects (internal damping during flexure), collisions between floes and wave breaking

for steep waves (Squire et al., 1995). Therefore, surface waves play a determining

role in shaping the MIZ and pack ice regions as, in addition to inducing direct melting

(Wadhams et al., 1979), their destructive effect on the ice cover increases the ice surface

in contact with the surrounding water, inducing further melting. As sea level rise tends
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to amplify the surface wave activity, the melting is likely to accelerate, resulting in a

“positive feedback loop” (Bennetts et al., 2010).

It is only recently that the effects of surface waves on the MIZ have been integrated

into an operational ice/ocean model (Dumont et al., 2011; Squire et al., 2012; Williams

et al., 2012), which will be associated with an oceanic general circulation model in

the near future. Although these works are still prototypical, they are the result of

an intensive research effort over the last 35 years, to characterise theoretically and

experimentally surface wave scattering phenomena in ice-infested waters (see Squire,

1984, 2007, 2011; Squire et al., 1995).

The vast majority of models concerned with ocean waves/sea-ice interactions treat

the ice cover as a floating thin-elastic plate or a collection of these plates. In this con-

text, Greenhill (1887, 1916) is credited with the first study of surface wave propagation

in a fluid of finite depth covered by a continuous floating ice plate. A dispersion relation

was derived for this medium by coupling the thin-elastic plate governing equation to

Bernoulli’s equation in the fluid. In his 1887’s paper, A. G. Greenhill (AGG) interest-

ingly noted that “ice was the first substance for which an experimental determination

of E (the Young’s modulus) was attempted”.

The hydroelastic model of AGG for the propagation of ice-coupled waves was val-

idated later during several series of seismic field experiments conducted in the 1930–

1950’s. Waves were generated by detonation blasts (see Ewing et al., 1934; Ewing and

Crary, 1934; Press et al., 1950; Press and Ewing, 1951; Oliver et al., 1954). A synthesis

of the results found as part of this experimental programme is given by Roethlisberger

(1972) and Williams (2006). Note that the compressibility of the fluid becomes sig-

nificant with such underwater explosions, so the models used for comparison with the

experimental data were modified appropriately (Ewing and Crary, 1934). Significant

experimental programs were conducted in the late 1970s and early 1980s by members of

Scott Polar Research Institute (Cambridge, UK) to measure the attenuation of surface

in the MIZ. In particular, Wadhams et al. (1988) reported results from five experiments

in Greenland and the Bering sea, and compared the data with a wave scattering model.

Also note the first experimental study to record directional wave spectra in ice-infested

seas (Wadhams, 1986). Observations regarding the significance of the elastic motion

of ice floes in the MIZ and pack ice regions were reported by Robin (1963).

We observe that the problem of surface wave scattering by a group of thin-elastic

plates considered in this thesis is extremely relevant to the research goals discussed in

this section. In particular, even the most sophisticated models of wave propagation
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through the MIZ consider scattering as the main agent for wave attenuation. The thin-

elastic plate model is still widely used to characterise the flexural behaviour of sea-ice

floes, and even though additional features, such as non-uniform thickness (Bennetts

et al., 2007) or internal damping effects (Vaughan et al., 2009), have been included to

represent more realistic ice covers, they extend from the basic Kirchhoff-Love model.

Although extensive research has been performed to characterise the response of ice

floes to ocean waves numerically, very few experiments have been carried out to vali-

date models using thin-elastic plates. The experimental campaign conducted as part of

this work intends to provide a validation of the standard modelling approach in a pro-

totypical setting, although we will not speculate on the extrapolation of the behaviours

observed to more realistic ice floe geometries or wave forcings.

1.2.2 VLFS

More than half the world’s population lives in coastal areas (Creel, 2003; Small and

Nicholls, 2003). As a result, urban regions with high population density are created

along the shoreline, which often requires civil engineers to face land management prob-

lems for expanding cities. Although intense land reclamation programmes have been

conducted in the Netherlands, Singapore and Japan as a solution to the problem, they

engender significant economic and ecological drawbacks (Watanabe et al., 2004b). An

alternative solution consists of constructing very large floating structures (VLFSs) that

are, in general, environmentally friendly, cost effective and easily assembled, removed

or expanded (Watanabe et al., 2004b).

Watanabe et al. (2004a) have classified VLFSs into two categories: the semi-

submersible type and the pontoon-type. The former type characterises structures that

are supported by ballasted pontoons located below the free surface, through an ar-

rangement of structural columns. In such structures, the operating deck is located well

above the free surface, limiting the effects of large waves on the motion of the structure.

This type is typically used in high seas for offshore oil exploration, and is not directly

relevant to the work proposed in this thesis.

Pontoon-type VLFSs are conceived to be deployed in calm seas, usually close to

the shoreline. They are mat-like compliant boxes, such that at least one of the two

horizontal dimensions is significantly larger than the thickness. The vast majority

of such structures are located in Japan (Watanabe et al., 2004b) and include bridges,

islands, storage facilities, emergency bases, ports and airports (Watanabe et al., 2004b;

Suzuki, 2005). As part of the Megafloat project initiated by the Technological Research
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Association of Megafloat (TRAM) in Japan in 1995, a one-km long runway has been

deployed in Tokyo Bay for on-site tests (Suzuki, 2005), anticipating the design of a

four-km long airport. Although the project officially ended in 2001 and the structure

was removed, the runway is often referenced in the literature due to the multitude of

data available.

The geometry of pontoon-type VLFSs, simply referred to as VLFSs from here

on, and the typically low amplitude wave conditions accord with the conditions for

application of a thin-elastic plate model under linear wave forcing, to characterise the

flexural motion of the structure. The motion of VLFSs is characterised by very small

wavelength to horizontal dimension ratios (1/50–1/100; see Kashiwagi, 1998) and a low

flexural rigidity so that bending forces are predominant (Ohmatsu, 2005). Under these

conditions, scattering effects dominate, and the problem is similar to that considered

in the present work.

In designing a VLFS, engineers are mainly concerned with mitigating the effect of

surface waves on the flexural motion of the structure. Many practical solutions are

discussed by Watanabe et al. (2004a,b) and Wang et al. (2010), which are concerned

with minimising the wave forcing or the structure’s motion. Breakwaters are commonly

positioned nearby a VLFS to reduce the wave impact (e.g. incident wave amplitude

reduced by 70% using a single surface-piercing vertical barrier; see Hong et al., 2002).

In addition to preventing the structure from drifting, mooring lines may be used to

control its lateral oscillations (e.g. dolphin-frameguide method) or its deflection (e.g.

tension leg method). The vertical and lateral motion of a VLFS can be mitigated

further by using anti-motion devices, such as a box-shaped body attached to the edge

(see, e.g., Takagi et al., 2000).

The technical solutions discussed in the previous paragraph are important in the

final design of a VLFS. However, in regard to pilot studies, it is sensible to begin with

a mat-like structure that is freely floating in an otherwise infinite fluid domain (in the

horizontal directions). Much research has been performed in this respect, which is

summarised in a number of review papers or reports (see Kashiwagi, 2000b; Watanabe

et al., 2004a,b; Ohmatsu, 2005; Chen et al., 2006; Squire, 2008; Wang et al., 2008). Note

that V. A. Squire (VAS), the author of Squire (2008), brings together the hydroelastic

modelling aspects of VLFS research and sea-ice research, by reviewing comprehensively

papers in both areas concerned with the scattering of linear waves by floating thin-

elastic plates.

As a design consideration, the shape of a VLFS is particularly important. Most

8



models consider VLFSs as “mat-like” (i.e. rectangular parallelepiped), which resemble

structures like floating runways (Watanabe et al., 2004a). However, VLFSs may be

shaped arbitrarily and there exist very few studies that have considered such a general

case (see, e.g., Hamamoto and Fujita, 2002), although the methods devised for rectan-

gular plates are generally applicable for any geometry. One particular shape of interest

is the circular one, considered in this thesis. This “ideal” geometry leads to significant

simplifications in the model and allows for semi-analytical solutions to be obtained.

Watanabe et al. (2006) suggests that the solutions obtained for circular plates can be

used to validate numerical techniques developed for general shapes. Although this is

not the main motivation for the work achieved in this thesis, the results obtained have

direct implications on this research area, as efficient and accurate solution techniques

are needed to provide naval engineers with benchmark numerical results.

1.3 Existing models and solution techniques

To characterise the hydroelastic motion of thin-elastic plates under linear surface wave

forcing, we may consider the time-dependent response or the frequency response. Al-

though this thesis is primarily concerned with the frequency response of a group of

circular plates (as discussed in §1.1,), an analysis of the transient motion of floating

beams in a two-dimensional wave tank will also be performed. Therefore, both ap-

proaches are relevant to the present work and are included in the literature review

conducted in this section.

1.3.1 Time-harmonic analysis

Two-dimensional models

Scattering of surface waves propagating at a given frequency ω can occur continu-

ously in space within regions with non-uniform vertical properties (e.g. varying plate

thickness or undulated seabed), or at the interface between two regions with different

uniform vertical properties. The latter case defines the setting considered throughout

this thesis. In this context, the simplest hydroelastic scattering problem that can be

considered is that of a monochromatic incident surface wave travelling from a semi-

infinite open-water region into a semi-infinite region covered with a uniform floating

plate in a fluid domain with constant or infinite depth. The geometry is invariant

in the direction of the interface between the two regions and may be considered as
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two-dimensional even for oblique wave incidence. This canonical problem has received

much attention, particularly in sea-ice research as a model of shore-fast ice. The first

significant study on this problem is the seminal work of Evans and Davies (1968), who

derived a number of general results. In particular, these authors solved the dispersion

relation in a plate-covered fluid region of finite depth, allowing them to obtain a com-

plete representation of the potential function in that region through a series of wave-like

terms (eigenfunctions of the boundary value problem) composed of one travelling mode,

an infinite number of evanescent modes and two damped travelling modes. They then

solved the problem using the Wiener-Hopf technique and were able to obtain integral

expressions for the reflection and transmission coefficients. Unfortunately, they were

unable to evaluate these integrals numerically and gave results for the shallow water

approximation only.

Although this problem was revisited by a number of authors in the 1970–80s (e.g.

Wadhams, 1973, 1986; Squire, 1978, 1984), they were only able to obtain approximate

solutions using an incomplete set of eigenfunctions to represent the fluid’s motion.

This issue was resolved in the early 1990s, as C. Fox (CF) and VAS published a

number of papers on this topic (Fox and Squire, 1990, 1991b, 1994). They used the

complete eigenfunction representations of the potential functions derived by Evans and

Davies (1968) in both uniform fluid regions and obtained the solution numerically by

minimising an error integral characterising the jump in fluid velocity and pressure at

the interface between the regions (i.e. plate’s edge). Note that the numerical scheme

used by these authors in the 1994 paper has been improved compared to the previous

two papers. The semi-analytical technique that they employed is a version of the

eigenfunction matching method (EMM), which we will use throughout this thesis as a

solution method in the different hydroelastic problems considered.

As computational power improved towards the end of the 20th century, many solu-

tions to this problem have been derived. In particular, the numerical issues encountered

by Evans and Davies (1968) while using the Wiener-Hopf technique have been over-

come by a number of authors (see, e.g., Balmforth and Craster, 1999; Tkacheva, 2001;

Chung and Fox, 2002). A mode matching approach has been proposed by Sahoo et al.

(2001), who obtained the solution by inversion of a matrix of size equal to the number

of eigenfunctions retained in the truncated representation of the potential functions.

In the case of the semi-infinite plate, Linton and Chung (2003) showed that the mode

matching conditions could be solved analytically using a residue calculus technique.

The scattering by a plate edge has been solved by many other authors, and compre-
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hensive discussions on the relevant papers treating this problem are given by two review

papers written by VAS (Squire, 2007, 2008).

Following the work of Fox and Squire (1994), a number of extensions to the simple

two-dimensional problem of surface wave scattering by a semi-infinite plate have been

considered (see Squire, 2007, 2008, for comprehensive reviews). These studies have

been mainly motivated by the desire of modelling more realistic sea-ice covers. These

extensions include the scattering by a crack (Squire and Dixon, 2000; Williams and

Squire, 2002; Evans and Porter, 2003), a lead (Chung and Linton, 2005; Williams and

Squire, 2006), an abrupt change in ice properties (Barrett and Squire, 1996; Williams

and Squire, 2006) or a finite floe.

The finite two-dimensional ice floe problem has received a lot of attention due to its

relevance in the contexts of VLFS research (structure or ice floe modelled as a beam).

This problem had been investigated long before CF and VAS’s work, as part of the

classical hydroelasticity theory of Bishop and Price (1979), extended by Bishop et al.

(1986), in which the beam’s deflection is expanded into a relevant basis of vibrational

modes (typically the dry modes) and the solution to the coupled fluid/beam problem is

obtained by solving the diffraction and elementary radiation problems, typically using

the Galerkin technique (Watanabe et al., 2004a). This approach gives a lot of flexibility

with regards to the beam model but is computationally demanding. Although this

method has been used by a number of authors in VLFS research (e.g. Eatock Taylor

and Ohkusu, 2000), the direct approach, which includes the added mass and added

damping as part of the hydrodynamic forcing term (Eatock Taylor, 2007), is often

preferred (Squire, 2008).

Using the direct approach, Meylan and Squire (1994) gave the first solution to the

finite floating beam problem. These authors constructed a Green’s function of the

beam’s deflection in vacuo to reformulate the beam/fluid boundary condition as an

integral equation including the free-edge conditions. The infinite and finite depth open-

water Green’s functions are then used along with Green’s theorem to obtain a linear

Fredholm equation of the second kind, which is solved numerically. Other solutions

to the same problem are due to Sturova (1999), Tkacheva (2001), Hermans (2003a),

Andrianov and Hermans (2003), Khabakhpasheva (2003), Eatock Taylor (2003, 2007)

and others. Interestingly, no extension to the EMM of Fox and Squire (1994) for

the single floating beam problem has been proposed until the multiple beam study of

Kohout et al. (2007, see subsequently), although it would seem reasonably natural. A

proper solution of this problem using the EMM can also be found at www.wikiwaves.org.
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All the models discussed in this section so far are based on the shallow draught

assumption, i.e. the underside of the floating plate at rest coincides with the free sur-

face. This is an unphysical assumption, which may have implications on the scattering

properties of a plate’s edge. There exist only few models of surface wave scattering by

thin plates that account for the effect of draught. Meylan (1994) extended the solution

to the shallow-draught finite beam problem (see Meylan and Squire, 1994) by includ-

ing draught. The solution method is similar to the shallow-draught one and consists

of including the beam’s submerged vertical edge boundary in the Fredholm integral

equation. The author showed that neglecting draught does not modify the qualitative

behaviour of the reflection spectrum but removes certain occurrences of zero reflection,

in particular at short wavelengths.

Although Meylan (1994) showed that draught could be easily dealt with in their

solution method, very few authors have considered this effect. Wu et al. (1995) used

the mode expansion technique of Bishop and Price (1979), by expanding the beam’s

deflection into its dry modes and solving the diffraction and radiation problems using

eigenfunction matching. Later, Andrianov and Hermans (2006a) extended their previ-

ous integro-differential formulation (see Hermans, 2003b) for a floating beam with finite

draught, by expanding the beam’s deflection using a perturbation approach about the

shallow-draught solution. Using a similar approach to Meylan (1994), Williams and

Squire (2008) analysed the influence of draught on the reflection/transmission charac-

teristics of a plate trapped between two semi-infinite plates with different properties

and reached similar conclusions to Meylan (1994). Note that all these problems are

particular cases of the models of Porter and Porter (2004) and Bennetts et al. (2007),

for which plates with varying thickness are considered.

While considering the scattering problem at the interface between two semi-infinite

plates with different thicknesses, Williams and Porter (2009) proposed an efficient

technique to characterise accurately the effect of the step induced by including draught.

The problem is formulated in terms of an integral equation satisfied by the unknown

normal fluid velocity function at the interface between the two plates. This equation is

then solved numerically using the Galerkin technique with a projection basis composed

of orthogonal Gegenbauer polynomials scaled properly. Using Gegenbauer polynomials

allows for the inherent corner singularity in the fluid’s velocity to be captured in the

numerical scheme at the correct order, therefore improving markedly convergence and

accuracy. In this thesis, a similar approach will be used as part of an eigenfunction

matching technique.
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Building upon models that consider single scattering features (e.g. a crack, lead or

finite plate), more sophisticated models including multiple features have been studied.

For instance, Squire and Dixon (2001) and Porter and Evans (2006) extended the single

crack problem (see Squire and Dixon, 2000; Evans and Porter, 2003, respectively) to

the multiple crack problem, using similar techniques. Hermans (2004) also presented a

solution to the multiple plates problem based on the single plate solution (see Hermans,

2003a), in which regions of open water may be present between the plates. Interestingly,

the author discusses the physical relevance of a free surface elevation in an open-water

gap between two plates that exceeds in amplitude the deflection of the adjacent plates.

Giving an energy conservation argument, Hermans suggests that the jump in elevation

at the plates’ edges may be correlated to the drift forces that are neglected, so that the

linear scattering problem is a limiting case (for small draught) of the physical situation

where drift, slamming and flooding effects are neglected.

Using a version of the eigenfunction matching method, Kohout et al. (2007) solved

the scattering by an arbitrary array of floating beams (with shallow draught) covering

the entire fluid surface. Regions of open water may be simulated as the limiting case

of a beam with zero thickness. Invoking continuity of the fluid’s pressure and normal

velocity, the eigenfunction representations of the fluid motion are matched at each

interface between two plates, by taking an inner-product over the vertical domain with

respect to a set of orthogonal vertical functions. A system of matrix equations is then

derived, which is solved for the unknown coefficients straightforwardly. The authors

acknowledge the need to develop a more sophisticated method that takes advantage

of the sparse structure of the inversion matrix. Such a method is described herein

(see Chapter 3), where the solution to a similar problem is obtained using transition

matrices, that map amplitudes of the waves on one side of a plate’s edge to the other.

The solution is then obtained iteratively by performing multiple matrix inversions with

reduced size (similar to that of the single plate edge problem). This approach is similar

to that used by Bennetts et al. (2009a) to generate the solution to the scattering by

periodic variations embedded in a continuous ice sheet.

Three-dimensional models

To overcome the limitations imposed by the two-dimensional approach (or three-

dimensional approach with invariant geometry along the y-axis), much work has been

done to characterise the scattering of three-dimensional ice floes or VLFSs of various

shapes. In connection with the design and construction of VLFSs, research has focused
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on models involving a rectangular thin plate, which resembles realistic platforms (e.g.

the Megafloat runway) and still allows for semi-analytical methods to be developed.

Most of these models have been solved using the classical mode expansion technique of

Bishop, Price and colleagues (e.g. Kashiwagi, 1998) or direct numerical technique (typ-

ically coupled finite element/boundary element methods; Kashiwagi, 2000b). In this

context, semi-analytical direct methods (of interest in this thesis) have been proposed

by a number authors. In particular, Kim and Ertekin (1998) derived an eigenfunction

matching technique for this problem, which was extended later by Hong et al. (2003)

to include draught. Also note the matched asymptotic expansion method proposed by

Ohkusu and Namba (2004).

A number of techniques have also been developed to solve the scattering by a

circular plate problem. This geometry is particularly important as it allows for three-

dimensional scattering effects to be considered with little numerical effort. Meylan and

Squire (1996) proposed the first solution to this problem in deep water, which is solved

using two different techniques. The first approach consists of an integral equation

involving the three-dimensional open-water Green’s function and the natural mode

expansion of the plate’s deflection in vacuo. The second approach is an extension of the

solution to the finite beam problem (Meylan and Squire, 1994) based on constructing

a Green’s function for the plate in terms of its natural modes so that Green’s theorem

reduces to a Fredholm integral equation that can be solved numerically. The first

method was found to be computationally superior in the case of a circular plate. A

shallow water solution to the circular plate problem was also given by Zilman and

Miloh (2000) and Tsubogo (2001).

Peter et al. (2003) proposed an eigenfunction matching method for the circular plate

problem in a fluid of finite depth. For this particular geometry, the authors derived

eigenfunction expansions for the fluid’s velocity potential in plate-covered and open-

water regions, which are expressed in terms of Bessel functions of the radial coordinate

and matched along the circular plate’s contour. The same problem was solved later by

Andrianov and Hermans (2005) for finite and infinite depth using an integro-differential

equation in conjunction with Green’s theorem, extended from Andrianov and Hermans

(2003). Also note the extension of this method to the ring-shaped plate problem by

Andrianov and Hermans (2006b). In this thesis, we will extend the eigenfunction

matching solution of Peter et al. (2003) to account for non-zero draught.

The first solution method proposed by Meylan and Squire (1996) for the circular

plate problem was extended later by Meylan (2002b) to a plate of arbitrary shape
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(and shallow draught). In this case, the natural modes of the plate are not known

analytically, so a finite element method is used to recover them, as well as the natu-

ral frequencies. The solution is then obtained by solving the diffraction and radiation

problems for a sufficient number of modes. This method can accommodate shape con-

tours that include corners but it is computationally demanding. Recently, Bennetts

and Williams (2010) proposed a method to calculate the scattering by a plate of ar-

bitrary shape with finite draught, requiring the contour to be smooth. The solution

technique extends from the variational approach of Bennetts et al. (2007) so that using

a Rayleigh-Ritz approximation, the three-dimensional equation are projected onto the

horizontal plane. The authors then applied Green’s theorem to reformulate the problem

in terms of one- dimensional integro-differential equations that are solved numerically

using the Galerkin technique. Note that the method is also valid for the reversed

problem, i.e. a bounded open-water region trapped in a plate of infinite extent, usually

referred to as a polynia in sea-ice research. Although this method is computationally

more efficient than that of Meylan (2002b), the contour cannot include corners. A

generalisation of the method is being investigated by the authors.

To solve the surface wave scattering by a group of floating plates, it is essential

to account for the effects that the plates have on one another. Peter and Meylan

(2004) proposed such a model to calculate the scattering by a finite number of floating

plates with arbitrary shape in deep water. The response of each individual plate is

obtained using the method of Meylan (2002b). The author then used the exact three-

dimensional interaction theory of Kagemoto and Yue (1986) to account for interaction

effects. Considering that the wave forcing upon each plate is composed of the incident

wave and the scattered waves due to all the other plates, the interaction theory provides

a mapping of the scattered wave field due to a plate onto an incident wave field upon

another plate. Using polar eigenfunctions for characterising the fluid’s motion, the

mapping is given by Graf’s addition theorem for Bessel functions, which requires that

the circumscribed circle around each plate does not enclose the centre of any other

plates, although this restriction is readily satisfied as plates cannot overlap. This

results in a coupled system of matrix equations that are solved simultaneously. This

approach will be considered in this thesis (see Chapter 2) for circular plates only, for

which the circumscribed circle coincides with the plate’s contour.

Other multiple plate models have been concerned with infinite or semi-infinite arrays

of identical plates with constant spacing. In these cases, the inherent periodicity of

the geometry is used to simplify Graf’s addition theory so that the problem reduces to
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the scattering by a single plate (Peter et al., 2006; Peter and Meylan, 2007). Periodic

arrays of floating plates (with arbitrary shape) have also been considered by Wang

et al. (2007), who proposed a solution based on solving an integral equation similar to

the single plate problem but involving a periodic Green’s function. Finally, Bennetts

and Squire (2009) extended the single infinite array to multiple (but finite) parallel

rows of infinite arrays of uniform circular plates (with finite draught) with identical

periodicity. An arbitrary spacing between rows was considered. The problem was

reformulated using the multi-mode approximation of Bennetts et al. (2007) and the

scattering by each row was found by using periodic Green’s functions. The authors

then combined the rows using transfer matrices, similarly to two-dimensional problems.

1.3.2 Time-dependent analysis

The study of irregular waves and transient response phenomena cannot be described

by a model based on a monochromatic forcing, and a superposition of these harmonic

states must be considered under the linear motion assumption. The frequency content

of a signal may be obtained by spectral analysis of the boundary value problem. The

Fourier transform provides the base of many linear hydroelastic models in the time

domain. This allows the time domain solution to be constructed by summation of

solutions to the elementary harmonic problem resulting from the Fourier inversion.

Although rarely used in linear hydroelasticity, direct time integration techniques may

also be considered to solve time-domain problems. For these methods, the solution

is obtained by solving the discretised equations of motion directly. The direct time

integration and Fourier transform methods form the core of time domain techniques

in linear hydroelasticity (Kashiwagi, 2000b; Watanabe et al., 2004a). In the context

of this thesis, we will summarise existing Fourier transform techniques and the more

general spectral method, which accommodates arbitrary initial conditions.

Based on the seminal works of Cummins (1962) and Ogilvie (1964), a number of

authors have used the so-called “memory-effect function” to solve the hydroelastic

equations of motion in the time domain. By use of Fourier transforms, the problem

may be reformulated as an equation involving a convolution integral for the added

mass and damping coefficients, that are derived from the single-frequency solution.

The solution is then obtained through a time-stepping procedure. Korobkin (2000)

and Sturova (2006) have applied this method to solve the transient radiation problem

of a floating beam, and Kashiwagi (2000a) proposed an extension for a rectangular

plate. The time-stepping approach results in a growing error with time, which affects
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the efficiency of the method (small time steps are required to limit the error).

To overcome the problems caused by time-stepping techniques, spectral methods

have been used, for which the solution is estimated numerically by fast Fourier trans-

form (FFT) algorithms. The spectral method for a floating elastic beam has been

developed by Meylan (2002a) in shallow water and Hazard and Meylan (2007) for fi-

nite depth, and allows for the transient response to be obtained for arbitrary initial

conditions, which is not possible using a simple Fourier transform. The method pro-

vides a mapping from the time-domain to the frequency-domain by spectral expansion

of the motion into the basis of eigenfunctions of a self-adjoint operator, which are the

solutions of the time-harmonic problem. The temporal evolution of the system is then

obtained by calculating an integral over these harmonic excitations, which is estimated

using the FFT technique. Meylan (2009) suggested that the method can be extended

to a three-dimensional geometry in a straightforward manner. The spectral method

significantly improves the memory-effect approach due to the use of FFT for the inte-

gration. A comparison of results between the two methods has been made by Meylan

and Sturova (2009), who found a good agreement between the two theories.

1.4 Laboratory experiments

The key to understanding a physical phenomena is to conduct joint theoretical and

experimental studies. In the field of hydroelasticity, the literature is mainly concerned

with theoretical investigations. Models are now capable of predicting the elastic re-

sponse of non-uniform structures with arbitrary geometry (Squire, 2011). Compara-

tively, existing laboratory experimental studies have considered structures with uni-

form properties and standard geometries only. Therefore, there is an important need

for experimental data (Squire, 2007, 2011).

Laboratory experiments provide a setting where the wave forcing and the measure-

ments can be controlled accurately. Usually, test campaigns are conducted in a wave

tank or flume, equipped with a wave generating device (wavemaker; see Ursell et al.,

1960), that controls the wave forcing on the structure, and a wave absorption device

(beach; see Le Méhauté, 1972), which is usually located at the far end of the tank

and maximises the dissipation of incident wave energy to limit reflection phenomena.

A general discussion on the challenges that arise as part of wave tank experiments is

given by Sarpkaya and Isaacson (1981, Chapter 9).
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Rigid bodies

As a consequence of limited computational power, early research in the field of surface

wave/structure interactions has focused on laboratory experiments, mainly motivated

by the development of the ship and offshore platform industry. As summarised by

Wehausen (1971), extensive experimental programs have been led in the 1950–70s on

rigid structures in linear wave conditions, which is the regime of interest in this thesis.

In accordance with the classical seakeeping modelling approach, most experiments were

concerned with the radiated wave motion produced by an oscillating floating object

(Yu and Ursell, 1961; Cumming, 1963; Vugts, 1968b) or the diffraction by a fixed object

(Dean and Ursell, 1959; Chakrabarti and Tam, 1975).

Significantly less attention has been given to the motion of a freely floating object

under linear wave forcing. The first extensive analysis may be attributed to Vugts

(1968a), who generated benchmark data for the response of a two-dimensional floating

horizontal cylinder in beam sea. The author measured the hydrodynamic coefficients

in sway, roll and heave over a significant frequency range and found a general good

agreement with theoretical prediction. It was also stressed that the coupling coefficients

(non-diagonal entries in the added mass and damping matrices) between roll and sway

are of primary importance, and therefore cannot be neglected in the theory. Similar

experimental campaigns have been conducted subsequently, which were concerned with

the reflection and transmission property of a two-dimensional floating breakwater (Ya-

mamoto, 1981; Williams, 1988; Koutandos et al., 2005). To the authors’ knowledge,

there are no published materials providing benchmark experimental results concerned

with the response of a freely floating rigid body (with simple shape) to regular wave

forcing in a three-dimensional setting. Such studies seem to have been separated into

radiation and diffraction tests, as discussed above.

Experiments involving multiple bodies are sparse and most of them consider fixed

bodies. Research on this topic has been summarised by Newman (2001). Of particu-

lar significance is the seminal contributions of M. Ohkusu, who, from the 1960’s, has

conducted many experimental campaigns to determine the interaction effects between

two or more floating or fixed objects (see Ohkusu, 1996). Also note the experiments

of Wadhams (1973) for floating circular disks in the context of wave attenuation by a

MIZ. Motivated by the design of semi-submersible platforms, experimental studies of

interactions between arrays of bottom-mounted vertical cylinders are due to Kashiwagi

(2000c) and Ohl et al. (2001). Both studies showed a good agreement with the inter-

action theory of Kagemoto and Yue (1986) in the linear regime. Also note the work
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of Ragih et al. (2006), who investigated the reflection and transmission properties of a

three by three array of floating spheres in a channel, and compared their results with

semi-empirical predictions.

Elastic plates

The significant research effort towards the development of VLFSs in Japan has mo-

tivated an extensive campaign of laboratory experiments, particularly as part of the

Megafloat project. The tested structure is generally of rectangular shape, which is a

close approximation of the floating airport built as part of that project. Typically, the

structure is made of a heavy material with significant rigidity (e.g. aluminum plate)

that is fixed on top of a buoyancy material (e.g. polyethylene), which is assumed to

have negligible mass and rigidity. Elements of experimental design regarding VLFS

model tests are discussed by Ohmatsu (2008). Under these conditions, tests have been

conducted to measure the elastic motion in the model under regular wave loading and

compare the results with numerical predictions (see, e.g., Utsunomiya and Watanabe,

1995; Yago and Endo, 1996; Kagemoto et al., 1998).

Ohkawa (2000) also reported a series of wave tank experiments with a L-shaped

structure and a rectangular non-uniform structure as a model for the prototype floating

airport deployed in Tokyo Bay as part of the Megafloat project. As a result of the high

cost of these of types experimental campaign, some investigators have studied the

hydroelastic response of mini-scale VLFSs in a very small water tank (typically the

sides are just 1–3m long; see, e.g., Kagemoto et al., 1999; Takagi and Nagayasu, 2007).

At this scale, however, surface tension effects and frictional effects at the bottom of

the tank can be significant, and must be accounted for.

In relation to sea-ice research, Squire (2007) has reported the few laboratory ex-

periments that have been performed in wave tanks to characterise the wave/ice in-

teractions. Most experimental campaigns did not focus on the flexural motion of the

ice (or synthetic ice) plates and scattering phenomena. The only series of tests, that

is relevant to the present work, has been conducted by Sakai and Hanai (2002) in a

26m-long two-dimensional wave flume. The investigators used elastic sheets made of

polyethylene (with thicknesses 5 and 20mm) as a substitute for ice, thereby allowing

for bending motion. They were able to measure the deflection of several arrangements

of adjacent plates at a few points regularly spaced using ultra-sonic sensors. They

then determined an empirical dispersion relation for flexural-gravity waves travelling

through quasi-continuous ice-covered seas.
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The experimental data obtained by Sakai and Hanai were utilised later for compar-

ison with numerical predictions. In particular, Ogasawara and Sakai (2006) proposed

a numerical wave flume model, with multiple floating beams. They derived a cou-

pled boundary-element/finite-elements method and computed the transient response

of the system for comparison with the experimental data. The authors found a good

agreement between theoretical and experimental results. Using the single-frequency

solution to the multiple floating beam problem (discussed in §1.3.1), Kohout et al.

(2007) compared the steady-state experimental data of Sakai and Hanai with their

theoretical predictions and found a good agreement for the deflection of the plates in

several arrangements involving one to four plates.

Additional wave flume experiments were reported by Squire (1984) and Meylan

(1994), involving ice and polypropylene sheets, respectively. Measurements of the flex-

ural motion of a single plate were conducted in both studies. The investigators encoun-

tered problems due to the reflected waves from the beach, however. Squire (1984) only

gave qualitative results due to this effect and did not compare the experimental data

with theoretical predictions. Meylan (1994) obtained a reasonable agreement with the

theory, and the discrepancies were attributed to beach reflections and flooding effects,

which were not characterised properly.

To the authors’ knowledge, no past experimental campaigns have been concerned

with the hydroelastic response of a floating circular thin plate or two interacting plates

in a three-dimensional setting. This motivates the work achieved in the present thesis,

as part of which we have investigated such configurations during a tank test campaign.

Based on significant issues reported in past experimental campaigns, particular care

will be given to overcome the effect of the lateral boundaries.

1.5 Outline of thesis

In Chapter 2, we will derive the three-dimensional model of linear wave scattering by

a group of floating circular elastic plates, assuming time-harmonic motion. This model

will be used throughout the thesis for comparison with experimental data. First, we will

present the solution method for a single plate with finite draught in a fluid domain of

finite depth. After deriving the eigenfunction representation of the potential function in

each fluid region, we will describe a new version of the mode matching technique, which

accounts for the singularity induced by the draught of the plate using appropriately

weighted Gegenbauer polynomials, inspired by Williams and Porter (2009) but for
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cylindrical geometry. This allows us to obtain the diffraction transfer matrix of the

plate, which maps the modal representation of the incident wave to that of the scattered

wave.

Based on the interaction theory of Kagemoto and Yue (1986), we will then present

the multiple plate solution by combining the diffraction transfer matrices of the plates

through Graf’s addition theorem. Results regarding the performance of the model will

be given at the end of the chapter. In particular, the convergence properties of the

mode matching method and Graf’s theorem will be analysed.

In Chapter 3, we propose a two-dimensional wave tank model, that includes a

wavemaker and a beach. We will investigate the transient response of a group of floating

beams under wavemaker forcing (Montiel et al., 2012), so the equations of motion are

derived in the time domain. Assuming the system is initially at rest, we may use a

Fourier transform as a map between the time and frequency domains. The transient

response is then obtained after solving the governing equations for a sufficient number

of frequencies through the inverse Fourier integral. This two-dimensional analysis is

the first step towards the calculation of the motion of circular elastic plates in a three-

dimensional wave tank (not considered in this thesis).

Using a standard mode matching technique, we derive the transfer matrix associated

with a beam’s edge, which allows us to use an iterative technique to extend the method

to multiple plates. The influence of the lateral boundaries and multiple beams on the

strain energy in the beams will be investigated. In particular, the steady-state response

and the maximum strain energy will be analysed over a frequency range that is relevant

to the dimensions of a prototype wave tank.

Chapter 4 describes the technical aspects of the experimental tank tests campaign

that has been conducted at the Laboratoire de Mécanique des Fluides of École Cen-

trale de Nantes (Nantes, France). The objective of this series of experiments is to

validate the model derived in Chapter 2. We have used a plastic material with uni-

form properties to represent the elastic plate in these hydroelastic experiments. We

will give a detailed description of the technical solutions associated with the setup, for

experimental arrangements involving one and two plates. This includes reproducing

the conditions of the model in the wave tank and performing accurate measurements

of the flexural motion in the plates (using an optical motion tracking device) and the

wave field in their vicinity (using standard resistive wave gauges). A summary of the

tests performed and parameters varied (i.e. plate thickness, wave amplitude and wave

frequency) will also be given.
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Chapters 5, 6 and 7 are concerned with the motion of a single circular plate. In

Chapter 5, we will analyse the experimental data recorded by the motion tracking

device to determine the performance of the setup with regards to the assumptions of

the model, i.e. restriction of the planar motion and symmetry of the setup. Using the

raw time series of the vertical displacement of four points of the plate, we will present

preliminary comparative results between experimental data and theoretical predictions.

We argue that the experimental time series need to be processed further in order to

filter non-relevant wave components and capture the linear time-harmonic amplitude

at each point analysed.

The short-time Fourier transform will then be introduced, allowing us to obtain the

time-varying spectral decomposition of the measured time series. To obtain the time-

harmonic response of the system and comply with the restrictions of the model, we

define a time window that removes the effects of the transient regime and the reflections

from the boundaries of the tank. Only retaining the amplitudes associated with the

fundamental frequency, we define the time-harmonic amplitude as the mean over the

steady-state window. We will then revisit the pointwise comparative analysis using

processed signals, allowing us to generate amplitude spectra over the frequency range

considered. The repeatability of the measurements and the influence of higher-order

components will also be analysed.

Chapter 6 is concerned with generating comparative results for the whole range

of parameters varied in the tank tests. To overcome the difficulties associated with

pointwise comparisons, we will characterise the motion of the plate by decomposing its

deflection into the symmetric natural modes of vibration (in vacuo). This will allow us

to analyse the rigid body modes (heave and pitch only as surge is restricted) and the

flexural modes separately. The modal amplitudes are then obtained through standard

numerical quadrature. We will compare the modal amplitude spectra for a relevant

set of modes, chosen so that the experimental data are repeatable and a dominant

first-order component. The agreement will be found to be reasonably good, although

trends of discrepancy appear in the rigid body and flexural modes amplitude spectra.

We will analyse the sensitivity of the model to small variations in the plate’s den-

sity and Young’s modulus, as these properties have been measured experimentally with

some uncertainty. Finally, a detailed discussion on possible sources for observed dis-

crepancies will be given. These are separated into physical processes neglected in the

model and unexpected effects arising from the experimental setup. A few phenomena

will be identified for further study in Chapter 7.
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Four extensions to the original model devised in Chapter 2 will be derived in Chapter

7. Firstly, we will consider the influence of the edge barrier fixed around the edge of

the plate, which is used in the experimental setup to avoid flooding effects. The barrier

will be modelled as an elastic ring connected to the plate through its edge condition.

Using realistic values for the parameters of the barrier, we will estimate its influence on

the modal spectra. Secondly, we will derive a friction model for the effect of the central

rod that goes through the centre of the plate in the experimental setup to restrict its

lateral motion. We will use a Green’s function for a surface source in a plate-covered

fluid region to account for frictional effects at the centre of the plate and determine

how the motion of the plate may be affected. We will also consider the effects of the

surge motion on the plate’s deflection, using the kinematic and dynamic conditions on

the submerged vertical edge surface.

Finally, internal damping effects will be introduced in the plate model using the

theory of linear viscoelasticity for plates. Assuming time-harmonic motion, this con-

sists of considering a frequency dependent flexural rigidity, that is determined using the

correspondence principle of viscoelasticity for a particular spring/dashpot arrangement

that replicates the behaviour of the plate. The data obtained during the measurements

of the plate’s Young’s modulus will be used to estimate the parameters of the viscoelas-

tic model, allowing us to generate corrected modal amplitude spectra. It is found that

none of the extensions considered in Chapter 7 has a significant effect on the plate’s

motion.

In Chapter 8, we will extend the single plate modal analysis of Chapter 6 to two

plates, using the experimental data from the tests described in Chapter 4. Two sym-

metric arrangements, involving two plates aligned in the direction of propagation of

the incident wave, will be analysed first. The modal amplitudes associated with the

symmetric modes of the two plates will be compared with those obtained for the single

plate tests. We will give results regarding the interaction effects between the two plates

and how their modal amplitude spectra are modified compared to those corresponding

to the single plate.

We will then consider two non-symmetric arrangements (wave trains incident at

an angle), allowing us to analyse the anti-symmetric modes of the plates, in addition

to the symmetric ones. We will determine the interaction effects in the motion of the

two plates, and the differences with a symmetric arrangement. We will also discuss

whether multiple scattering effects may be observed.

In the final chapter, we will give a summary of the findings generated by the present
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work and discuss possible extensions for future investigations.

A summary of the objectives and novel contributions is given in Table 1.5.

24



Objectives Novel contributions

Development of an efficient linear convergence analysis

hydroelastic model of wave

scattering by floating compliant

disks

Theoretical characterisation of

transient effects in a published study (Montiel et al., 2012)

two-dimensional bounded domain

Design of an experimental procedure - innovative restricting devices

that complies with the restrictions - remote measurements of deflection

of the model for one and two disks - validation analysis of setup

and provide processed data for - efficient data processing technique

comparisons

Validation of the hydroelastic model - decomposition into natural modes

for one disk in terms of rigid body - comparison of modal spectra

and flexural components of the motion - analysis of discrepancies

Theoretical investigation of possible - modelling the influence of the

sources of discrepancy and validation restricting devices

of the experimental setup - analysis with an enhanced plate

model

Validation of the interaction model - analysis of modal spectra

for two disks and comparison with - characterisation of interaction

responses for a single disk effects

Table 1.1: List of objectives and novel contributions.
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Chapter 2

Preliminaries

In this chapter we introduce theoretical descriptions of the problem of water wave

scattering by a group of floating compliant disks. The equations of motion are derived

from the linear theory of water waves (see, e.g., Wehausen and Laitone, 1960) coupled

with thin-elastic plate theory (see, e.g., Timoshenko and Woinowsky-Krieger, 1959),

used to model the motion of the disks. The setting is three-dimensional and the

solution method described in this chapter does not limit the number of disks that can

be considered. The number is, however, limited by the computational power available

and results presented in this chapter will only be given for a small number of disks (up

to four disks).

We define the Cartesian coordinate system Oxyz associated with the three-dimen-

sional physical space. The x- and y-axes determine the horizontal directions while the

z-axis points vertically upwards such that its origin (z = 0) coincides with the fluid’s

undisturbed free surface. The fluid domain is also bounded by the plane z = −H,

where the constant H > 0 denotes the undisturbed depth, and extends to infinity

horizontally.

Although the model is designed to solve for an arbitrary number of floating disks,

it is appropriate to begin the analysis with a single floating disk. We assume that

the single disk, centred at the origin of the horizontal axes, without loss of generality,

has a radius R and a constant thickness h. We ensure equilibrium of the disk at rest

along the z-axis by invoking Archimedes’ principle, therefore allowing for the draught

d = (ρ/ρ0)h, where ρ is the density of the (homogeneous) disk and ρ0 is the density of

the (homogeneous) fluid.

Owing to the geometry of the problem considered, we define the cylindrical coordi-

nate system centred inO such that x = (r, θ, z) is the vector of cylindrical coordinates of

27



r
θ

x

y

z

O

Figure 2.1: Three-dimensional diagram of the floating disk.

a point in the fluid, as shown in Figure 2.1. We denote Ω0 = {x : r > R, −H ≤ z ≤ 0}
and Ω = {x : r ≤ R, −H ≤ z ≤ −d}, the open-water and disk-covered fluid regions,

respectively. Similarly, the free surface and underside disk surface (at rest) are desig-

nated Λ0 = {x : r > R, z = 0} and Λ = {x : r ≤ R, z = −d}, respectively. Finally,

let Υ = {x : r = R, −H ≤ z < −d} denote the interface between Ω0 and Ω. Figure

2.2 shows a schematic of the system composed of the disk and fluid in the plane y = 0.

The different fluid regions and their boundaries are highlighted.

2.1 Assumptions and governing equations

2.1.1 The boundary-value problem

In order to formulate the problem described above in terms of a set of linear partial

differential equations (PDEs), assumptions must be made regarding the physics in-

volved. In addition to being homogeneous (density is constant everywhere at rest), the

fluid is assumed to be incompressible (density is time-invariant) so the divergence of

the velocity field throughout the fluid vanishes. In the study of water wave interaction

with floating bodies, three relevant quantities must be analysed and compared: i) the

wave amplitude A, ii) the wavelength λ = 2π/k (k wavenumber) and iii) the charac-

teristic length of the body a (see Mei et al., 2005, Chapter 8). We use the large body

approximation, i.e. ka ≥ O(1), which signals that the presence of the body alters the

ambient wave field so that scattering effects dominate. We further assume the ratio

A/a≪ 1, ensuring that the effect of flow separation and vortex shedding is negligible.

28



x

z

Oh d

R

z = 0

z = −H

Ω0 Ω0
Ω

Λ0 Λ0

Λ

Υ Υ

Figure 2.2: Two-dimensional schematic diagram of the geometry as-

sociated with the problem of a single floating disk in the plane y = 0.

Therefore, the Reynolds number is sufficiently large that viscous effects are confined

within the boundary layer and inertia and gravity are the dominating forces. It is the

inviscid flow assumption that gives rise to the irrotational motion of the fluid, i.e. the

velocity vector field can be expressed as the gradient of a scalar velocity potential, Φ

say, which is a function of the spatial variables x and the time t. The incompressibility

of the fluid then implies that Φ satisfies Laplace’s equation, that is

∇2Φ = 0, x ∈ Ω0 ∪ Ω, (2.1)

where ∇ = (∂x, ∂y, ∂z) in Cartesian coordinates and ∇ = (∂r, 1/r∂θ, ∂z) in cylindrical

coordinates. The notation ∂nX = ∂n/∂Xn for a variable X and order n ∈ N is used

throughout for partial derivatives.

The lower boundary of the fluid domain, also referred to as the seabed, is assumed

impermeable so that a no-flow condition applies on this surface. The normal velocity

must then vanish, i.e.

∂zΦ = 0, z = −H. (2.2)

As external forces are applied, the shape of the free surface changes and we denote

ζ0 = ζ0(r, θ, t) the free surface elevation, which represents its vertical displacement with

respect to the surface at rest, i.e. Λ0. In order to write the equations satisfied by ζ0,

we must assume that the potential Φ and its normal derivative ∂nΦ are continuous

throughout the fluid domain, where n designates an outward normal unit vector at

any point on the boundaries of the domains Ω0 and Ω. This is equivalent to assuming
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continuity of the normal velocity and pressure fields. The kinematic condition is ob-

tained by assuming the absence of material flux through the free surface. Continuity

of the normal velocity is then applied and, after linearisation about Λ0, we obtain

∂tζ0 = ∂zΦ, x ∈ Λ0, (2.3)

where ∂zΦ is evaluated at the mean free surface, Λ0.

Bernoulli’s equation is derived through integration of the Euler equations and is

given, in its linearised form, by

P − P0 = −ρ0∂tΦ− ρ0gz, x ∈ Ω0 ∪ Ω, (2.4)

where P = P (x, t) denotes the fluid pressure, P0 is the constant atmospheric pressure

and g ≈ 9.81 m s−2 is the acceleration due to gravity.

Neglecting the effects of surface tension, the free surface dynamic condition results

from the continuity of the pressure across Λ0. Therefore the pressure on Λ0 equates to

the atmospheric pressure, so from Eq. (2.4) the dynamic condition is given by

∂tΦ + gζ0 = 0, x ∈ Λ0, (2.5)

where Φ is evaluated on Λ0.

Owing to the assumed small aspect ratio of the floating structure (i.e. h/(2R) ≪ 1),

it is sensible to approximate the elastic motion of the disk using an isotropic plate

model. Assuming zero transverse stresses, linearly distributed longitudinal stresses

across the thickness and small vertical displacements compared to the thickness h,

Kirchhoff-Love thin-elastic plate theory may be used (see, e.g., Squire et al., 1996).

These assumptions are all based on Kirchhoff’s hypothesis, that straight lines originally

perpendicular to the mid-surface remain straight and perpendicular to the mid-surface

after deformation. This theory is widely used to analyse the flexural response of floating

sea-ice to ocean wave forcing (see, e.g., Kerr and Palmer, 1972; Squire et al., 1995) and

in the design of pontoon-type VLFSs (see, e.g., Kashiwagi, 2000b; Watanabe et al.,

2004a). Although extensive research has been performed to characterise the response

of ice floes or VLFSs to ocean waves numerically, few experiments have been carried

out to validate models using thin-elastic plates. The experimental campaign described

in Chapter 4 intends to provide a validation of the modelling approach.

The thin-elastic plate model results in purely elastic vertical deformations governed

by Hooke’s law, such that the deflection (vertical displacement) ζ = ζ(r, θ, t) of the

plate’s mid-surface fully describes its behaviour (Timoshenko and Woinowsky-Krieger,
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1959). Other less restrictive models could be used to characterise the hydroelastic re-

sponse of the disk. For example, Balmforth and Craster (1999) adopted an extended

Mindlin plate model including the effects of rotary inertia, shear deformations, com-

pressibility and structural damping. The impact of these additional processes depends

on the material properties and the wave forcing, and in most cases thin plate theory is

enough. Although thin plate theory is used to build the basis of the present hydroe-

lastic model, we keep in mind that extensions are possible if this theory fails to meet

our requirements.

The thin-elastic plate equation describes the dynamical behaviour of the plate’s

mid-surface in response to an external load applied at its upper and lower surfaces,

and is given by

D∇4
r,θζ + ρh∂2t ζ = P − P0 + ρ0gd, x ∈ Λ, (2.6)

where ∇r,θ = (∂r, 1/r∂θ) and D is the flexural rigidity of the plate, which can be

expressed, in terms of the Young’s modulus E and Poisson’s ratio ν, asD = Eh3/12(1−
ν2). The right-hand term in Eq. (2.6) represents the external loads applied on the plate.

While P and P0 have already been introduced, ρ0gd is the pressure term resulting from

the hydrostatic equilibrium of the plate. The hydrodynamic pressure P on Λ is derived

from the linearised Bernoulli’s equation Eq. (2.4) applied at z = ζ − d, assuming the

plate’s underside and the fluid are in contact at all times. After substitution, we obtain

(
D∇4

r,θ + ρh∂2t + ρ0g
)
∂zΦ + ρ0∂

2
tΦ = 0, x ∈ Λ, (2.7)

where we have used the linearised kinematic surface condition ∂tζ = ∂zΦ on Λ, which

applies due to the continuity of the normal velocity.

The circular plate is assumed to move freely in the vertical direction. However we

restrict the horizontal motion, i.e. the surge and sway components of the motion are

neglected, assuming they are small enough not to affect the transverse motion of the

disk. In addition, free-edge conditions are applied around the edge of the circular plate,

which imply that the bending moment and shear stress must vanish at r = R. In polar

coordinates the free-edge conditions are

[
∇2

r,θ −
1− ν

r

(
∂r +

1

r
∂2θ

)]
ζ = 0, r = R (2.8a)

[
∂r∇2

r,θ +
1− ν

r2

(
∂r −

1

r

)
∂2θ

]
ζ = 0, r = R. (2.8b)
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Other edge conditions could also be considered, e.g. clamped, simply supported or

loaded, but they are of little interest as part of the present study.

As the fluid domain is unbounded in the horizontal directions, we must ensure

that appropriate conditions are applied in regard to the flow far from the plate (i.e.

as r → ∞). Those conditions will be described in §2.1.2 in which the periodic load

experienced by the structure is introduced.

2.1.2 Time-harmonic motion

We now assume the system is set in motion by a periodic external load of given angular

frequency ω. The linearity of the present model implies that the fluid/plate system

also undergoes periodic motion. Therefore, we can write the velocity potential as

the real part of a complex-valued function of the spatial coordinates multiplied by a

time-harmonic exponential term, i.e.

Φ(x, t) = Re
{
φ(x) e iωt

}
, (2.9)

where Re denotes the real part and i2 = −1. The response of a system under such

harmonic excitations is referred to as the frequency response. The free-surface elevation

and the plate’s deflection also exhibit time-harmonic dependence, so we can write

(
ζ0(r, θ, t), ζ(r, θ, t)

)
= Re

{(
η0(r, θ), η(r, θ)

)
e iωt
}
. (2.10)

The response of the hydroelastic system defined in the previous section is fully

described by Eqs. (2.1)–(2.3), (2.5), (2.7) and (2.8). The time-harmonic assumption

allows us to simplify further the equations involving differentiation with respect to the

time variable. Therefore, Eqs. (2.3) and (2.5) can be combined so that we obtain

∂zφ =
ω2

g
φ, x ∈ Λ0, (2.11)

and Eq. (2.7) becomes

(
D∇4

r,θ − ρhω2 + ρ0g
)
∂zφ = ρ0ω

2φ, x ∈ Λ. (2.12)

The equations that do not involve time-derivatives, i.e. Eqs. (2.1), (2.2) and (2.8),

can be re-written by substituting Φ, ζ0 and ζ for φ, η0 and η, respectively.

Under the assumption of time-harmonic motion, an ambient incident wave field,

that is established everywhere, defines the forcing of the problem. The presence of the

plate alters the wave patterns such that a scattered wave field can be superimposed.
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We denote φIn(x) and φS(x) the velocity potentials associated with those two wave

components, such that φIn+φS = φ in Ω0. The potential φ
In is established everywhere

in the fluid domain, so also in the far field (i.e. as r → ∞). The far field condition is

therefore given by a radiation condition which specifies that the scattered wave field is

outgoing and decays at infinity.

It is convenient to simplify the equations further by reducing the number of pa-

rameters involved. This can be done by non-dimensionalising relevant constants and

variables with respect to an appropriate length scale, e.g. the water depth H, and

time scale, e.g.
√
H/g. Therefore we can express the non-dimensional constant and

variables (denoted by an over bar) as

(
x̄, ȳ, z̄, r̄, R̄

)
=

(x, y, z, r, R)

H
, t̄ =

t√
H/g

, (η̄0, η̄) =
(η0, η)

H
and φ̄ =

φ

H
√
Hg

.

For clarity, the overbars are dropped for the remainder of the thesis, with the under-

standing that the variables are non-dimensional. Let α = Hω2/g, β = D/(ρ0gH
4) and

γ = d/H denote the non-dimensional squared frequency, flexural rigidity and draught,

respectively. The time-harmonic problem is therefore described by the following set of

PDEs

∇2φ = 0, x ∈ Ω0 ∪ Ω, (2.13a)

∂zφ = 0, z = −1, (2.13b)

∂zφ = αφ, x ∈ Λ0, (2.13c)

(
β∇4

r,θ − αγ + 1
)
∂zφ = αφ, x ∈ Λ, (2.13d)

[
r2∇2

r,θ − (1− ν)
(
r∂r + ∂2θ

)]
η = 0, r = R, (2.13e)

[
r3∂r∇2

r,θ + (1− ν) (r∂r − 1) ∂2θ
]
η = 0, r = R. (2.13f)

The time-harmonic boundary value problem is then completely determined by the

frequency parameter α, and the properties of the plate, β and γ, as well as the non-

dimensional radius R. Poisson’s ratio, ν = 0.3, is set throughout, as it is a typical value

for purely elastic materials. A radiation condition completes Eq. (2.13) as it ensures

uniqueness of the solution to the problem.

2.2 Eigenfunction expansions

The model set above is similar to a number of existing models. The solution meth-

ods available will depend on the geometry of the problem under consideration. The

33



solution method used in the present work takes advantage of the piecewise uniform

geometry and axisymmetry. These features allow us to build representations of the

fluid motion through eigenfunction expansions in each fluid domain, i.e. Ω0 and Ω.

The representations are then matched at their common interface, which is the basis of

the EMM applied here (see §2.3 for details).

Recall that other solution methods are available in the literature to deal with a single

floating elastic plate. For example, Meylan and Squire (1996) solved the scattering

problem of a circular plate with shallow draught using Green’s theorem along with

an expansion of the motion of the plate in terms of its natural modes of vibration in

vacuo. A Green’s function method was proposed later by Andrianov and Hermans

(2005). The deep water and finite depth cases were both treated and the solution is

found through an integro-differential equation deriving from Green’s theorem. The

solution is expressed in terms of a double series for angular and vertical modes and

convergence of approximating partial sums was found when a sufficient number of

modes are retained in the approximation. The EMM solution proposed by Peter et al.

(2003) will be discussed in detail later as it is similar to the one proposed in the

present study. Solutions have also been derived for floating plates exhibiting non-

uniform properties, such as arbitrary shape (see Meylan, 2002b; Bennetts and Williams,

2010) or non-uniform thickness (see Bennetts et al., 2009b). In those cases, different

techniques are necessary to cope with the heterogeneities.

2.2.1 Dispersion relations

The entire fluid domain is composed of two geometrically uniform sub-domains, Ω0

and Ω. Therefore the dispersion properties in each sub-domain are constant and can

be derived independently. We denote by ψ0(x) = φIn(x) + φS(x) the velocity potential

in Ω0 and ψ(x) the velocity potential in Ω. We seek separation solutions of the form

φ(x) = P(r, θ)ϕ(z), where φ denotes either ψ0 (x ∈ Ω0) or ψ (x ∈ Ω). Solving in Ω0

using Eqs. (2.13a)–(2.13c) leads to

ψ0(x) =
∞∑

m=0

P(0)
m (r, θ) cos km(z + 1),

where the non-dimensional quantities km, m ∈ N, are the roots K of the dispersion

relation

K tanK = −α. (2.14)

The vertical dependence of the potential is therefore characterised by the basis of

34



−20 −15 −10 −5 0 5 10 15 20
−15

−10

−5

0

5

10

15

 

 

km

κm

Re

Im

Figure 2.3: Roots of the dispersion relations (a typical configuration).

orthogonal eigenfunctions cos km(z + 1), for which orthogonality and completeness are

deduced from Sturm-Liouville theory. We define the set of vertical modes in Ω0 as

V0 =

{
ϕ(0)
m (z) =

cos km(z + 1)

cos km
: z ∈ [−1, 0] , m ∈ N

}
,

where the eigenfunctions have been scaled such that their value is unity at z = 0. Note

the set of polar functions
{
P

(0)
m (r, θ) : m ∈ N

}
is yet to be determined.

The nature and the order of the roots of Eq. (2.14) is well established in the lit-

erature (see, e.g., Linton and McIver, 2001) and only a short summary of the main

features is given here. We denote by k0 the only root lying on the positive imaginary

axis and by km, m ≥ 1, the positive real roots ordered ascendingly. It may be shown

that km ∼ mπ as m → ∞. The negatives of these roots are also roots but give rise

to the same set of vertical modes (cosine function is even), and can therefore be disre-

garded. A typical configuration (α = 10) of the roots km, m = 0, . . . , 5, in the complex

plane is given in Figure 2.3 as blue circles.

In the plate-covered fluid region Ω, a separation solution is similarly sought using

Eqs. (2.13a), (2.13b) and (2.13d); we obtain

ψ(x) =
∞∑

m=−2

Pm(r, θ) cosκm(z + 1),

where the non-dimensional quantities κm, m ≥ −2, are the roots K of the dispersion
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relation
(
βκ4 + 1− αγ

)
K tanK(1− γ) = −α. (2.15)

We denote by κ0 the unique root that lies on the positive imaginary axis, and by

κm, m ≥ 1, the positive real roots which are ordered in ascending magnitude. In

this case there also exists a pair of complex conjugate roots with positive real part,

denoted κ−2 and κ−1 (see Fox and Squire, 1994). As in Ω0, the negatives of these roots

are disregarded in the expanded solution. The roots κm, m = −2, . . . , 5, are plotted

in Figure 2.3 as red crosses for α = 10 and typical plate parameters. Note that we

typically have |κ0| < |k0| in the regime of interest as part of the present work, which

translates to the fact that the wavelength of a flexural-gravity wave is larger than that

of a free surface wave at equal frequency. Interestingly, in a very low frequency regime

(not considered here), the opposite behaviour can be observed (Bennetts, 2007). In

addition, it may be proved that κm ∼ mπ/(1− γ) as m → ∞. In the limit γ → 0, we

have κm → km, as m → ∞, as expected. A comprehensive analysis of the behaviour

of those roots with respect to the parameters involved was given by Bennetts (2007)

and is therefore not part of the present study.

The wave-like components of the motion associated with k0 and κ0 are usually

referred to as travelling modes and propagate through an oscillatory motion in the

horizontal directions. The components of the motion involving km or κm, m ≥ 1, are

referred to as evanescent modes, as they represent waves decaying exponentially in

the horizontal directions. The wave components associated with κ−2 and κ−1 support

travelling waves that decay exponentially, that is a combination of the travelling and

evanescent modes. Although these waves are also loosely referred to as evanescent

waves due to the exponential decay, we are referring to them as damped modes in the

present work to signal that they are different from purely decaying waves, which do

not propagate. Note, however, that these modes do not carry energy in the far field,

as opposed to the travelling mode.

In the fluid domain Ω, the set of vertical eigenfunctions cosκm(z + 1), m ≥ −2, is

complete but not orthogonal (Fox and Squire, 1994). The fact that κ2−i, i = 1, 2 are

not real violates the assumptions for Sturm-Liouville theory to apply. Bennetts et al.

(2007) proved that the eigenfunctions are not linearly independent and the degree by

which this set can be reduced is two. It follows that

cosκ−j(z + 1) =
∞∑

m=0

vm,j cosκm(z + 1), j = 1, 2.

36



The coefficients vm,j are expressed, following Bennetts (2007), as

vm,j =
κmD′(κ−j)(κ

2
m − κ2−j∗)

κ−jD′(κm)(κ2−j − κ2−j∗)
, m ∈ N,

where j∗ = 3− j and the prime superscript signals the derivative of the single variable

function it is applied to. We have also defined the following complex function

D(ξ) = (1− αγ + βξ4)ξ sin ξ(1− γ) + α cos ξ(1− γ), ξ ∈ C.

We can then define the basis of vertical modes in Ω as

V =

{
ϕm(z) =

cosκm(z + 1)

cosκm(1− γ)
: z ∈ [−1,−γ] , m ∈ N

}
,

where the eigenfunctions have been scaled such that their value is unity at z = −γ.
Similar scaling can be applied to the eigenfunctions associated with κ−j, j = 1, 2, so

that we define ϕ−j(z) = cosκ−j(z + 1)/ cosκ−j(1− γ). The linear dependence is then

given by

ϕ−j(z) =
∞∑

m=0

vm,jϕm(z), j = 1, 2, (2.16)

where vm,j = vm,j cosκm(1− γ)/ cosκ−j(1− γ).

2.2.2 Azimuthal motion

Separation expansions in conjunction with solutions of the dispersion relations have

allowed us to characterise the vertical dependence of the fluid flow in both regions, i.e.

Ω0 and Ω. We have also introduced the horizontal dependence of the motion through

the polar functions P
(0)
m (r, θ), m ≥ 0, in Ω0 and Pp(r, θ), p ≥ −2, in Ω. Those functions

are 2π-periodic in θ and may therefore be expanded in Fourier series with respect to

the azimuthal coordinate. We obtain

(
P(0)

m (r, θ),Pp(r, θ)
)
=

∞∑

n=−∞

(
̺(0)mn(r), ̺pn(r)

)
e inθ, m ≥ 0, p ≥ −2. (2.17)

The polar functions P
(0)
m (r, θ) and Pp(r, θ) are solutions f of the Helmholtz equation

∇2f −K2f = 0 for K = km, m ≥ 0, and K = κp, p ≥ −2, respectively. Using (2.17)

along with the polar form of the Laplacian operator ∇2, we find that ̺
(0)
mn(r) and ̺pn(r),

n ∈ Z, are solutions of the ordinary differential equation (ODE)

r2f
′′

+ rf
′ −
(
n2 + (Kr)2

)
f = 0,
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for K = km, m ≥ 0, and K = κp, p ≥ −2, respectively. The solutions of this ODE are

the modified Bessel functions of order n, i.e. In(Kr) and Kn(Kr) (see Abramowitz and

Stegun, 1970, Eq. 9.6.1). Some important properties of these modified Bessel functions

are that Kn are singular at the origin and In diverge at infinity for real arguments.

Requiring the motion to be bounded in Ω, the radial eigenfunctions ̺pn(r) = In(κpr),

p ≥ −2, are used in Ω. In the open-water region Ω0, the radiation condition dictates

that the eigenfunctions ̺
(0)
mn(r) = Kn(kmr) must be used to describe the radial de-

pendence of the scattered wave potential φS. We obtain the following eigenfunction

expansions

φS(x) =
∞∑

m=0

ϕ(0)
m (z)

∞∑

n=−∞
A(0)

n,mK̂n(kmr) e
inθ, x ∈ Ω0, (2.18)

and

ψ(x) =
∞∑

p=−2

ϕp(z)
∞∑

n=−∞
An,pÎn(κpr) e

inθ, x ∈ Ω, (2.19)

where A(0)
n,m and An,p, n ∈ Z, m ≥ 0, p ≥ −2, are the unknown amplitudes of

the expansions of the scattered wave potentials in Ω0 and Ω, respectively. We have

also introduced the scaled Bessel functions X̂n(Kr) = Xn(Kr)/Xn(KR), for any Bessel

function Xn of order n. Note that Eqs. (2.18) and (2.19) are similar to those used in

Peter et al. (2003).

The asymptotic expansions of the modified Bessel functions (see Abramowitz and

Stegun, 1970, Eqs. 9.7.1 and 9.7.2) may give some information regarding the nature

of each wave-like component of the expansions (2.18) and (2.19). For real values of

roots of the dispersion relations, i.e. km and κp, m, p ≥ 1, the radial eigenfunctions

decay exponentially (evanescent waves). As m and p increase, the magnitudes of km

and κp also increase such that corresponding evanescent waves decay faster and their

contribution to the motion of the system may be neglected. Therefore, we approximate

the potential in both fluid regions by truncating the sum over the vertical modes such

that we only retain M evanescent modes. For purely imaginary roots, i.e. k0 and κ0,

oscillating radial terms arise (travelling waves), that decay geometrically as O
(
r−1/2

)
.

For the complex roots κ−j, j = 1, 2, the radial dependences support travelling waves

decaying exponentially (damped waves). Consequently, We may rewrite the expansion

(2.18) as

φS(x) ≈
M∑

m=0

ϕ(0)
m (z)

∞∑

n=−∞

[
A(0)

n

]
m+1

K̂n(kmr) e
inθ, x ∈ Ω0, (2.20)

where A
(0)
n =

(
A(0)

n,0, . . . ,A(0)
n,M

)T
, n ∈ Z, are (M + 1)-length column vectors and the
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superscript T denotes the transpose of an array. In addition, the notation
[
X
]
i
will be

used throughout to designate the i-th element of vector X. The linear dependence of

the vertical modes in Ω (see Eq. (2.16)) may also be used to rewrite Eq. (2.19) as

ψ(x) ≈
M∑

m=0

ϕm(z)
∞∑

n=−∞

{
[
An

]
m+1

În(κmr) +
2∑

j=1

vm,j

[
Ãn

]
j∗
În(κ−jr)

}
e inθ, (2.21)

for all points x ∈ Ω. In Eq. (2.21) we have defined the (M +1)-length column vectors

An =
(
An,0, . . . ,An,M

)T
, n ∈ Z, and the length two column vectors of amplitudes of

the damped waves Ãn =
(
An,−2,An,−1

)T
=
([
Ãn

]
1
,
[
Ãn

]
2

)T
, n ∈ Z.

The incident wave potential can be derived exactly using series expansions. We

assume φIn is the potential of a plane wave of unit amplitude and wavelength 2π/k

(k0 = ik, k real and positive), which, without loss of generality, travels along the x-axis

from the positive infinity towards the negative infinity. Therefore the velocity potential

of the incident wave is given by φIn(x) = (1/ iα) exp (k0x)ϕ
(0)(z). The exponential term

may be expanded in a series involving modified Bessel functions (see Abramowitz and

Stegun, 1970, Eq. 9.6.34), so we obtain

φIn(x) =
∞∑

n=−∞

[
A(In)

n

]
1
În(k0r)ϕ

(0)
0 (z) e inθ, x ∈ Ω0, (2.22)

where A
(In)
n are (M + 1)-length column vectors, such that

[
A

(In)
n

]
1
= (1/ iα) I(k0R)

and
[
A

(In)
n

]
m+1

= 0, for 1 ≤ m ≤ M , n ∈ Z. Note that this polar expansion of

the horizontal motion is consistent with the representations of the motion in terms of

modified Bessel functions given in Eqs. (2.20) and (2.21).

2.2.3 Final expansions

The algebraic manipulations will be most clearly illustrated with Eqs. (2.20)–(2.22)

expressed in matrix form. Therefore we write the potential expansion in Ω0, i.e. ψ0 =

φIn + φS, using vector and matrix notations as

ψ0(x) ≈ C0(z)
∞∑

n=−∞

[
E(I)

n (r)A(In)
n + E(0)

n (r)A(0)
n

]
e inθ, x ∈ Ω0, (2.23)

whereC0(z) is the (M+1)-length row vector with entries φ
(0)
m (z), 0 ≤ m ≤M . We have

also introduced the radial (M + 1)-size square diagonal matrices E
(I)
n (r) and E

(0)
n (r),

n ∈ Z, such that

[
E(I)

n (r)
]
m+1,m+1

= În(kmr) and
[
E(0)

n (r)
]
m+1,m+1

= K̂n(kmr),
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for 0 ≤ m ≤ M .

The free-edge conditions given by Eqs. (2.13e) and (2.13f) can be utilised to reduce

the number of unknowns of the potential expansion (2.21). The procedure is described

in Appendix A.1 and provides a mapping between the vectors An and Ãn, n ∈ Z (see

Eq. (A.4)). Therefore, the potential expansion in Ω is

ψ(x) ≈ C(z)
∞∑

n=−∞
En(r)An e

inθ, x ∈ Ω, (2.24)

where C(z) is the (M + 1)-length row vector with entries φm(z), 0 ≤ m ≤ M , and

En(r) is given by Eq. (A.5).

2.3 Scattering by a single plate

We solve the present problem, stated in terms of the eigenfunction expansions (2.23)

and (2.24), using an EMM. The present model extends the solution proposed by Peter

et al. (2003) to account for the plate’s draught. A general outline of the EMM in

the context of linear water wave is given by Linton and McIver (2001) for simple

geometries. The method is based on matching eigenfunction representations of the

fluid motion derived in each uniform domain at their common interfaces, invoking

continuity of fluid pressure and velocity. The resulting matching conditions are then

projected onto a relevant basis of vertical functions using the usual inner-product. A

system of linear equations is then obtained and the unknown amplitudes are found

after computer assisted algebraic manipulations.

The first application of this method to a hydroelastic problem is due to Fox and

Squire (1994) for a semi-infinite plate with zero draught. The numerical procedure

was different than more recent techniques, however, as the matching was performed

through the minimisation of an error integral. Convergence of the reflection and trans-

mission coefficients is then obtained by increasing the number of evanescent modes

retained in the eigenfunction expansion. Retaining a few modes leads to a reasonable

approximation of the solution (provided ka is not too large) but a lot of modes must be

taken to obtain a high accuracy. A more common approach to the matching problem

consists of projecting the eigenfunction representations of the potential and its normal

derivative at the interface between the different domains with respect to the vertical

modes V0. This is the numerical procedure used by Peter et al. (2003). A solution

is then found after inversion of a matrix with a size equal to the number of vertical

modes retained in the approximation. This version of the EMM is straightforward
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when the shallow draught approximation is made, as the fluid vertical domain is the

same in both open-water and plate-covered regions and the orthogonality of the ele-

ments of V0 can be used. When draught is included, the vertical domains in the two

fluid regions are different and the numerical scheme has to be modified to account for

the no-flow condition on the plate’s edge. Bennetts (2007) was the first to overcome

this difficulty for the simple problem of a semi-infinite floating plate. An intermediary

function u, describing the normal velocity at the interface between the fluid domains,

is expanded into an appropriate basis of vertical functions, such that velocity matching

is performed on either side of the interface independently. In the present work, we

develop this approach to a circular plate.

We enforce continuity of fluid pressure and velocity across the interface between Ω0

and Ω, i.e. Υ (see Figure 2.1), which follows from the continuity assumption stated in

§2.1.1. Let u(θ, z) denote the fluid normal velocity on Υ. The continuities are then

expressed as

ψ0(x) = ψ(x) and ∂rψ0(x) = ∂rψ(x) = u(θ, z) =
∞∑

n=−∞
un(z) e

inθ, x ∈ Υ.

The restriction of the lateral motion gives an additional condition, i.e. ∂rψ0(x) = 0, for

x ∈ {x ∈ Ω0 : r = R, −γ ≤ z ≤ 0}.
The EMM is widely used in the field of linear water wave scattering when the

domain and all sub-domains are separable. The solution to a variety of problems using

the EMM is summarised by Linton and McIver (2001) and at www.wikiwaves.org. The

EMM is known, however, to have slow convergence (i.e. with respect to the truncation

parameter M). The reflection and transmission coefficients of multiple floating beams

with shallow draught were computed by Kohout (2008) who found that an average of

20 evanescent modes are required to obtained two decimal places accuracy.

When partially submerged structures are involved, the fluid velocity is singular at

sharp corner points. A local analysis of the fluid’s flow in the vicinity of the corner shows

that the order of the singularity depends on how sharp the corner is. In particular,

for a right-angled rigid structure the fluid velocity is singular to the order -1/3 at

that corner point. As part of the linear approximation of the motion, it is sensible to

assume the fluid flow around the submerged corner of the elastic plate has the same

behaviour. This assumption was validated numerically by Williams and Porter (2009)

in the context of an elastic two-dimensional ice edge. As part of the present work, the

singularity is given by un(z) ∼ (z + γ)−1/3 as z → −γ, n ∈ Z.

Linton and McIver (2001) summarise some insights with regards to the convergence
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properties of the EMM when a corner is present. Problems involving a vertical barrier

and a truncated cylinder are solved with the EMM and it is pointed out that the

sharper the corner the slower the convergence. Linton and McIver (2001) devised a

solution technique to overcome the convergence deficiencies of the EMM based on the

original derivation of Porter and Evans (1995). The solution to these problems may be

expressed as a function of the normal velocity along the interface between two uniform

fluid regions which is in turn the solution of an integral equation. The Galerkin method

is then used to approximate the interface function in terms of functions that are singular

to the same order as the fluid velocity at the corner. A system of algebraic equations

for the unknown amplitudes of the potential on either side of the corner provides the

solution. The method is described for a surface-piercing vertical barrier for which

weighted Chebyshev polynomials are used to characterise the singular behaviour of the

velocity at the tip of the barrier. According to Porter and Evans (1995), convergence

to the solution in this case is much improved (i.e. M = 5 as opposed to M = 400

with the standard EMM), although the integration scheme requires the calculation of

coefficients defined as infinite sums that convergence poorly. In the present work, a

similar approach is integrated into an EMM scheme. The efficiency of the method is

discussed in §2.5.1.
The present matching problem is based on approximating the auxiliary functions

un(z), n ∈ Z, so they provide suitable joining conditions in Ω0 and in Ω along the

their common vertical domain, i.e. for −1 ≤ z < −γ. The singularity order of the

fluid velocity at the plate’s submerged corner (x ∈ Υ, z = −γ), i.e. −1/3, informs the

choice of un(z). The auxiliary functions are expanded as

un(z) ≈
P∑

p=0

u(n)p U (n)
p (z), n ∈ Z, (2.25)

where the functions U (n)
p (z) are carefully chosen so they are singular at the plate’s

corner. Incorporating this feature in the approximation significantly improves the

convergence of the partial sums (2.25), so that less modes are needed to obtain similar

accuracy. We define the set Vg =
{
C
(1/6)
2p (z∗) : p ∈ N

}
of weighted even Gegenbauer

polynomials, where we have introduced z∗ = (z + 1) / (1− γ) ∈ (0, 1), and choose

U (n)
p (z) = C

(1/6)
2p (z∗), 0 ≤ p ≤ P . The truncation parameter P is chosen such that

convergence towards un(z) is satisfactory. We express the elements of Vg as

C(δ)
p (y) =

2

(1− γ)

p!(p+ δ)Γ2(δ)

π21−2δΓ(p+ 2δ)

(
1− y2

)δ−1/2
G(δ)

p (y), 0 ≤ y ≤ 1,
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with Γ the Gamma function and G
(δ)
m (y) a Gegenbauer polynomial (see, Abramowitz

and Stegun, 1970, §22). The singularity is present in the weighting function and the

no-flow condition on the seabed is intrinsically satisfied (i.e. u′n(−1) = 0, n ∈ Z). This

is a scaled version of the natural weighting function of the Gegenbauer polynomials

through which orthogonality is verified. Also note that the elements of Vg do not

depend on the angular mode parameter n. Another approach consists of using the set

of vertical modes V as a projection basis for the functions un(z) and will be referred

to as the standard EMM. The singular auxiliary functions are therefore approximated

with a sum of non-singular cosine functions and a large number of modes must be

retained to obtain an acceptable convergence.

The present approach is motivated by the work of Williams and Porter (2009) which

extended Porter (1995), who used this method to approximate the fluid normal velocity

at the edge of a right-angled step in the seabed. This idea was further developed to wa-

ter wave scattering problems involving fixed corners (see, e.g., Evans and Fernyhough,

1995; Porter and Porter, 2000; Porter and Evans, 2005). All the works cited here did

not use the EMM, and are based on the integral equation method mentioned earlier.

To be consistent with the vector and matrix notations introduced in the previous

section, we rewrite Eq. (2.25) as

un(z) ≈ Cg(z
∗)U(n), n ∈ Z, (2.26)

where U(n) =
(
u
(n)
0 , ..., u

(n)
P

)T
and Cg(z

∗) =
(
C0(z

∗), ...,C2P (z
∗)
)
. We further extend

the domain of the functions un(z), n ∈ Z, such that un(z) = 0, −γ < z ≤ 0.

We then apply the EMM, which includes the approximation just described, that is

∫ 0

−1

CT
0 ∂rψ0 dz =

∫ 0

−1

CT
0 u dz and

∫ −γ

−1

CT∂rψ dz =

∫ −γ

−1

CTu dz, r = R, (2.27)

for the continuity of fluid velocity and
∫ −γ

−1

CT
g (z

∗)ψ0 dz =

∫ −γ

−1

CT
g (z

∗)ψ dz, r = R, (2.28)

for the continuity of fluid pressure.

As mentioned in the previous section, the angular modes are linearly independent,

so the matching problem may be formulated for each n ∈ Z, independently. Substi-

tution of the expansions (2.23) and (2.24) into (2.27) and (2.28) results in a system of

2M + P + 3 equations with the same number of unknowns. Algebraic manipulations

allow us to obtain

A(0)
n = S(0)

n A(In)
n , (2.29a)
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and

An = SnA
(In)
n , (2.29b)

where S
(0)
n and Sn respectively are the exterior and interior diffraction transfer matrices

(DTMs) of the plate. The details of the manipulations are described in Appendix B.1.

It is noted that the numerical scheme requires a single matrix inversion with size P +1.

The DTMs are scattering maps characterising how much the ambient wave pattern

is altered due to the presence of the plate. Note the interior DTM is generally used to

obtain the deflection of the plate η. The external mapping provides a convenient for-

mulation of the scattering by a single plate problem and the multiple plates interaction

theory derived in the next section makes use of this formulation to unify the scattered

wave field as a sum of the individual scattered wave fields from each plate.

2.4 Scattering by multiple plates

We now consider Np uniform circular plates floating at the free surface of the fluid

domain. The plates are allowed have different properties, i.e. radius Ri, thickness hi,

density ρi and rigidity Di, i = 1, · · ·Np, expressed in dimensional form. The plates are

arbitrarily ordered and we assume the centre of plate 1 coincides with the origin of the

Cartesian coordinate system Oxyz previously defined, without loss of generality. This

coordinate system is referred to as the global coordinate system of the problem. We

assign a local coordinate system to each plate with origin at the centre of the plate

with coordinates (xi, yi, 0), i = 1, · · ·Np, in the the global system. A point in the fluid

domain is then located in each local system by the vector of cylindrical coordinates

xi = (ri, θi, z), i = 1, · · ·Np, such that x1 = x. Therefore, we define the region of

fluid covered by plate i as Ωi = {xi : ri ≤ Ri, −H ≤ z < −di}, i = 1, · · ·Np, where

di is the draught of plate i. The region of fluid with a free surface is defined as

Ω0 =
{
x1 : r1 > R1, x1 /∈ ∪Np

i=2 Ωi

}
.

We assume that the presence a plate affects the motion of any other plate present

in the system. Therefore, we must account for the effect of multiple scattering, which

suggests the use of a multiple scatterer interaction theory. The method used in the

present work was originally proposed by Kagemoto and Yue (1986) in the context of

linear water waves. The solution method only requires knowledge of the scattering

properties of each scatterer (i.e. exterior DTM) and considers the full multiple scat-

tering problem (i.e. no limitations regarding those effects). The exterior DTM of each

body is found by applying the solution method described in §2.3, so that it represents
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a local mapping of the incident wave field to the scattered wave field. The interaction

theory considered here provides a mapping of the scattered wave field associated with

a body to an incident wave field upon another body. Therefore, we only need change

the coordinates of the scattered wave fields from one local system to another. This step

is done by using an addition theorem for Bessel functions (Graf’s addition theorem).

2.4.1 Interaction theory

Let us isolate plate j. Due to linearity, the incident wave field over plate j is the

superposition of the ambient wave field and the scattered wave fields from all plates l,

l 6= j. In terms of velocity potential, we may write

φ
(j)
I (xj) = φIn(xj) +

Np∑

l=1, l 6=j

φ
(l)
S (xl(xj)),

where φ
(j)
I denotes the incident wave potential over plate j and φ

(l)
S the scattered wave

potential due to plate l. Note that single point in the fluid domain is located by xl in

the local system associated with plate l and by xj in the local system associated with

plate j. It is therefore apparent that a coordinate change is needed so the potentials

φ
(l)
S , l 6= j are expressed in the local coordinate system associated with plate j. Graf’s

addition theorem (see Abramowitz and Stegun, 1970, Eq. 9.1.79) provides the required

coordinate change and is formulated as

Kn(krl) e
inθl =

∞∑

s=−∞

[
(−1)s Kn−s(kRlj) e

i(n−s)̟lj

]
Is(krj) e

isθj , j 6= l, (2.30)

provided that rj < Rlj. Here, (Rlj, ̟lj) are the polar coordinates of the centre of

plate j expressed in the local system associated with plate l as shown in Figure 2.4.

The restriction rj < Rlj requires that the perimeter of each plate does not enclose

the centre of any other plate, although this requirement is superseded by the fact that

rj > Rj and rl > Rl, so that two plates must not overlap.

We apply Graf’s addition theorem to each potential component φ
(l)
S (xl(xj)), l 6= j,

and truncate the Fourier series to a maximum of 2N+1 angular modes, so the incident

wave potential over plate j is given by

φ
(j)
I (xj) ≈ C0(z)

N∑

n=−N

E(I)
n (rj)A

(I)
j,n e

inθj , (2.31)

where A
(I)
j,n, n = −N, . . . , N , are (M+1)-length column vector of unknown amplitudes.

We note that Eq. (2.31) is only valid for rj < min(Rlj, l = 1, . . . , Np, l 6= j). We denote
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rj

M

rl

θj

θl

Rlj

̟lj

plate j

plate l

Figure 2.4: Definition of the local coordinate systems associated with

two plates j and l, and the coordinate change introduced by applica-

tion of Graf’s addition theorem.

by A
(I)
j the (2N+1)(M+1)-length column vector defined by concatenating the vectors

A
(I)
j,n, i.e. A

(I)T

j =
(
A

(I)T

j,−N , . . . ,A
(I)T

j,N

)
. Therefore, we may write

A
(I)
j = A

(In)
j +

Np∑

l=1, l 6=j

TljA
(S)
l ,

where A
(In)
j is the (2N + 1)(M + 1)-length column vector obtained by concatenating

the vectors of amplitudes of the ambient wave potential expressed in the local coor-

dinate system associated with plate j. The amplitudes of this vector are given by
[
A

(In)
j

]
(M+1)(N+n)+m+1

= (1/ iα) exp(k0xj)I(k0Rj), if m = 0, and is 0 if 1 ≤ m ≤ M ,

for −N ≤ n ≤ N . The vectors A
(S)
l , l = 1, . . . , Np, l 6= j, are similarly defined as

the (2N + 1)(M + 1)-length column vector obtained by concatenating the vectors of

unknown amplitudes of the ambient wave potential expressed in the local coordinate

system associated with plate l.

The (2N + 1)(M + 1)-size square matrices Tlj, l = 1, . . . , Np, l 6= j, are defined as

the coordinate transformation matrices (see, e.g., Peter and Meylan, 2004) and have

entries

[
Tlj
]
(M+1)(N+s)+m+1,(M+1)(N+n)+p+1

= (−1)sIs(kmRj)
Kn−s(kmRlj)

Kn(kmRl)
e i(n−s)̟ljδmp,

for m, p = 0, . . . ,M and s, n = −N, . . . , N .
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Finally, we use the exterior DTMs associated with each plate l, l = 1, . . . , Np, l 6= j,

so that A
(S)
l = S(j)A

(I)
l , where S(j) is square of size (2N+1)(M+1) and is constructed

as a block diagonal matrix of the exterior DTMs S
(0)
n for n = −N, . . . , N . Therefore

we obtain the interaction equations

A
(I)
j = A

(In)
j +

Np∑

l=1, l 6=j

TljS
(j)A

(I)
l ,

for j = 1, . . . , Np. Therefore, we have a set of Np matrix equations and we may solve

for the vectors of amplitudes of the incident waves on each plate A
(I)
j , j = 1, . . . , Np,

using standard techniques. It is convenient to express the result as a map between the

ambient wave field and the local incident wave fields, that is

A(I) = S(int)A(In), (2.32)

where A(I) and A(In) are the column vectors of size Np(2N + 1)(M + 1) obtained

by concatenating the vectors A
(I)
j and A

(In)
j , j = 1, . . . , Np, respectively. The square

matrix S(int) of size Np(2N + 1)(M + 1) is defined as the interaction matrix.

2.4.2 Potential in open-water domain

The restriction of Graf’s addition theorem limits the domain of application of Eq.

(2.31) and it is therefore not convenient to compute the potential at any point of the

fluid domain using this equation. For this purpose, we simply use the fact that the

potential at any point in the fluid is equal to the ambient wave potential (expressed

in the global system, say) at that point plus the sum of the scattered wave potentials

from all the plates expressed in their local system. The scattered wave potentials are

calculated by application of the interior or exterior DTMs depending on the location

of the point of interest. We see that the interaction theory that was derived in this

section provides a characterisation the incident wave field on each plate and the local

mappings defined in §2.3 are applied to find the response of the system.

2.4.3 Scattering by a module

The module (of plates), defined as the system composed of the set plates j = 1, . . . , Np,

is a hydroelastic system that may be considered as a scatterer and is therefore char-

acterised by an exterior DTM which defines its diffraction properties. It is shown

in Appendix B.2 that the exterior DTM of the module may be derived in terms of
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the locally defined scattered wave fields from each plate using the interaction theory.

The primary advantage of such formalism is to divide a large field of bodies into a

reduced field of modules. Depending on the number of vertical and angular modes

retained (which increases as ka increases), the interaction theory derived in this sec-

tion becomes computationally expensive when the number of bodies considered is large

(e.g. O (100)). Fractionalising the field of bodies into modules could potentially reduce

the computational effort as the DTM of each module can be calculated independently

and the interaction theory is then used to solve the problem of scattering by multiple

modules with the restriction that the circular contours of modules do not overlap (see

conditions of applications of Graf’s addition theorem). The performance of the mod-

ule approach with regards to the convergence of the Fourier partial sums is discussed

in §2.5.2. This idea was originally derived by Kashiwagi (2000a) for large fields of

floating vertical cylinders supporting an elastic structure, and was also considered by

Chakrabarti (2000) for rigid bodies of arbitrary shapes. Peter and Meylan (2009) were

able to compute a DTM for a module of floating elastic plates with arbitrary shapes.

This idea was used to solve the problem of scattering by infinite rows of identical mod-

ules of ice floes. A geophysical analysis of a multiple-row model aimed at computing

wave attenuation in the marginal ice zone was further given by Bennetts et al. (2010).

2.5 Convergence and accuracy

The numerical solution described for the single or multiple plate problems (see §2.3 and
2.4, respectively) are based on approximating infinite series by finite sums, obtained

after truncation. Convergence of the infinite series results from the completeness of

the infinite bases of eigenfunctions. We must also ensure that the series are ordered

properly so that the contribution of each eigenfunction to the exact solution tends to

zero as the order increases. This was already discussed for the vertical modes in §2.2.2
and it results from the convergence properties of the Fourier series for the angular

modes. A numerical solution to the problem described above is obtained by truncating

the series expansions involved to describe the fluid’s motion. The convergence of the

corresponding partial sums is investigated in the present section. We remind the reader

of those parameters: M+1 is the number of vertical modes (see Eqs. (2.20) and (2.21)),

P +1 the number of weighted Gegenbauer polynomials modes (see (2.25)), 2N +1 the

number of angular modes (see (2.31)) and 2T + 1 the number of angular modes for a

module (see Appendix B.2).
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Figure 2.5: Modulus of the normal velocity along the interface be-

tween open-water and plate-covered region for a frequency parameter

α = 10 (panel a) and α = 20 (panel b). The velocities are obtained

for a CPB with P = 5 (blue), a CPB with P = M (red) and a SPB

with P = 5 (black).

2.5.1 Vertical modes

We investigate the convergence properties of the EMM described in §2.3. In partic-

ular, it is necessary to analyse whether the use of weighted Gegenbauer polynomials

(as a projection basis for the normal velocity along the interface between open-water

and plate-covered fluid regions) improves the convergence compared to the “standard”

EMM (vertical modes used as projection basis). Therefore, the two parameters of

interest are the truncation parameters M and P .

In order to isolate convergence with respect to the vertical modes, we consider the

problem of a semi-infinite floating elastic plate. This two-dimensional problem consists

of a single source of scattering, which is an abrupt change of the vertical geometry,

at the plate’s edge. A description of the EMM for a two-dimensional step is given in

§3.3.2. We focus the analysis of the convergence properties of the method in a regime
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Figure 2.6: Modulus of the velocity potential along the interface be-

tween open-water and plate-covered region for a frequency parameter

α = 10 (panel a) and α = 20 (panel b). The potentials are obtained

for a CPB with P = 5 (blue), a CPB with P =M (red), a SPB with

P = 5 (black, solid) and a SPB with P = 15 (black, dashed).

corresponding to physical values of the parameters in the context of the experiments

mentioned in Chapter 1, i.e. α = O(1–10).

We compare the performance of the present version of the EMM, i.e. using a singular

projection basis (SPB), with the standard EMM that uses a cosine projection basis

(CPB). Let β = 10−4 and γ = 10−3, be the non-dimensional flexural rigidity and mass

of the semi-infinite plate. In theory, the SPB has the advantage of describing the

normal velocity at the interface between the two uniform fluid regions u(z) in terms

of functions that contain the inherent singularity at the plate’s corner. Therefore,

reasonable convergence is expected to be obtained by retaining only a few terms in

the partial sum, analogous to Eq. (2.25) for the two-dimensional case. The number of

vertical modes used to solve the problem is M = 100.

Figure 2.5 shows the modulus of the normal velocity function |u(z)|, for z ∈
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Figure 2.7: Comparison of the convergence properties of the EMM

(SPB vs. CPB) with respect to the truncation parameter M . The

quantity analysed is the reflection coefficient of a semi-infinite plate

with frequency parameter α = 10.

[−1,−γ] for two frequency forcings. The velocities are calculated using a CPB with

P = 5 (blue line) and P =M (red line), as well as a SPB with P = 5 (black line). We

note that for both frequencies, the CPB with P = 5 gives poorly converged results,

as the singularity at the plate’s corner cannot be captured with such small number

of cosine functions. Using a CPB with P = M = 100, the singularity is better ap-

proximated as expected. Note the oscillatory behaviour of the velocity profile in this

case, which is explained by the superposition of a large number of cosine modes. It is

then observed that the SPB shows highly accurate results even with a small number

of modes. Tests with 10 and 20 modes were also performed, and gave similar results.

Good convergence for the velocity with respect to P may therefore be concluded for

the SPB.

Figure 2.6 shows the modulus of the potential |φ(0, z)| along the interface. We

observe that convergence of the representation in terms of P is also superior using a

SPB. Using a CPB with P = M as a reference (red curves), it is seen that the SPB

51



0 50 100 150 200 250 300 350 400 450 500
0.33

0.335

0.34

0.345

0.35

0.355

0.36

0.365

0.37

0.375

0.38

 

 

SPB (P = 5) SPB (P = 10) CPB (P = M) CPB (P = 5) CPB (P = 10)

M

R
efl
ec
ti
o
n
co
effi

ci
en
t

Figure 2.8: Same as Figure 2.7 for α = 20.

provides a good representation of the potential for P = 15, while a CPB does not.

The good convergence properties of the SPB in terms of P is evident, as it captures

accurately the velocity and potential fields at the interface between the two fluid regions

with a small number of modes. The next step is to analyse the convergence of the SPB

in terms of M , which determines the number of modal functions taken to describe the

fluid motion.

Figure 2.7 shows the reflection coefficient plotted against the truncation parameter

M with frequency parameter α = 10, for the SPB with P = 5 (solid blue line) and

P = 10 (dashed blue line), and the CPB with P = M (solid red line), P = 5 (solid

magenta line) and P = 10 (dashed magenta line). The case corresponding to the CPB

with P =M is the reference and shows a typical convergence behaviour for an EMM.

Setting P to a smaller value, e.g. 5–10, results in loss of accuracy (see magenta lines).

Using a SPB (see blue lines), however, we see that even though the convergence of the

reflection coefficient is slow, the solution is more accurate than that obtained with the

CPB when the same truncation parameters are used. Similar conclusions can be drawn

for α = 20 (see Figure 2.8), which represents the upper limit of the frequency range

considered as part of the present work.
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Shortcomings

Figures 2.7 and 2.8 clearly demonstrate the convergence deficiencies of the EMM. The

SPB approach proposed only improves the convergence of the representation of the fluid

velocity at the interface between the two fluid regions (see Figure 2.5). We still need

a significant number of vertical modes to accurately calculate the velocity potential in

the far-field (i.e. reflection coefficient). More than 20–30 evanescent modes (depending

on the frequency) are required to obtain two significant digit accuracy. This is inferior

to the integral equation method proposed by Porter and Evans (1995), who reported

highly accurate results for a truncation parameter M ≡ 5 for the vertical barrier

problem. Although high accuracy of the reflection coefficient was achieved with a low

number of vertical modes, the method requires the calculation of slowly converging

series (approximated by O (103–104) terms) to produce these results. The apparent

high efficiency of the method is to be put in perspective due to these numerically

costly calculations that yield the good convergence.

Numerical tests have shown that the truncation parameter of the SPB, i.e. P , must

remain smaller than M for the solution to be accurate. If increased, the matrices D
(0)
g

and Dg (see Appendix B.1) exhibit ill-conditioning issues and therefore the accuracy

of the solution is not guaranteed. This property of the SPB seems inevitable, although

it is in our best interest to keep P small for computational efficiency.

As part of our EMM scheme, the size P + 1 of the matrix that is inverted does

not entirely govern the computational efficiency of the method. Using an SPB requires

the calculation of an additional matrix of inner-products, as Dg = D for a CPB (see

Appendix B.1). Therefore, the advantage of inverting smaller matrices with the SPB

is balanced by the fact additional calculation are required to evaluate the entries of

the matrix, similarly the method proposed by Porter and Evans (1995). Additional

analyses over a wide range of parameters are required to characterise the performances

of the two numerical schemes. A comparison with the integral equation method of

Porter and Evans (1995) would also be helpful. This falls beyond the scope of this in-

vestigation, however, for which the problems solved do not require optimised numerical

performances. In the context of comparison with experimental data, a two-significant

digit accuracy gives an acceptable prediction of the motion.

It was confirmed numerically that the convergence properties of the EMM are si-

milar for a circular plate. The poor convergence of the EMM is well established, as

mentioned in §2.3, and our attempt to improve these issues did not fundamentally

modify this behaviour. The EMM is widely used in ocean engineering applications as

53



it is simple to implement numerically and the level of accuracy sought does not exceed

two decimal places. In the present work, the EMM supplemented with a SPB is found

to be satisfactory and will be used throughout to generate numerical results.

2.5.2 Angular modes

In the solution method described in this chapter, the fluid motion in the horizontal

directions is described in terms of Fourier series of the angular coordinate, and the

radial eigenfunctions are modified Bessel functions (see Eqs. (2.18) and (2.19)). For r

and z given, the potential φ(r, θ, z) ∈ L2([0, 2π]) in either fluid region assuming the

pressure is finite throughout the domain. This ensures convergence of the partial sums,

as approximations of the angular Fourier series. Consequently, we must determine how

fast reasonable convergence is obtained, i.e. investigate the influence of the truncation

parameter N on the solution obtained.

Single plate

The cylindrical description of the horizontal motion is justified by the circular geom-

etry of the scatterer, so that the convergence of the expansions describing the motion

generated by the scatterer is expected to be obtained with only a few angular modes.

The plane surface wave forcing is most naturally described in a Cartesian system,

however, and has to be mapped into a polar system (see Eq. (2.22)) for consistency.

Therefore, the convergence of the angular Fourier series is likely to be governed by the

convergence of Eq. (2.22) with respect to the truncation parameter, i.e. N . Note that

for x = r = 0, the expansion has converged for N = 0, as In (0) = 0 for |n| ≥ 1.

To highlight the convergence characteristics of the partial sum, we consider a constant

frequency α = 10 and choose to vary the radius r. In Figure 2.9 the real part of φIn

is evaluated at z = 0 for three different radii, namely r = 1, 2 and 3, and is plotted

against the azimuthal coordinate θ between 0 and π/2 (invoking the double symmetry

of the incident wave field). We observe that the number of angular modes required to

obtain reasonably converged curves significantly increases with the distance from the

origin. Similar conclusions may be drawn if we had fixed the radius and increased the

frequency. Therefore, the parameter ka seems to control the convergence properties of

the system.

In the far-field, the scattered wave potential due to a single plate may be re-

expressed by considering the asymptotic behaviour of the modified Bessel functions
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Figure 2.9: Convergence of the real part of the incident wave potential

φIn expressed as in Eq. (2.22) with respect to the angular modes

truncation parameter N . The quantity is plotted against θ for z = 0

and r = 1 (panel a), r = 2 (panel b) and r = 3 (panel c). The

truncation parameter is: N = 4 (blue), N = 8 (red), N = 12 (green)

for panel (a); N = 14 (blue), N = 18 (red), N = 22 (green) for panel

(b); N = 24 (blue), N = 28 (red), N = 32 (green) for panel (c). The

exact curve is given in each case for reference as black crosses.

Kn (see Abramowitz and Stegun, 1970, Eq. 9.7.2). Neglecting the influence of the

evanescent modes, we obtain

ψ0(x) ∼
(

π

2k0r

)1/2

ek0rSff(θ)φ
(0)
0 (z),

where

Sff(θ) ≈
N∑

n=−N

[
A

(0)
n

]
1

Kn(k0R)
e inθ. (2.33)

Therefore, the far-field representation of the scattered wave is separated in terms of

its cylindrical coordinates. The function Sff characterises the azimuthal distribution of

the propagating scattered wave. This quantity is used, as part of the present analysis,

to demonstrate the convergence of the angular Fourier partial sums describing the
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Figure 2.10: Convergence of the modulus of the far-field azimuthal

function Sff with respect to the angular modes truncation parameter,

i.e. N . The plate has non-dimensional radius unity and properties

β = 10−4 and γ = 10−3. Panels (a,b,c,d) show convergence results

for α = 2, α = 5, α = 10 and α = 20, respectively. The truncation

parameter is: N = 0 (blue), N = 1 (red), N = 2 (green) and N = 3

(black) for panel (a); N = 0 (blue), N = 2 (red), N = 4 (green) and

N = 6 (black) for panel (b); N = 3 (blue), N = 6 (red), N = 9

(green) and N = 12 (black) for panel (c); N = 13 (blue), N = 16

(red), N = 19 (green) and N = 22 (black) for panel (d).

scattered wave field and to give some indication on how rapidly reasonable convergence

is obtained.

We consider a single circular plate of non-dimensional radius unity. Assuming the

plate has properties β = 10−4 and γ = 10−3, so that only the frequency parameter
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is varied as part of this analysis. We set the truncation parameters for the vertical

expansions to M = 50 and P = 10. Figure 2.10 shows how fast the modulus of the far-

field angular distribution of the scattered wave converges with respect to the truncation

parameter N . Four frequency forcings are analysed, α = 2, 5, 10 and 20, covering the

frequency range of interest in the present work. At low frequencies (see panel a), the

presence of the plate causes very little scattering (ka small) and the low amplitude

scattered waves only need a few angular modes (i.e. two or three) to be captured

correctly. As the frequency increases, the scattering effects become dominant and we

need to retain more angular modes to accurately evaluate the scattered wave field. For

α = 5 (see panel b) five or six modes are needed to obtain reasonable convergence of the

Fourier partial sums, while about ten modes are required for α = 10 (see panel c). Note

that the latter value is consistent with that found for the convergence of the incident

wave at r = 1 (see panel a). This suggests that the cylindrical polar expansion of the

incident wave evaluated along the plate’s edge governs the convergence properties of

the potential everywhere in the fluid. At high frequencies (see panel d), approximately

20 angular modes must be considered (ka large). In this case, we have |ka| ≈ αa = 20

(deep water approximation), which is similar to the case considered in Figure 2.9(b)

with |k| ≈ α = 10 and a = 2, and the number of angular modes required to obtain

reasonable convergence match. This confirms our previous assertion regarding the

convergence of the polar expansion of the incident wave.

We may also analyse the influence of the plate’s properties, i.e. the parameters

β and γ on the truncation parameter N necessary to obtain a converged far-field.

For the results presented in Figure 2.10, the plate is rather thick (in the context of the

experiments). A thinner plate or one having a lower elastic modulus would produce less

scattering. Figure 2.11 shows how N is affected when the plate’s parameter β is varied

(with γ = 10−3). A visual analysis of curves like the ones in Figure 2.10 was performed

to determine for which N convergence was achieved. We see that there is very little

variability in N with respect to the plate’s properties, indicating that the product ka

is more important than the plate’s properties for determining the convergence of the

Fourier partial sums. This was confirmed over the frequency range of interest.

It is noted that in Figure 2.10, the magnitude of scattered far-field is larger in the

direction θ = π. As the frequency increases, this is even more obvious. As the incident

wave travels towards θ = π, this means that most of the scattered wave energy is

generated in the same direction as the incident wave. This is a typical result of water

wave scattering by a floating structure and is due to the plate radiating a scattered
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Figure 2.11: Stem plot of the truncation parameter of the angular

Fourier partial sums as a function of the non-dimensional plate’s rigid-

ity β. The plate has non-dimensional radius unity and mass γ = 10−3.

The frequency forcing is set to α = 20.

wave due to its motion. A thorough analysis of the far-field due to a single circular

plate was reported by Bennetts (2007) (see Chapter 10).

Multiple plates

We established earlier in this section that the convergence of the angular Fourier par-

tial sums describing the horizontal motion of the fluid is strongly dependent on the

parameter ka and less on the plate’s properties. We now investigate the effect of hav-

ing multiple plates and, in particular, how the spacing affects the convergence in regard

to the angular modes. The convergence with respect to the vertical modes is ensured

by the standard EMM with M = 20.

We consider a module composed of four identical plates with properties β = 10−4

and γ = 10−3, all equidistant from the origin, such that the centres have polar coor-

dinates (Rtest, θ
j
test), with θ

j
test = π/4, 3π/4, 5π/4 and 7π/4, j = 1, . . . , 4, as shown in

Figure 2.12. The parameter Rtest therefore determines how compact the module is. We

examine the convergence properties of the module with respect to the angular modes

by looking at the continuity of the scattered wave field along the module’s contour, i.e.

at r = Rmod (see Appendix B.2). First of all, we must establish the convergence of the

Fourier partial sums within the contour, i.e. through the interaction theory described
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Figure 2.12: Plan view of the plate arrangement considered to study

the influence of multiple plates on the convergence of the angular

Fourier partial sums. The four plates are equidistant from the origin

such that each centre is located on a fictitious circle of radius Rtest.

in §2.4. Figure 2.13 shows the free surface displacement along the half contour of the

module (from θ = 0 to π due to the symmetry of the arrangement), for three different

configurations, i.e. Rtest = 2, 4 and 6 (see panels a, b and c, respectively), and the

contour radii are Rmod = 4, 6, and 8, respectively. The truncation parameter N is

varied on each panel (a)–(c), with values 8, 10 and 12 (blue, red and green solid lines,

respectively). The wave forcing is determined by α = 10 and a unit incident wave

amplitude. It is found that N = 10 gives reasonably good convergence of the Fourier

partial sums for all three plate arrangements. A test with 9 plates, i.e. 8 plates evenly

spaced around a circle about the origin plus one centered at the origin, showed a simi-

lar behaviour, i.e. N = 12 to reach reasonable convergence. This further demonstrates

that the convergence of the angular Fourier partial sums is mainly determined by the

single plate problem and the incident wave polar mapping at the plate’s boundary is

governed by the magnitude of the product ka.

The influence of the interactions between plates may also be highlighted by consid-

ering the scattered wave field as the sum of the scattered wave fields due to each plate

in isolation. This quantity is given in Figure 2.13 as grey crosses and we note that
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Figure 2.13: Convergence of the free surface elevation along half the

contour of a module of four identical plates equidistant from the origin

with respect to the angular modes. The distance from the origin to the

centre of a plate is Rtest = 2, Rtest = 4 and Rtest = 6 for panels (a,b,c),

respectively. On each plot the displacement function is given for N =

8 (blue), N = 10 (red) and N = 12 (green). The displacement

obtained by neglecting the interaction effects is also given in each

case in grey crosses.

in all 3 cases, the interaction effects are apparent for θ ≥ π/2. This result confirms

remarks made earlier regarding the scattered wave field due to a plate being mostly

generated in the direction of the incident wave. In the present arrangement, this means

that plates 1 and 4 (front plates) largely influence the response of plates 2 and 3 (back

plates) while the back plates have very little effect on the front ones. Therefore, the

scattered wave field in the region θ ≤ π/2 only depends on the scattered waves due to

the front plates, while in the region θ ≥ π/2 the response is affected by the interaction
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between front and back plates.

In Figure 2.13, we note that the free surface elevation has larger magnitude as

θ → π, which confirms that most of the scattered wave energy is generated in the same

direction the incident wave travels (see Figure 2.10). In addition, the scattered wave

field is more disturbed as the spacing between the plates increases (determined by how

close the successive maxima of η0 are). For larger spacings, the fundamental lengths

of the system (distances between the edges and centres of the different plates) allow

for more harmonics associated with those lengths to resonate. Therefore, it is sensible

to assume that, for a given wavelength, a large spacing will incur more resonance or

near-resonance behaviours than a short spacing.

Module expansion

We may now determine the convergence properties of the Fourier partial sums describ-

ing the fluid motion outside the boundary set by the module’s contour. We analyse the

continuity of the free surface elevation of the scattered wave field along the contour.

The converged solution (see Figure 2.13) was found using classical interaction theory

(see §2.4) and we investigate the convergence of the module’s expansion with respect

to the corresponding truncation parameter, i.e. T (see Appendix B.2). The same ar-

rangement of four plates is considered under the same wave forcing. A quantity of

interest is the error integral for the free surface elevation along the module’s contour,

defined as

Emod =
1

2π

∫ 2π

0

∣∣ηmod
0 − ηref0

∣∣ dθ,

where ηref0 and ηmod
0 are the free surface elevations along the contour evaluated by the

classical interaction theory and the module theory, respectively. Note the function ηmod
0

depends on the truncation parameter T while ηref0 does not.

Figure 2.14 displays Emod against T for the two spacing parameters Rtest = 2

and 6 (see panels a and b, respectively). For both cases, ηref0 was calculated with

N = 10. We note that many more angular modes are required to obtain reasonable

convergence for the module expansions. For a small spacing (see panel a), T ≈ 3N

gives a reasonable continuity of the motion along the contour, while for a large spacing

(see panel b), it is found that T ≈ 7N is required to gain continuity. This slow

convergence is related to the poor convergence properties of the incident wave polar

expansion far from the origin. The calculation of the module’s DTM requires the

incident wave to be evaluated on its contour, so the larger the module’s radius, the

slower the convergence. In addition, the poor convergence properties of the series (B.4)
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Figure 2.14: Convergence of the error function Emod with respect to

the angular modes of the module expansions. Panels (a) and (b) show

results for Rtest = 2 and Rtest = 6, respectively.

due to an index shift means that the corresponding partial sums are also shifted so that

we must have T ≥ 2N . These results suggest that the module approach should be used

with care as grouping plates close to each other improves the convergence but increases

the number of modules required, while extending the size of the modules deteriorates

the convergence properties of Graf’s addition formula.

2.6 Summary

We have proposed a three-dimensional hydroelastic model for the linear water wave

scattering by a group of floating partially-submerged circular elastic plates. This consti-

tutes the first step towards experimental validation that will be described in Chapter

4 onwards. The simplifying assumptions led to a system of non-dimensional time-

harmonic PDEs for the fluid velocity potential φ (see Eq. (2.13)) describing the corre-

sponding boundary-value problem.

A separation solution is sought for the single plate problem in both fluid regions,

i.e. open-water and plate-covered. This leads to a representation of the fluid motion

in terms of a double series for the vertical eigenfunctions, deduced from the dispersion

relations in either fluid domain, and polar eigenfunctions found by Fourier expansion

of the azimuthal variable. A version of the EMM taking advantage of the fluid velocity

singularity at the plate’s submerged corner is used to solve for the unknown amplitudes

of the series. The solution is given in terms of diffraction transfer matrices, which map
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the amplitudes of the incident wave onto the scattered wave.

When considering multiple plates, the diffraction transfer matrices of each plate

are related through the interaction theory of Kagemoto and Yue (1986). This theory

assumes that the wave field incident on a plate may be decomposed into the ambient

wave field and the scattered wave field generated by all the other plates. Therefore

a mapping of the scattered wave associated with a plate to an incident wave associ-

ated with another plate is required, and in terms of potential expansions, the polar

eigenfunctions are transformed through Graf’s addition theorem for Bessel functions

to meet this purpose.

A convergence analysis of the representation of the fluid motion in terms of partial

sums shows that the version of the EMM used in the present work allows for an accu-

rate representation of the velocity near the scattering source with only a few modes.

However, many modes are required to obtain convergence of the far field quantities,

although this level of convergence is sufficient when comparing with experimental data.

It was found that the convergence of the Fourier partial sums characterising the hor-

izontal fluid motion is mainly dependent on the non-dimensional product ka. This

is due to the poor convergence of the polar expansion of the incident wave potential

as the distance to the origin increases. The physical properties of the plates and the

spacing between the plates (when multiple plates are considered) seem to influence the

convergence with respect to the angular modes to a lesser degree.
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Chapter 3

Time-domain analysis in a 2D

laterally bounded fluid domain

The boundary value problem described by Eq. (2.13) has been derived assuming time-

harmonic motion, which represents the steady-state solution of the system to a mono-

chromatic wave forcing. This is a common way of analysing the response of a floating

structure with engineering applications, as it determines, amongst other things, the

regimes under which resonances occur. A regular wave may be generated by a wave-

maker during laboratory experiments in a wave tank if it is excited at a given frequency

for long enough. Difficulties appear, however, when comparing laboratory test results

and model predictions, as, during experiments, the latter boundaries will disturb the

unidirectional wave field. Consequently, the generation of a regular wave train in a

wave tank is limited to a finite time that depends on the dimension of the wave tank

and the frequency of excitation.

Solutions have been proposed to reduce the influence of the lateral boundaries.

For example, beaches are commonly used to attenuate incident waves on the opposite

boundary from the wavemaker, but none are perfect. Wave absorbers, similar in design

to wavemakers, are another solution usually intended to eliminate waves completely.

This approach was used by Sakai and Hanai (2002) in a two-dimensional wave flume

to investigate the frequency response of two-dimensional floating elastic plates. These

types of facilities are not common, however, and, in particular, were not available at the

facilities used for the experiments that form a core element of this work. As a result,

there is a need to understand transient effects on the response of a floating plate in a

laterally bounded fluid domain.

While experiments have motivated the time-domain analysis described in this chap-
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ter, modelling the complex hydroelastic interactions between a three-dimensional wave

tank and a circular plate presents a significant challenge. In particular, the solution

method proposed in Chapter 2 to calculate the circular wave field produced by circu-

lar plates cannot be coupled in an obvious manner to the reflected wave field induced

by the rectangular boundaries of the domain. The problem is easier to solve in two

dimensions, where the boundaries are a wavemaker and a beach, and this approxi-

mation delineates the scope of this chapter, in which the aim is to provide analytical

insights concerning the flexural response of floating elastic plates due to a transient reg-

ular wave forcing produced by a wavemaker. Fourier transforms are used to map the

boundary value problem from time- to frequency-domain, so that, assuming zero initial

conditions, the time-harmonic solution to the scattering problem is only required. A

solution to the corresponding three-dimensional problem is being investigated and uses

a similar time/frequency transformation. The study presented in this chapter has been

published in the Journal of Fluids and Structures (Montiel et al., 2012).

3.1 Boundary value problem in the time-domain

We investigate the scattering of small-amplitude waves by a group of floating elastic

plates in a two-dimensional fluid domain which is bounded laterally. The assumptions

regarding the fluid flow are the same as in Chapter 2. Let (x, y, z) be the Cartesian

coordinates with x, y horizontal and z vertical such that the z-axis points upwards. The

system is assumed to be invariant in the y direction, so the problem is two-dimensional.

A wavemaker, located at the left-hand boundary of the domain (x = 0), generates waves

that set the system in motion. At the right-hand end (x = xb) a beach exists that partly

attenuates the waves that reach it. We consider that the set of plates is included in a

sub-domain bounded at its left-hand end at x = xl and at its right-hand end at x = xr.

The equilibrium fluid surface coincides with z = 0 and the depth of the fluid domain

is assumed to be constant, H say. We denote Ωl = {x, z : 0 ≤ x < xl, −H ≤ z ≤ 0}
and Ωr = {x, z : xr < x ≤ xb, −H ≤ z ≤ 0} the two exterior open-water regions, and

Λl and Λr their respective free surfaces. Similarly to Chapter 2 we begin the analysis

with a single plate before extending to multiple plates.

The properties of the plate are assumed to be the same as in Chapter 2 apart

from the horizontal geometry and we denote L the length of the plate. Therefore

the plate has a constant thickness h and draught d = h (ρ/ρ0). We define the re-

gion Ωp = {x, z : xl ≤ x ≤ xr, −H ≤ z ≤ −d} as the fluid domain upon which the
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Figure 3.1: Schematic diagram of the two-dimensional problem.

plate is floating, and Λp the plate’s underside surface. These notations are only

valid in this chapter and the original definitions given in Chapter 2 are used to de-

note domains and quantities associated with the plate. In addition, we define the

vertical interfaces between the fluid regions as Υl = {x, z : x = xl, −H ≤ z ≤ −d}
and Υr = {x, z : x = xr, −H ≤ z ≤ −d}. Figure 3.1 shows a schematic of the two-

dimensional problem modelled in this chapter. In the following sections, the variables

are non-dimensionalised with respect to the characteristic length H and time
√
H/g.

The system of PDEs describing the present boundary value problem is similar to

that derived in §2.1.1. Letting Φ(x, z, t) denote the non-dimensional velocity potential,

Eq. (2.1) is valid in Ωl ∪ Ωp ∪ Ωr, with ∇ = (∂x, ∂z) and t the time variable. Likewise,

Eq. (2.2) applies at z = −1 and the free surface condition (2.3) and (2.5) on Λl ∪ Λr.

The coupled plate/fluid equation (2.7) also applies on Λr provided that ∇r,θ is replaced

by ∂x and the free-edge conditions are given by

∂2x∂zΦ = ∂3x∂zΦ = 0 at z = −γ, x = xl, xr, (3.1)

where γ = d/H is the non-dimensional draught, as in Chapter 2.

The motion of the wavemaker, located at x = 0 (see Figure 3.1), is described by the

function X(z, t), which represents the amplitude of the paddle linearised about x = 0.

Figure 3.2 shows the geometry of the hinged-flap wavemaker that we use in our model,

although other shapes could be considered. Following Schäffer (1996), the motion of the

paddle is expressed as X(z, t) = S (z)X0(t), where S (z) is the non-dimensional shape
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Figure 3.2: Schematic diagram of a typical hinged-flap wavemaker.

Its motion is linearised about the z-axis and is characterised by the

position of the centre of rotation, located at z = l− 1, and its ampli-

tude at z = 0, X0(t).

function representing the paddle geometry and X0(t) is the time-dependent evolution

of the wavemaker’s non-dimensional amplitude at z = 0. In the present paper, we have

set

S (z) =

{
1 + z/(1− l), −(1− l) ≤ z ≤ 0,

0 −1 ≤ z < −(1− l).
(3.2)

The energy is transmitted to the fluid through the linearised kinematic condition

∂tX = ∂xΦ, at x = 0. (3.3)

We account for the reflection of a beach located at x = xb. The beach is simulated

by a piston-like wave absorber that can extract part of the incoming wave energy

depending on the frequency. This approach was introduced by Clément (1996), who

included such a condition as part of a non-linear numerical wave tank BEM solver.

Let Xb(t) be the non-dimensional horizontal displacement of the wave absorber. A

kinematic condition is prescribed, which is

∂tXb = ∂xΦ at x = xb. (3.4)

In addition, the system is initially at rest. Therefore we apply the initial conditions

Φ(x, z, 0) = η(x, 0) = X(z, 0) = Xb(0) = 0, where η(x, t) is the plate’s deflection. This

completes the set of governing equations.
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3.2 Transformation to the frequency-domain

A direct solution of the time-dependent governing equations, as set out in the previous

section, presents a challenge. On the other hand, the corresponding time-harmonic

problem may be tackled using standard methods. Accordingly, a Fourier transforma-

tion of the time variables is used to recast the problem in the frequency-domain. For

the present problem, we assume that the wavemaker forcing, characterised by X0(t), is

a continuous real function of the time parameter and is causal, and that X0(t) = 0 for

t < 0. A typical profile is X0(t) = R(t) cosω0t, where ω0 is the radian frequency and

R(t) is the envelope function, which is defined by the finite time signal

R(t) = Aw

(
tH(t)− (t− t1) H (t− t1)

t1
+

(t− T ) H (t− T )− (t− t2) H (t− t2)

T − t2

)
,

where the function H (t) is the Heaviside step function and the parameters ω0, t1, t2,

T and Aw are non-dimensional. The initial linear ramp settles after t1 at Aw and the

decaying linear ramp starts at t2 until rest at T . The wavemaker amplitude time-

evolution profile is plotted in Figure 3.3(a) for Aw = 1, t1 = 5, t2 = 30, T = 40 and

ω0 = π. The decaying ramp has the effect of smoothing the system’s return to its

equilibrium position.

The time-dependent evolution of the function X(z, t) determines the transient re-

sponse of the system, once the geometry is set. As we intend to convert the equations

to the frequency-domain (equivalent to the time-harmonic problem as system initially

at rest), we must Fourier transform the wavemaker signal. Let X̂ define the one-sided

Fourier transform of X, so that

X̂(z, α) = F [X(z, t)] =

∫ ∞

0

X(z, t) e− i
√
αt dt = f(z)F [X0(t)], (3.5)

where α = Hω2/g, with ω the radian frequency, as in Chapter 2. For the present

wavemaker forcing, the Fourier transform can be calculated analytically, the signal

being non-zero during a finite duration. It can be shown that

F [X0(t)] =
Aw

2

[
F
(√

α−√
α0

)
+ F

(√
α +

√
α0

)]
,

where α0 = Hω2
0/g and

F (θ) =
e− iθt1 − 1 + iθt1 e

− iθT

t1θ2
+

e− iθt2 − (1 + iθ (T − t2)) e
− iθT

(T − t2) θ2
, θ ∈ R

∗.

For the set of parameters defined above, the real and imaginary parts of F [X0(t)]

are given in Figure 3.3(b). We recover the original time-dependent signal by an inverse
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Figure 3.3: Wavemaker amplitude time evolution profile and spectral

distribution (Fourier transform) given in panels (a) and (b), respec-

tively.

Fourier transformation

X(z, t) = F
−1[X̂] =

1

2π

∫ ∞

−∞
X̂(z, α) e i

√
αt d

√
α.

Likewise, the pair of transforms for the velocity potential is written

Φ̂(x, z, α) =

∫ ∞

0

Φ(x, z, t) e− i
√
αt dt and Φ(x, z, t) =

1

2π

∫ ∞

−∞
Φ̂(x, z, α) e i

√
αt d

√
α,

and, for the wave absorber’s displacement, it is

X̂b(α) =

∫ ∞

0

Xb(t) e
− i

√
αt dt and Xb(t) =

1

2π

∫ ∞

−∞
X̂b(α) e

i
√
αt d

√
α.

Taking the Fourier transform of the governing equations derived in §3.1, we obtain
the following set of PDEs that describes the problem in the frequency-domain

∇2Φ̂ = 0, (x, z) ∈ Ωl ∪ Ωp ∪ Ωr, (3.6a)

∂zΦ̂ = 0, z = −1, (3.6b)

∂zΦ̂ = αΦ̂, (x, z) ∈ Λl ∪ Λr, (3.6c)
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(
β∂4x − αγ + 1

)
∂zΦ̂ = αΦ̂, (x, z) ∈ Λp, (3.6d)

∂2x∂zΦ̂ = ∂3x∂zΦ̂ = 0, (x, z) ∈ (Λ ∩Υl) ∪ (Λ ∩Υr) (3.6e)

i
√
αX̂ = ∂xΦ̂, x = 0, (3.6f)

i
√
αX̂b = ∂xΦ̂, x = xb. (3.6g)

To obtain the transient response of the system, Eq. (3.6) must be solved over a range

of frequencies that is determined by the spectral distribution of the input variable, i.e.

X0(t) (see Figure 3.3(b)). A solution method for these equations will be outlined in

the subsequent section.

In practice, we take advantage of the particular spectral distribution, which is nar-

rowband around the exciting frequency ω0, by neglecting the influence of frequencies

higher than ω0+2π which have little influence on the response (see the last paragraph

of this section for more details). The narrowband property results from the monochro-

matic time-domain excitation of the wavemaker. Once the system of PDEs is solved for

a sufficient number of frequencies, the time-domain solution is reconstructed by evalu-

ating the inverse Fourier integral of the potential Φ̂. Several integration schemes have

been compared for this purpose: the fast Fourier transform (FFT) algorithm, a direct

integration rule and a numerical quadrature method based on a double exponential for-

mula (see Ooura, 2005). We performed tests on the wavemaker input signal X0(t) and

it was found that the FFT was superior in both accuracy and speed. Such performances

are explained as the FFT only requires O(Ns logNs) operations to compute the trans-

form, where Ns is the number of frequency samples, while direct integration requires an

inversion at each time sample so that O(NsNt) operations are needed, where Nt is the

number of time samples. Typically Ns = O(100) in the frequency range considered as

part of the present study, while for a direct integration Nt = O(100–1000) depending

on the signal length and the sampling frequency. Details of the study exhibiting the

superiority of the FFT are given in Appendix C.

In implementing the FFT inversion, an ideal low-pass filter (sinc filter) is applied

to the frequency-domain variables by truncating the spectrum at an appropriate max-

imum frequency to limit the number of frequency samples. This induces distortion in

the reconstructed time signal in the form of small ripples, and is characteristic of the

truncation of Fourier series (here the discrete Fourier expansion used by the FFT),

commonly called the Gibbs phenomenon. Although we can observe these oscillations

on the time responses, they are small enough not to affect the results.

71



3.3 Time-harmonic solution

Scattering of a surface wave by a single plate edge in a two-dimensional setting can be

solved using a version of the EMM. The method is similar to that described in §2.3 for

the scattering by the edge of a circular plate, and only a summary of the key differences

is given in §3.3.1.
The analogue of the diffraction transfer matrix (DTM) in the two-dimensional case

is the transfer matrix. A transfer matrix maps the amplitudes of the potential expan-

sions on either side of a scattering source, i.e. in our case a plate edge. The solution of

the multiple scattering problem then follows by combining transfer matrices associated

with adjacent scattering sources. This is the main simplification of the two-dimensional

problem over a three-dimensional one. The lateral boundaries, i.e. the wavemaker and

beach, may be incorporated in a straightforward manner through this approach.

3.3.1 Eigenfunction expansions

The representation of the fluid motion in a two-dimensional setting differs from that in

three dimensions. Although the vertical dependence is the same, i.e. cosine functions

of the variable z, the horizontal dependence is described in terms of exponential wave

functions of the variable x that allow a single direction of propagation. Those functions

may support travelling waves which, as opposed to the three-dimensional case, do not

decay geometrically over distance and evanescent waves which decay exponentially from

their source. As for the three-dimensional setting, extra damped travelling waves are

generated in a region covered with a thin-elastic plate.

We partition the fluid domain into 3 subdomains, as shown in Figure 3.4. In each

region, the potential is expressed as the sum of two components Φ̂
(±)
i (i = l, r), for the

exterior regions, and Φ̂
(±)
p , for the interior region, where the superscript denotes the

direction in which the wave propagates or decays. In open-water regions (Ωl and Ωr),

we approximate the potential as follows

Φ̂
(±)
i (x, z) ≈

M∑

m=0

[
A

(±)
i

]
m+1

e∓km(x−x
(±)
i )ϕ(0)

m (z) (i = l, r),

which is the partial sum approximating the corresponding series expansion. The

wavenumbers km are the roots of Eq. (2.14) and the vertical eigenfunctions ϕ
(0)
m (z)

are elements of V0, m = 0, . . . ,M . The (M + 1)-length column vectors A
(±)
i , i = l, r,

contain the amplitudes of the eigenfunction representations of the corresponding waves.
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Figure 3.4: Decomposition of the potential in the three sub-regions of

the fluid domain. The arrows indicate the directions of propagation

of the corresponding potential.

Note that for km purely imaginary, i.e. m = 0, the exponential term represents an os-

cillating wave travelling along the x-axis that does not decay. As mentioned earlier,

this behaviour differs from the three-dimensional case for which travelling waves decay

geometrically as O
(
r1/2
)
. Similarly to the three-dimensional case, km, m ≥ 1, support

evanescent modes. The abscissa x
(±)
i , i = l, r, corresponds to the location where the

particular wave is generated, so that x
(+)
l = 0, x

(−)
l = xl, x

(+)
r = xr and x

(−)
r = xb. We

can rewrite the potential using matrix and vector notations as

Φ̂
(±)
i (x, z) ≈ C0(z)E

(±)
0 (x− x

(±)
i )A

(±)
i (i = l, r), (3.7)

where E
(±)
0 (x) are diagonal matrices of size M + 1, such that

[
E

(±)
0 (x)

]
m+1,m+1

= e∓kmx,

and C0(z) is defined in §2.2.3.
In region Ωp, we approximate the potential as

Φ̂(±)
p (x, z) ≈

M∑

m=0

([
A(±)

p

]
m+1

e∓κm(x−x(±)) +
2∑

j=1

vm,j

[
Ã(±)

p

]
j∗
e∓κ−j(x−x(±))

)
ϕm(z),

where κm, m = −2, . . . ,M , are roots of Eq. (2.15) and ϕm(z) are elements of V . For

ease of notations, we have defined x(+) = xl and x
(−) = xr. The column vectors A

(±)
p

and Ã
(±)
p have length M +1 and 2, respectively and contain the unknown amplitudes.

Note that a truncated version of Eq. (2.16) has been used in the latter expression and

the quantities vm,j have been defined in §2.2. As for the three-dimensional case, κ−2
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and κ−1 support damped modes, κ0 travelling modes and κm, m ≥ 1 evanescent modes.

Similarly to the open-water region, travelling modes propagate without decay.

Applying the free-edge conditions (3.6e) to Φ̂
(±)
p allows us to express the amplitudes

of the damped modes, i.e. Ã
(±)
p , in terms of A

(±)
p , that is

Ã(±)
p = T

(±)
1 A(+)

p +T
(±)
2 A(−)

p , (3.8)

where the matrices T
(±)
1 and T

(±)
2 have size 2 by M + 1 and are derived in Appendix

A.2.

Using matrix and vector notations, the eigenfunction expansions of the potentials

in Ωp are given by

Φ̂(±)
p (x, z) ≈ C(z)

(
D(±)(x)A(+) + E(∓)(x)A(−)

)
, (3.9)

where C(z) is defined in §2.2.3. The matrices D(±)(x) and E(∓)(x) are square of size

M + 1 and have entries

[
D(±)

]
m+1,n+1

= δm+1,n+1 e
∓κm(x−x(±)) +

2∑

j=1

[
T

(±)
1j

]
n+1

vm,j e
∓κ−j(x−x(±)),

[
E(±)

]
m+1,n+1

= δm+1,n+1 e
∓κm(x−x(±)) +

2∑

j=1

[
T

(±)
2j

]
n+1

vm,j e
∓κ−j(x−x(±)),

m, n = 0, . . . ,M . We also introduce the two matrices D(x) = D(+)(x) +D(−)(x) and

E(x) = E(+)(x) + E(−)(x), for convenience.

3.3.2 Scattering by a plate’s edge

We solve the problem of the scattering by a single plate’s edge, at x = xl say, using

a version of the EMM analogous to the one derived in §2.3. For the present two-

dimensional problem, the continuities are expressed as

Φ̂l(xl, z) = Φ̂p(xl, z) and ∂xΦ̂l(xl, z) = ∂xΦ̂p(xl, z) = ul(z), z ∈ Υl,

where Φ̂l = Φ̂
(+)
l + Φ̂

(−)
l and Φ̂p = Φ̂

(+)
p + Φ̂

(−)
p . Restriction of the surge motion also

gives ∂xΦ̂l(xl, z) = 0, −γ ≤ z ≤ 0.

The interface function ul(z) is then projected onto the basis Vg of weighted Gegen-

bauer polynomials. The integration scheme is similar to that used in §2 and given by

Eqs. (2.27) and (2.28), for which we replace ψ0 by Φ̂l and ψ by Φ̂p. Straightforward

algebra similar to that derived in Appendix B.1 allows us to calculate the scattering
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matrix associated with the plate’s left edge. It is denoted Sl, and maps the amplitudes

of the waves incident on the left edge of the plate to the amplitudes of the scattered

waves induced by it. Alternatively, we may express the amplitudes of the waves in the

plate-covered fluid region in terms of the amplitudes in the open fluid region, through

transfer matrix Tl. The matrices Sl and Tl are defined by

(
A

(−)
l

A
(+)
p

)
= Sl

(
A

(+)
l

A
(−)
p

)
and

(
A

(+)
p

A
(−)
p

)
= Tl

(
A

(+)
l

A
(−)
l

)
, (3.10)

and their entries may be related in a straightforward manner (see Bennetts and Squire,

2009). Similar expressions can be obtained for the plate’s right-hand edge, where we

denote the respective scattering and transfer matrices by Sr and Tr. This means

that we may write the transfer matrix for the plate, T say, as the simple expression

T = TrTl so that it maps the vectors A
(±)
l and A

(±)
r and does not require knowledge

of the amplitudes under the plate.

The matrices Tl and Tr are closely related due to the symmetry of the plate, as one

maps from the open-water region to the plate-covered region and the other, vice-versa.

However, they are not direct inverses of one another, as the phases of the incident and

scattered waves are different at each edge. Note that T depends on the plate’s length

and thickness.

3.3.3 Scattering by multiple plates

We now consider the case in which there are two plates that may have different prop-

erties, separated by a free-surface region. We re-partition the fluid domain into five

fluid regions; the two exterior open-water regions Ωi, i = l, r, the two plate-covered

regions Ωi, i = 1, 3, and the interior open-water region Ω2. They are contained in

the respective intervals (x
(+)
i , x

(−)
i ), such that x

(+)
l = 0, x

(−)
l = x

(+)
1 = xl, x

(−)
1 = x

(+)
2 ,

x
(−)
2 = x

(+)
3 , x

(−)
3 = x

(+)
r = xr and x

(−)
r = xb. We denote the potentials in the 5 regions

Φ̂i(x, z) accordingly. In regions Ωi, i = l, 2, r, they are given by Eq. (3.7), while in Ωi,

i = 1, 3, they are expressed as

Φ̂i(x, z) = Ci(z)
(
Di(x)A

(+)
i + Ei(x)A

(−)
i

)
, i = 1, 3. (3.11)

The vector Ci(z) and the matrices Di(x) and Ei(x) are analogous to C(z), D(x) and

E(x) when evaluated using the properties of the plate in region Ωi.

Using the solution method described in §3.3.2, we define T1 and T3 as the transfer

matrices associated with plates in regions Ω1 and Ω3, respectively. The use of transfer
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matrices provides an efficient means of combining the interactions of multiple plates.

In particular, we can map the vectors of amplitudes in Ωl to the ones in Ωr as follows
(

A
(+)
r

A
(−)
r

)
= T

(
A

(+)
l

A
(−)
l

)
, (3.12)

where T = T3T1 is the transfer matrix associated with the group of plates. This

procedure can be generalised to an arbitrary number of plates in a straightforward

manner. To do this, the transfer matrix, T, associated with the corresponding group of

plates is obtained by multiplying the transfer matrices associated with each individual

plate. The scattering matrix S associated with the group of plates is then obtained

from the entries of T, so we have
(

A
(−)
l

A
(+)
r

)
= S

(
A

(+)
l

A
(−)
r

)
. (3.13)

3.3.4 Wavemaker forcing and beach reflection

The linear time-harmonic solution to the problem of wave generation by a wavemaker

is given by, e.g., Linton and McIver (2001) and we only present the method here so

the relation with our previous notations is apparent. The integration scheme leading

to the solution is similar to the one used while applying the EMM and is given by

i
√
αX̂0

∫ 0

−1

S (z)CT
0 dz =

∫ 0

−1

∂xΦ̂lC
T
0 dz,

at x = 0. The integral of the left-hand side is calculated using standard techniques.

Some straightforward algebra leads to the formulation sought, which is

A
(+)
l = S0A

(−)
l + F0, (3.14)

where the matrix S0, square of size M + 1, represents the scattering matrix of wave-

maker. The column vector F0 has length M + 1 and represents the forcing applied on

the fluid due to the paddle’s motion.

At the far end of the fluid domain (x = xb), we may expand the reflective beach

condition. We consider a reflection coefficient of magnitude Rb ∈ [0, 1] which depends

on the frequency
√
α. Following Bonnefoy et al. (2006) we write

Rb(α) = 0.9
(
e−5

√
α − 1

)
+ 1, (3.15)

which qualitatively characterises the reflection spectrum of a typical beach in a wave

tank.
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The purpose of the beach is to prescribe a reflection law that embodies an energy

transfer between waves propagating in the positive and negative directions. Evanescent

modes do not carry energy as they decay exponentially from their source. Therefore,

we assume the beach does not produce evanescent waves, requiring that the plates are

far enough from this boundary. We could also justify this assumption by saying that

the evanescent waves produced by the “artificial” piston-like wave absorber differ from

the ones generated by an actual beach in a wave tank. This approach is equivalent

to ignoring the vertical dependence and expressing the condition at z = 0. As a

consequence, the control law of the wave absorber’s displacement X̂b is defined such

that a single travelling mode is generated at x = xb as follows

CbΦ̂
(−)
r (xb, 0) = RbCbΦ̂

(+)
r (xb, 0),

whereCb = (1, 0, . . . , 0)T is a vector of lengthN+1. Therefore, the scattering condition

at the beach is given by

A(−)
r = SbA

(+)
r , (3.16)

where Sb = RbCbC0(0)E
(+)
0 (xb−xr) is the scattering matrix associated with the beach.

The solution is obtained, for any frequency
√
α, by solving the coupled system of

matrix equations defined by Eqs. (3.13), (3.14) and (3.16), for an arbitrary number

of plates. Straightforward algebra leads to the solution. The efficiency of the EMM

highlighted in §2.5.1 therefore allows for the frequency-domain problem to be solved

for the O(102–103) frequencies required, depending on the sampling frequency and the

signal duration, to produce the time-dependent response.

3.4 Numerical results

The numerical results presented in this section concentrate on the flexure of the plate

(or plates) under wavemaker forcing. Our motivation is that these results will give in-

sight into issues arising from typical laboratory experiments in two-dimensional wave

flumes, such as the time-dependence of the response and the boundaries of the fluid

domain. While the results and conclusions drawn in the present section are not repre-

sentative of the experimental campaign that will be described in Chapter 4, we have

chosen values for the parameters in accordance with the experimental setup.

In the subsequent computations, we have set H = 2m and xb = 15m as the dimen-

sions of the fluid domain, and the wavemaker paddle is hinged such that l = 0.3m.
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The elastic properties of the plates, made of expanded PVC (see Chapter 4), are de-

scribed by E = 500MPa and ρ = 500 kgm−3. Additionally, it is appropriate to set the

plate’s length to be constant, L = 1.5m say, so the parameter ka only varies with the

frequency, and we set xl = 10m. The initial ramp of the wavemaker time evolution

is chosen following typical experimental values to be t1 = 2 s. We generate results for

three plate thicknesses, namely h = 3, 5 and 10mm, as they are common values for

the material utilised in our experiments.

3.4.1 Strain energy

The strain energy of a plate is an integrated value of the bending over the length of

the plate. Following Timoshenko and Woinowsky-Krieger (1959), the strain energy of

a two-dimensional plate, located between x = x1 and x = x2, is given by

V =
1

2
D

∫ x2

x1

(
∂2xη
)2

dx, (3.17)

where ∂2xη is the curvature. We scale the strain energy by the incident wave energy,

i.e. ρ0gI
2
0/2, where I0 is the steady-state amplitude of the wave generated.

3.4.2 Frequency response of a single plate

Let us first analyse the frequency spectrum of the strain energy for a single plate.

To understand how the wavemaker and the beach influence the flexural response of

the plate, we study four cases. In case 1, we set the beach reflection coefficient to

be 0 (perfect beach) and we also assume that the wavemaker is invisible to waves

travelling from right to left, so we have no reflection on both lateral boundaries. This

case is equivalent to the frequency response of a single plate in an unbounded domain

(studied by a number of previous authors, e.g., Meylan and Squire, 1994). In case 2,

the wavemaker reflects waves but the beach is still perfect (Rb = 0), while in case 3, the

wavemaker is invisible and the beach induces reflection dependent on the frequency, as

described by Eq. (3.15). In case 4, both wavemaker and beach reflect waves.

In Figure 3.5, the scaled strain energy is plotted against frequency for the three

thicknesses mentioned above. We choose a frequency range, f = 0.5–1.5Hz, corre-

sponding to wavelengths λ ≈ 0.7–6m. We compare the influence of the domain lateral

boundaries on the response using cases 1 (dashed line) and 4 (solid line). While the flex-

ural response varies smoothly when no lateral reflections are considered, the presence

of the wavemaker and the beach clearly disturbs the spectra. Primarily the incident
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Figure 3.5: Strain energy of a single plate as a function of frequency.

Results are given for an infinite domain (thick dashed curves) and

for a bounded fluid domain (solid). The spectra are given for (a)

h = 3mm, (b) h = 5mm and (c) h = 10mm.

wave passes through the plate but lateral reflections add a structure over this. The

resonances correspond to natural modes of the tank/plate system.

Figure 3.6 shows results similar to those in Figure 3.5(b) (i.e. for the 5mm plate

only) but for an extended frequency spectrum. Even though it is unrealistic to generate

such waves in real wave tanks, the larger bandwidth is used to highlight the influence

of the beach and the wavemaker. Their effects are analysed separately. In Figure

3.6(a) we look at the influence of the wavemaker. The solid line represents the flexural

response spectrum when the beach is not present (case 2). Case 1 is given for reference

as a dashed line. We note that, for case 2, the magnitudes of the resonance peaks vary

smoothly with frequency and a trend envelope drives the evolution of those peaks. This

envelope coincides with the case 1 curve, when the latter reaches a maximum. Those
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Figure 3.6: Same as Fig. 3.5(b) for (a) case 2 (solid line) and (b)

case 3 (solid line). In both figures, case 1 is given for reference (thick

dashed line). The reflection coefficient spectrum of the plate in an un-

bounded domain is given in panel (c). The strain energy and reflection

coefficient spectra in the case of the shallow-draught approximation

(dotted lines) are given in panels (b) and (c), respectively.

maxima correspond to the plate’s natural modes. Meylan and Squire (1994) noticed

that the resonances in flexure for case 1 occur when the reflection coefficient of the

plate is zero. As the waves generated by the wavemaker are perfectly transmitted and

no beach is present, case 1 and case 2 are equivalent at those frequencies. Figure 3.6(c)

shows the reflection coefficient spectrum and confirms these remarks.

In Figure 3.6(b), we analyse the effects of the beach on the flexural response of the

plate (case 3 as a solid line and case 1 as a thick dashed line for reference). The beach

acts like a fixed boundary that attenuates most of the incident wave’s energy, so the

magnitudes of the resonance peaks are significantly smaller than those induced by the

wavemaker (wall with no attenuation). We notice that the succession of peaks also fits

in a smoothly varying envelope. The main difference with case 2 is that the resonance
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envelope reaches its maxima at the same frequencies as in case 1. Perfect transmission

(see panel c) allows all the wave energy to reach the beach, inducing waves of larger

amplitude there, so the natural modes of the plate/beach system have higher peaks.

Although difficult to see in Figure 3.6, it is also noted that the resonance envelope and

the response of case 1 match at f = 1.09Hz and f = 1.99Hz, corresponding to the

cases in which the beach has no effect on the response.

As the draught of the plate is taken into account in the present model, we can

analyse the effect it has on the results compared to the commonly used shallow-draught

approximation. In Figures 3.6(b,c), the strain energy and reflection coefficient spectra

are given as dotted lines to allow comparisons to be made. For this plate’s thickness, the

zero-draught frequency responses seem to stretch towards high frequencies compared to

the ones when draught is included, suggesting that high frequencies are more affected

than low frequencies. A similar influence was found for other thicknesses.

3.4.3 Transient response of a single plate

We analyse the transient evolution of the scaled strain energy, V . We are particularly

interested in the influence of the fluid domain’s lateral boundaries on generating strain

energy of high magnitude after the wavefront has passed, due to multiple reflections,

as well as the corresponding response time, defined as the time it takes for the system

to reach its steady state. Figure 3.7 shows the time-dependent evolution of a single

plate’s strain energy until it reaches steady-state. Figures 3.7(a–c) displays the flexural

response of 3, 5 and 10mm-thick plates at f = 0.87Hz, respectively. Similarly, Figures

3.7(d–f) give the respective responses at f = 1.4Hz. For case 1 (thick dashed lines),

it is seen that the transient excitation is characterised by an initial peak due to the

wavefront, which relaxes to the steady-state relatively rapidly. This behaviour is of

interest, as the strain imposed on an elastic plate due to a transient periodic excitation

can be larger than the frequency-domain analysis suggests. For case 4 (solid lines), the

influence of the lateral boundaries becomes apparent through the longer response time.

While it takes ∼ 25 s to reach the steady-state for a frequency f = 0.87Hz in case 1

(see panels a–c), the response time is more than 100 s in case 4. The multiple reflections

on the wavemaker and the beach explain this behaviour and similar observations are

made for f = 1.4Hz (see panels d–f), where the response time is even larger than at

lower frequencies. At this frequency the plate generates more scattering, as can be seen

in Figure 3.6(c), and the waves travel back and forth between the wavemaker and the

plate, and the plate and the beach, before settling to a steady-state.
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Figure 3.7: Scaled strain energy versus time in a plate of thickness

h = 3mm (panels a, d), h = 5mm (panels b, e) and h = 10mm

(panels c, f). Case 1 (unbounded domain) is represented by a thick

dashed line and case 4 (bounded fluid domain) is represented by a

solid line. The responses are given for frequencies f = 0.87Hz (panels

a–c) and f = 1.4Hz (panels d–f).

Note that the case 4 responses reach case 1 steady-state for a short time interval,

before the reflected waves re-disturb the system. This means that, while performing

experimental tests in a wave tank, i.e. case 4, it is possible to capture the steady-state

of case 1 during a time window that depends on the frequency of the incident wave,

assuming the plate is located far enough from the boundaries of the tank. This is

particularly useful for comparing experimental data to time-harmonic models and this

approach will be used in the present work to compare experimental and numerical

data (see Chapter 5). In practice, the efficiency of this experimental approach largely

depends on the frequency. In particular, at low frequencies (f < 0.5Hz) the incident

wave travels quickly through the tank, so the time window is very short or nonexistent.

But in this case there is little scattering produced by the plate, so very little interest

is given to this regime as part of the large body approximation.
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Figure 3.8: Time/frequency analysis for a single plate of thickness

h = 5mm, in cases 1 (panels a, b) and 4 (panels c, d). The properties

herein analysed are the maximum strain energy (panels a, c) and the

time at which this maximum is reached (panels b, d) . The frequency

response is given in panel (a) for comparison.

We also note that two major disturbances occur in the response of case 4 before

the curves settle down. Those events can be identified as the wavefront of the wave

generated by the wavemaker, as in case 1, and a wave that has travelled from the plate

to the wavemaker and back to the plate after experiencing reflection. This implies

that in most cases the effects of the boundaries are overcome after two reflections only.

In Figure 3.7(e), this is not true and the steady-state is reached gradually at a time

significantly different from that of the second disturbance. Although the response to

the second major disturbance may give an idea of the steady-state value, other minor

disturbances continue afterwards. This is particularly true for thick plates, as we can

see in Figures 3.7(c,f), in which cases the multiple reflections affect the response for a

long time, which is related to the fact that thicker plates induce more wave scattering.

The lateral boundaries also affect the time at which the maximum scaled strain

energy, Vmax say, is obtained. Although the first wavefront always induces a max-

imum, the multiple reflections may cause the time-response to reach a higher peak

subsequently (see panel c). In what follows, we only consider the plate of thickness

h = 5mm. From the transient response, we can extract characteristic properties that
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may be analysed over a relevant frequency range. We are particularly interested in

the maximum strain energy Vmax and the time at which this maximum is reached tmax.

Figure 3.8 displays Vmax and tmax over the frequency range f = 0.5–1.5Hz. Case 1

(unbounded domain) is analysed in panels (a,b). The maximum strain energy (solid

line) behaves similarly to the frequency response (dashed line), as we can see in panel

(a), and the difference in magnitude seems to increase with the frequency. We note

from panel (b) that tmax increases monotonically over the spectrum as the frequency

rises. In this case the maximum is always reached as the incident wavefront starts

exciting the plate, as previously seen in Figure 3.7.

Similar results for case 4 (laterally bounded fluid domain) are displayed in panels

(c,d). We note that at low frequencies, f < 0.9Hz, Vmax and tmax are the same as for

case 1, so the initial wavefront generates the maximum bending in the plate, as we

see in panel (b). For higher frequencies, there is a succession of peaks in panel (c),

emerging from the curve representing case 1. Relating these peaks to the time at which

they occur (see panel d), we note that they correspond to maxima reached later than

the time the initial wavefront hits the plate, after reflections on the lateral boundaries.

3.4.4 Multiple plates analysis

In this section, we investigate the response of multiple identical plates. A first ar-

rangement of four plates of thickness h = 10mm is studied in the time-domain for

case 4 (bounded fluid domain). The abscissae of the plates’ left edges are 4, 6, 10

and 12m and the frequency of the wave generated is f = 1Hz. Figure 3.9 shows the

evolution of the plates’ displacements (η say) and fluid-surface elevations (η0 say) for

t = 1, 5, 10, 15, 20 and 25 s. A decrease in the amplitude of the plates from left to

right is clearly visible (for 20 and 25 s). This is a result of the attenuation of wave en-

ergy produced by scattering (see, e.g., Kohout and Meylan, 2008). As the plates/fluid

system is conservative, the attenuated energy is reflected back towards the wavemaker

(although it is distributed amongst waves with different phases). A more detailed anal-

ysis on this multiple plate arrangement would be complex to perform and we focus our

attention for the remainder of this section on a more fundamental study case.

Consider two identical plates, with properties the same as the single plate case,

and focus the present analysis on a single thickness, h = 5mm, as the influence of this

parameter was studied earlier. We denote the spacing between the two plates as s.

Additionally, we set xl = 6m as the location of the left edge of plate 1; it follows that

the right edge of plate 2 is located at xr = 9 + s. It is of use for the analysis of two
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Figure 3.9: Snapshots of the transient response of an arrangement

of four identical plates. The frequency of the generated waves is

f = 1Hz and the steady-state wave steepness is ǫ = 1% (amplitude

to wavelength ratio).

plates to define the relative strain energy of the system as Vr = V2/V1, where V1 and

V2 are the strain energy of plates 1 and 2, respectively.

We choose to remove the reflections from the wavemaker and beach (i.e. case 1).

This allows us to determine the interactions of the two plates without interference

from the fluid domain’s lateral boundaries. In Figures 3.10(a,c) we show the relative

strain energy plotted against frequency for two spacings that are s = L/3 = 0.5m and

s = 3L = 4.5m, respectively. Figures 3.10(b,d) display the corresponding reflection

coefficient spectra. Similarly to Figure 3.6, we look at the relative response of the

system over an extended spectrum f = 0.5–3Hz. For the smaller spacing (see panels

a, b), the relative response oscillates over the spectrum, such that when Vr > 1 the

flexural motion is dominated by plate 2, while when Vr < 1, plate 1’s flexure dominates.

In the latter case, Figure 3.10(b) indicates that the cause is a high reflection coefficient.

For the larger spacing (see panels c, d), the number of resonances discussed in the

previous paragraph is significantly increased, but we observe that the same features
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Figure 3.10: Relative strain energy (panels a, c) and reflection coeffi-

cient (panels b, d) of the two-plate system as a function of frequency

for case 1. The spacing between the two plates is s = 0.5m and

s = 4.5m for the results shown in panels (a,b) and (c,d), respectively.
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Figure 3.11: Ratio of maximum strain energy (solid line) for two

identical plates of thickness h = 5mm, for the spacings (a) s = 0.5m

and (b) s = 4.5m in the frequency range f = 0.5–1.5Hz. The ratio

of maximum strain energy of the individual single plate problems are

also plotted as circles.
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are present. The resonances are related to the natural frequencies of the plate 1/plate

2 system. When the spacing increases, harmonics of lower frequencies are allowed to

resonate and this is what is demonstrated here. Similar to the smaller spacing, minima

of relative strain energy occur for large reflection coefficients. It is also interesting to

note that all the curves shown in Figure 3.10 fit into an envelope that is the same for

both spacings. The important features of this envelope are driven by the spectrum of

the single plate. In particular, when comparing with the dashed curve from Figure 3.6,

we note that the envelope coincides with Vr = 1 when the response of a single plate

is maximal and when the reflection coefficient of a single plate is zero. The envelopes

of the reflection coefficient curves in Figure 3.10 are also similar. which is true for any

spacing. The behaviour of the reflection coefficient is in agreement with the results

given by Williams and Squire (2008) for an open lead. It is also interesting to note

that, for the frequencies at which we have perfect transmission, we also have Vr = 1,

i.e. equipartition of the energy in the plates. The reciprocal proposition is, however,

not true, i.e. Vr = 1 does not always correspond to perfect transmission.

The transient response of the plate 1/plate 2 system is studied for case 1 in the

following. Let us define the ratio of the maximal strain energy as Ṽmax = V 2
max/V

1
max,

where V i
max is the scaled strain energy in plate i (i = 1, 2). We show Ṽmax for both

spacings in Figures 3.11. For comparison, we also define Ṽ ∗
max, to be the ratio of

maximum strain energy experienced by the plates separately, in the absence of the

other plate. This quantity is plotted in Figures 3.11 as small circles. We note that this

quantity is not 1 in general, as the amplitude of the wavefront varies with the distance

from the wavemaker. The transient wave generated by the wavemaker is composed

of superposed components of different frequencies, which therefore travel at different

group velocities, resulting in a time evolution of the wavefront amplitude. We can see

that Ṽmax tends to values less than 1 as f decreases. This low frequency behaviour

is clearly due to the transient evolution of the wavefront. At low frequencies very

little scattering is occurring and the incident wave travels through the fluid domain

unperturbed. This is confirmed by the low frequency spectrum of Ṽ ∗
max, as we can see

in Figures 3.11.

For high frequencies, as more scattering is involved, we see in panel (a) that

Ṽmax < 1. It is also apparent that a downward bump is present, forming local sharp

corners along the curve. It is found that this bump is associated with a regime in which

V 1
max is not reached by the initial wavefront but from the multiple reflections that occur

between the plates. For the larger spacing (see panel b), we have 5 downward bumps
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in this frequency range, that can be explained in a similar way.

3.5 Summary

We derived a solution technique for the transient scattering of a group of thin-elastic

plates in a two-dimensional laterally bounded fluid domain. Results for the transient

response of one or more plates can be found, with the effects of the wavemaker and

the reflective beach included. A Fourier transform technique is employed to express

the governing equations in the frequency-domain. The solution method for the single

frequency harmonic problem is based on calculating a transfer matrix associated with a

single plate, accounting for the Archimedean draught, in which evanescent and damped

modes are accommodated into expansions of the fluid motion. An EMM similar to one

proposed in Chapter 2 is used to calculate the transfer matrix associated with the plate.

It then becomes straightforward to deal with multiple plates. After assimilation of the

wavemaker and beach conditions, we obtain a solution for the fluid motion everywhere

in the fluid domain.

Numerical results show the influence of the lateral boundaries on the flexural re-

sponse of a group of plates assuming time-harmonic motion. In particular, we establish

how the wavemaker and the beach affect the response for a single plate over a wide

bandwidth. It was found that the general trend of the spectra, including wavemaker

and beach, was affected by the response of the same plate in an unbounded domain.

The lateral boundaries influence the motion by adding extra resonances in the spec-

trum associated with the natural modes of the plate/tank system. The response of a

system composed of two identical plates in an unbounded domain showed that extra

resonances are also added in this case, depending on the spacing between the plates.

The partition of energy between the plates was associated with the reflection coefficient

frequency spectrum and it was found that, for perfect transmission, equipartition of

energy is confirmed.

We also analysed the transient response of the system. We were particularly inter-

ested in the multiple scattering effects caused by the wavemaker, the beach or multiple

plates on the maximum bending of the system. It was found that for a single plate, the

transient response is characterised by a maximum that is always reached, as the initial

wavefront excites the plate. The lateral boundaries of the fluid domain induce multiple

reflections, so the plate experiences further transient disturbances that may cause a

maximum bending of larger magnitude than the one due to the initial wavefront. In
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the study of ocean waves interactions with frozen ocean, the results obtained suggest

ice floes may experience large strains due to a transient excitation and knowing the

frequency response may not be sufficient to forecast the likelihood of fracture.

The authors are aware that, to reproduce accurately all the scattering phenomena

involved in wave tank experiments, the present model would need to be extended to a

three-dimensional one that includes the effect of the lateral boundaries. Studies are on

the way to reproduce numerically transient hydroelastic tests performed in real wave

tanks under linear wave conditions. The mapping from the time- to frequency-domain

introduced in §3.2 would still be valid in that case, but a novel solution method for the

harmonic three-dimensional problem is required. In the meantime, we can remove the

influence of the lateral boundaries in experimental tests by defining a time window in

which the steady-state is captured before the reflected waves contaminate the response.

More details on the validity of this approach will be given in Chapter 5.
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Chapter 4

Experiments in a wave tank

Research in the field of linear hydroelasticity has engendered a growing interest for the

past two decades within areas as diversified as engineering, geophysics and fundamental

research. The development of efficient numerical models to aid in the design of very

large floating structures (VLFSs) and for predicting the influence of ocean waves on

sea-ice dynamics forms the core of the research. In particular, modellers are on the

verge of being able to obtain realistic estimates of the influence of ocean waves on the

dynamics of large regions of sea-ice (Squire, 2011; Williams et al., 2012). Those recent

achievements are the result of intense theoretical research in this field. To complete the

scientific approach, experimental validation must be sought as there is a critical lack

of experimental data to support the rapidly expanding theoretical research (Squire,

2007).

Sea-ice floes and VLFSs have many similarities in the types of models used to

characterise their response to a wave forcing. However, the research philosophies differ

fundamentally as sea-ice floes form in nature where one has limited control over their

local environment, while VLFSs are created by humans with the purpose of adapting

well to a specific environment. Consequently, these two types of structure must be

studied experimentally with the goal of understanding and delineating their respective

proclivities.

Experimental studies relating to VLFS research are mostly conducted in wave basins

and they provide valuable information regarding the behaviour of the structure, so that

the outcomes may be extended full scale by a direct scaling law (Ohmatsu, 2008). Some

experiments were conducted in Japan in the late 1990s to characterise the hydroelas-

tic response of rectangular elastic structures under regular and irregular wave forcing

(see, e.g., Utsunomiya and Watanabe, 1995; Yago and Endo, 1996; Ohta et al., 1997;
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Kagemoto et al., 1998). A general discussion on the main technical issues arising as

part of VLFS model tests is given by Ohmatsu (2008). In general, tank test data are

used for the validation of numerical models, which provide naval engineers with reli-

able predictions to design large scale structures without further experimentations. In

recent years, only specific parts of VLFSs have been tested experimentally to improve

the performance of existing structures such as anti-motion devices (Takagi et al., 2000;

Pham et al., 2009; Wang et al., 2010).

In the field of wave/sea-ice interactions, in situ experimental data are required to

validate large scale hydroelastic models which aim to understand the dynamics of sea-

ice regions. Those types of experiments cannot be controlled in terms of wave forcing

and geometry, and only statistical results may be obtained from the post-processed

data (Squire, 1984). However, even the most sophisticated models of MIZ consider

significant simplifying assumptions regarding the wave forcing and geometry (Bennetts

et al., 2010), so that any attempt to validate these models experimentally should have

similar restrictions. Control over geometry and wave forcing is possible in a wave

tank, in which we can analyse fundamental wave/sea-ice interactions using idealised

configurations and harmonic excitations. In this context, the most relevant series of

experiments was conducted by Sakai and Hanai (2002) in Japan in a two-dimensional

wave flume. These experiments were focused on determining the dispersion relation

that characterises the propagation of flexural-gravity waves in ice-covered seas. Later,

the data were used by Kohout et al. (2007) to validate a two-dimensional model of

ocean wave propagation in the marginal ice zone.

In the present chapter, we describe a series of wave tank experiments that were

conducted in Nantes (France) at the Laboratoire de Mécanique des Fluides of École

Centrale de Nantes between April and October 2010. The objective of the experiments

was to produce data on linear wave scattering by a thin-elastic plate or two plates

for comparison with the model constructed in Chapter 2. Although the multiple-plate

model may be seen as a basic component of MIZ models, we do not seek to validate such

models as part of this experimental campaign. We investigate the flexural motion of a

thin circular elastic structure of constant thickness, referred to as a disk subsequently, to

characterise scattering phenomena over the directional spectrum and interaction effects

when two disks are considered. Tests are performed for a range of disk properties and

wave forcings. To the knowledge of all project participants, this is the first attempt to

record such data on compliant disks in a wave tank.

We acknowledge the active involvement of members of the Laboratoire de Mécanique
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Respect of model Validation of 3D Validation of

assumptions scattering theory interaction model

- linearity - single-disk setup - two-disk setup (using

- harmonic motion - measurement of disk single-disk setup)

- thin plates deflection - evidence of multiple

- restriction of surge, - measurement of scattering

sway and yaw scattered wave field

- avoiding flooding

events

- no lateral boundaries

in fluid domain

Table 4.1: List of objectives of the experimental campaign.

des Fluides of École Centrale de Nantes during the experiments. In particular, Mas-

ters student P. Marsault (supervised by F. Bonnefoy) performed preliminary tests to

characterise the wave tank and the disks’ properties, and established the experimen-

tal setup for a single disk. Details of this study are given by Marsault (2010) and

preliminary analyses may be found in Montiel et al. (2011).

4.1 Objectives

The wave tank experiments described in this chapter seek to validate the numerical

model proposed in Chapter 2, so that similar conditions must be reproduced, whenever

possible. The most challenging aspect of these experiments was to measure the flexural

motion in the disks, so that the development of novel methods to do so was vital. We

therefore concentrate our analysis on the deflection of the disks.

The core of this investigation concerns the response of a single disk. The setup

is assumed symmetric with respect to the diameter in the direction of propagation

of the incident wave (i.e. the x-axis). Therefore, recordings can be made over a half

plane only. We seek to measure the deflection of the disk as well as the wave height

in the vicinity of the disk. The latter measurements potentially provide scattered

wave data, knowing the amplitude and phase of the incident wave at the measuring

points. Although the wave data are not analysed as part of the present work, we

will describe the measurement technique for completeness. In this first setup, we set
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the radius of the disk, R = 0.72m, and vary disk thickness as well as the steepness

(amplitude to wavelength ratio) and the frequency of the incident wave. The choice of

the experimental parameters is discussed in the subsequent sections. In particular, the

frequency range considered satisfies the conditions of the large body approximation, so

that measurements conducted at laboratory scale could be extrapolated to large scale.

We recall, however, that we are not trying to replicate the motion of large ice floes or

VLFSs, but merely to validate a standard hydroelastic model in a prototypical setting,

that is commonly used to characterise the response of these large structures.

A second series of experiments was conducted in the wave tank and involved two

disks. The aim was to record the deflections of the disks and compare them with the

single-disk response to isolate interaction effects and validate the interaction model

devised in Chapter 2. We investigated the influence of spacing and angle between two

disks, so several arrangements were considered during the experiments. Care must be

taken when the symmetry of the setup is broken and technical solutions are discussed

in §4.4 to circumvent this issue. In the multiple disk setup, several thicknesses (fixed

radius) and wave frequencies are also analysed.

The objectives of this experiment are summarised in Table 4.1. Details of the

technical solutions and characteristics of the experimental setup are described in the

subsequent sections.

4.2 Facilities

4.2.1 Wave tank characteristics

The Laboratoire de Mécanique des Fluides of École Centrale de Nantes accommodates

several tank facilities allowing for various types of hydrodynamic experiments to be

done. As part of the present work, we utilised a wave tank of approximate dimensions

15× 10× 2m.

Figure 4.1 shows a snapshot of the wave tank. The photo is taken from the beach,

which acts as the dissipation zone of the tank. The properties of this zone will be

discussed subsequently. In the far end of Figure 4.1, we may observe the wavemaker.

It is composed of two identical parallel hinged flaps (hinge located at l = 0.19m

from the floor) and is capable of generating unidirectional waves in a frequency range

f = 0.5–1.3Hz with heights up to 0.3m crest to trough. A snapshot of the wavemaker is

shown in Figure 4.2. A series of tests was conducted to calibrate the wavemaker control
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wavemaker

side wall
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platform

beach

Figure 4.1: Snapshot of the wave tank taken from the beach.

accurately, i.e. to match the instruction from the software controlling the wavemaker

to the actual wave field generated by the wavemaker, as measured by an appropriate

arrangement of wave gauges. Figure 4.3 shows the ratio of the measured amplitude to

the specified amplitude over the frequency range mentioned above for different wave

steepnesses (for a 5% steepness, low frequency waves could not be generated due to

the limitations of the flaps’ cylinder actuators). We observe that, except for the 5%

wave steepness, most of the measured amplitudes are within a 5% margin of error. In

order to obtain an accurate dataset of incident wave amplitudes, a wave gauge is used

in the vicinity of the wavemaker to perform extra measurements during the tests.

A common experimental approach consists of generating a single wave packet, also

called a focused wave, to obtain the frequency response of the system over a prede-

termined frequency spectrum in a single test. However, this approach was not imple-

mented during the present experiment, due to possible non-linear effects in the disks’

response during their interactions with the large amplitude wave packet. Instead, a

linear transient monochromatic wave forcing was chosen, which allows better control

over the incoming wave amplitude.

The dissipation properties of the beach were also studied in detail by Marsault
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Figure 4.2: Snapshot of the wavemaker.

(2010). The reflection coefficient of the beach, defined as the ratio of the reflected

amplitude to the incident amplitude, was measured by an arrangement of wave gauges.

Figure 4.4 shows the reflection coefficient of the beach plotted against frequency for 5

different wave steepnesses. The reflection is clearly more significant at low frequencies,

which is a typical behaviour of dissipation zones in wave tanks (see §3.3.4). There is

very little variability with respect to the steepness. Although the reflection coefficient

remains small in most cases (5–15%), it is certainly not negligible and its influence

must be considered during experimental measurements.

The wave tank dimensions quoted earlier are only approximate. As they are used in

the data analysis, more accurate measurements were taken using a laser range-finder.

We measured the length L ≈ 15.48m and the width W ≈ 9.46m. The depth of the

wave tank was measured at rest to be H ≈ 1.88m. Due to evaporation at ambient

temperature, the water level requires occasional adjustment. In addition, the tank is

equipped with two platforms attached to bridges moving on rails (one can be seen in

Figure 4.1), which allow us to set up the experiment in a non-intrusive manner as well

as to fix parts of the experimental configuration to the laboratory’s frame of reference

(e.g. wave gauges are fixed to the platforms).
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Figure 4.3: Ratio of measured to specified generated wave ampli-

tudes against frequency for 5 wave steepnesses (figure reproduced

from Marsault (2010) with the author’s consent).
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Figure 4.4: Reflection coefficient of the beach against frequency for

5 wave steepnesses (figure reproduced from Marsault (2010) with the

author’s consent).
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4.2.2 Disk properties

The linear hydroelastic model derived in Chapter 2 considers elastic structures that are

governed by the Kirchhoff-Love theory of thin-elastic plates. To reproduce experimen-

tally the assumptions of the model, we use a material for the disks supposed to exhibit

purely elastic deformations. A suitable choice is an expanded polyvinyl chloride (PVC)

FOREX
R©

produced as large 2 × 2m sheets in different thicknesses (1–19mm). This

material is known to be reasonably compliant and can be easily cut along a circular

contour. We used sheets of thicknesses h = 3, 5 and 10mm in the present work, which

allows us to study the influence of this parameter on the flexural response. Disks of

radius R = 0.72m were formed by a high precision milling procedure. The aspect ratios

(thickness to diameter) of the 3, 5 and 10mm-thick disks are 0.21%, 0.35% and 0.69%,

respectively, which are well within the conditions of application of the thin-elastic plate

theory.

This approach differs from that of typical VLFS experiments, where the structure is

often composed of a thick buoyancy layer (with negligible mass and rigidity) and a thin

layer that determines the mass and rigidity. The structure is then constructed with the

objective of satisfying a predetermined mass and rigidity, which would correspond to a

particular large scale structure according to the laws of similitude (Ohmatsu, 2008). As

part of the present work, however, we do not attempt to reproduce a given structure,

and simply use a material with uniform properties, that may be machined into a disk

easily.

The technical specifications of the PVC given by the manufacturer must be regarded

with care due to anisotropy of the material resulting from the manufacturing process of

polymeric foams. In particular, two values of density are given for two ranges of thick-

nesses, namely ρ = 700 kgm−3 for h = 1–4mm and ρ = 500 kgm−3 for h = 5–19mm.

These values were compared with measurements performed on samples of the material

(see Table 4.2). The elastic properties of the PVC provided in the specifications also

reflect the material anisotropy, as two different values are given for the Young’s modu-

lus: the tensile modulus Etensile obtained by tensile tests and the flexural modulus Eflex

obtained by bending tests (see, e.g., Shah, 2007, Chapter 2). Isotropy would imply

that Etensile = Eflex. The two quantities have the same physical significance and the

one that is used depends on the type of deformations experienced by the material in a

specific application. In the context of the present work, the disks are mostly loaded by

the hydrodynamic forces which force them to bend. Therefore, the flexural modulus is

used and will simply be referred to as Young’s modulus subsequently.
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Figure 4.5: Four-point bending test on a PVC sample of thickness

3mm (photo by P. Marsault).

Thickness (mm) 3 5 10

Eflex/experiments (MPa) 838 503 496

Eflex/specifications (MPa) 1300 750 750

Density/experiments (kgm−3) 623 547 530

Density/specifications (kgm−3) 700 500 500

Poisson’s ratio 0.3 0.3 0.3

Table 4.2: Properties of the expanded PVC sheets.

Tests have been performed at the Institut de Recherche en Génie Civil et Mécanique

of École Centrale de Nantes to determine accurately the Young’s modulus and details

of the experimental procedure are presented by Marsault (2010). The moduli were

measured for the three thicknesses considered with a four-point bending test as shown

in Figure 4.5. For each thickness, three samples were analysed to check the repeatabil-

ity of the measurements. A relative deviation to the mean of less than 1% was found

which validates the tests performed and suggests that the material is reasonably homo-

geneous. The Young’s modulus data are summarised in Table 4.2, as well as the values

of density and Poisson’s ratio specified by the manufacturer. Note that the experimen-

tal data of Young’s moduli are significantly different from those given in the material’s
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specifications. This is most likely due to the manufacturer’s values being determined

by dynamic tests at high frequencies (Jaouen et al., 2008). Since the strain rates expe-

rienced by the disks in the wave tank are much lower than those encountered during

these types of tests, we may conjecture that the bending measurements we conducted

will produce Young’s moduli that are closer to those of our experimental programme.

This suggests that the flexure of the disks is characterised by anelastic effects (delayed

recoverable elasticity). For now, we assume that the Youngs modulus does not depend

on frequency. The influence of this parameter will be considered in Chapter 7, where

aneslastic effects are considered. Accordingly, we use the measured values of Eflex as

references for the remainder of this thesis. Also note that the influence of the temper-

ature is not considered, as the experiments were conducted at an ambient temperature

(≈ 20◦C) and the thermal conductivity of the material is low (≈ 0.066Wm−1 K−1 as

specified by the manufacturer).

4.3 single-disk setup

With regards to the objectives set in Table 4.1, we design an experimental setup which

restricts the lateral motion of the disk as well as its rotation and does not allow for

surrounding water to cover the upper side of the disk, i.e. flooding or green water. In

addition, measuring devices for the motion of the disk and the surrounding wave field

are included in the configuration. We are particularly concerned about the adaptability

of the setup, so we are able to change disks straightforwardly. The purpose of the

experiments is to obtain disk deflection and scattered wave data, so not disrupting the

disk’s motion and surrounding wave field is a major issue that needs to be considered

while designing the experimental setup. The assumption of an unbounded fluid domain

in the horizontal directions cannot be satisfied due to the finite dimensions of the wave

tank. This will be discussed in Chapter 5. A description of the main features of the

experimental setup may be found in Marsault (2010).

Consistently with the model derived in Chapter 2, the origin of the coordinate

system Oxyz is located at the centre of the disk and coincides with the free surface at

rest. The z-axis points vertically upward and the x-axis is parallel to the side walls

and points towards the wavemaker.
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(a) (b)

Figure 4.6: Snapshots of the two rods restricting the motion of the

disk in the xy-plane. On the left (panel a), the rod pierces the disk at

its centre and on the right (panel b) close to the edge on the x-axis.

5mm
5mm

guide
tube

z

3mm
≈ 60–70mm

x

10mm
edge rod

clamping
bolt

3.7mm

10mm
central rod

Figure 4.7: Cross-sectional view of the mechanical device used for

restricting the disk’s motion in the xy-plane (not to scale).
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4.3.1 Restriction of xy-plane motion

As mentioned in §2.1.1, we do not consider horizontal translations and in-plane rotation

of the disk in the model. In terms of rigid body motion, it means that surge, sway and

yaw are neglected. Therefore, as part of the experimental setup, the same restrictions

are applied to the disk. A mechanical device was designed to this effect composed

of two vertical aluminum rods fixed, from their upper end, to the platform. One rod

of diameter 3mm goes through a hole in the disk at its centre restricting surge and

sway motions (see Figure 4.6(a)), while the second rod of diameter 5mm goes through

the disk on the x-axis close to the edge (see Figure 4.6(b)) which, by association with

the first rod, restricts the yaw motion. The first rod is referred to as the central rod

and the second one as the edge rod. Both rods have their lower end free and located

approximately 0.15m under the disk’s surface. Note that the yaw motion is not coupled

to the vertical motion of the disk. As will be shown in §4.3.3, restricting the in-plane

rotation is a requirement of the device used to record the displacement of the disk.

Figure 4.7 shows a schematic of the cross-sectional view of the two-rod arrangement

restricting the translations and rotation of the disk in the xy-plane. On the left, we see

the edge rod is guided into a hole in the disk by a thin tube. Note the 5mm clearance,

which reduces the contact between the rod and the tube, potential source of friction in

the motion.

The central rod (on the right of Figure 4.7) is set to restrict as much of the lateral

motion as possible. We set the clearance around the rod to 0.7mm by constructing

a guide composed of two vertically aligned aluminum plates, which are pierced by a

3.7mm diameter hole, fixed on each side of the disk. Note that the disk itself has

a much larger hole (10mm), which reduces the surface of contact between the rod

and its guide. The reduced clearance allows for better guidance than for the other

rod but the friction is more important. We may assume that the amount of friction

increases as the contact between the rod and the guide increases. It was observed

that, under wave forcing, the rod experiences surge- and sway-induced forces, which

cause it to bend as a cantilevered beam under transverse force. In this case, the rod

and its guide are not aligned and the vertical displacement of the disk may be locally

restrained by this increased friction. Therefore, there is a compromise to be found

between good guidance and reduced friction. A solution was to reduce the bending of

the rod by setting the clamped upper end close to the disk. This distance was taken to

be 60–70mm, although it has not been done consistently throughout the experiments.

This clearance was chosen to avoid contact during tests with high amplitude waves
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(≈ 50mm is the largest wave amplitude considered as part of this experiment).

As part of VLFS experimental research, mooring devices are usually used to restrict

the lateral motion of the structure (Ohmatsu, 2008). These have non-negligible effects

on the response of the structure and must be accounted for in the corresponding model.

This is a sensible approach, however, as similar mooring techniques are employed when

the full size structure is deployed at sea. The device used here to restrict the lateral

motion is adapted to the goals of our experiment, that is validating the hydroelastic

model of Chapter 2 at the wave tank scale. In addition, the rods are fixed to a lifting

unit, which is part of the bridge. This allows disks to be removed or installed easily.

4.3.2 Restriction of flooding

Preliminary tests performed on a square 10mm thick PVC sheet in December 2009

showed that under most incident waves in the frequency range considered in the present

work, flooding events occur. This fluid layer adds extra loads on the sheet known as

green water loads, which may affect the motion. These loads are not accounted for in

the model as they originate from highly non-linear phenomena. To prevent such loads

from affecting the response of the disk, we installed a barrier around the edge of the

disk. The efficiency of the barrier is determined by a number of parameters defined by

Marsault (2010). The barrier must be (i) light compared to the disk, (ii) sufficiently

flexible so as not to rigidify the disk free edge and affect its behaviour, (iii) waterproof,

(iv) sufficiently tall to prevent flooding events and (v) easy to fix around a circular

contour. A similar approach has been reported by Takagi and Nagayasu (2007) in

their mini-scale experiments.

To address the criteria of efficiency, we used adhesive strips of neoprene foam which

is a waterproof synthetic rubber. The strip is referred to as the edge barrier. A

scaled cross-sectional view of the barrier is given in Figure 4.9 for each disk, where the

barrier is coloured in grey. The dimensions of the strips are different for the three disk

thicknesses. For the 5 and 10mm-thick disks (see panels b and c, respectively), the

neoprene barriers are stuck over the lateral edge surface; strips of dimension 50 × 10

and 50×5mm (height and thickness) were used for the 10 and 5mm disks, respectively,

so the barrier/disk weight ratio is preserved. For the 3mm-thick disk (see panel a), a

square cross-section strip of side length 30mm was stuck along the edge of the disk’s

top surface. In order to reduce the barrier/disk weight ratio, the strip was cut into a

L-shape cross-section of thickness 10mm, as can be seen in Figure 4.9(a). Figure 4.8

shows a snapshot of the three disks equipped with the edge barrier.
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Figure 4.8: Snapshot of the three disks of thickness 3, 5 and 10mm

(left to right) equipped with the neoprene edge barrier (photo by P.

Marsault).
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Figure 4.9: Scaled cross-sectional view of the anti-flooding barrier

setup along the edge of the (a) 3mm, (b) 5mm and (c) 10mm thick

disks. The barrier is shaded in grey, while disks are white. The

lengths are given in mm.

The neoprene strips have proved to be efficient with regards to the criteria (iii)–(v)

previously defined. It is more difficult to determine experimentally the influence of

the barrier (in terms of adding an extra weight and stiffening the structure) on the

response of the disks. Therefore, a modelling approach is used in Chapter 7 to perform

this analysis. However, it was observed visually that the behaviour of the disks did not
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Figure 4.10: Grid of motion tracking markers covering half the disk

(photo by P. Marsault). The markers are numbered for further refer-

ence.

appear to be affected by the addition of the barrier.

4.3.3 Motion tracking setup

The goal of the present experiment is to measure the deformation experienced by the

disk under wave forcing. The deflection is recorded by a motion tracking device com-

posed of an arrangement of infrared (IR) cameras capturing the three-dimensional po-

sition of markers over time through stereoscopy1. The markers are polystyrene spheres

of diameter 30mm, covered with a retro-reflective tape detectable by the IR cameras,

which are stuck at the surface of the disk. The motion tracking device is developed by

Qualisys
R©

and includes cameras, markers (although we constructed additional mark-

ers for this experiment), a wand calibration set and the software package Qualysis

Track Manager (QTM 2009, v2.3, Qualysis AB, Sweden) for the reconstruction of the

stereoscopic data as well as the control of the calibration and acquisition procedures.

To set up the motion tracking device properly, a number of criteria must be satisfied

as stipulated by Marsault (2010), as follows:

• each camera is required to detect every marker throughout each test;

• the markers are seen by the cameras as spot lights (of size 5–10 pixels) which

1Technique for creating the illusion of depth in an image obtained by fusion of two or more slightly

different views of single scene (source: Wikipedia). It is also referred to as 3D imaging.
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requires the spacing between them to be large enough that the spot lights do not

merge while the system is in motion (data would be unworkable);

• special care must be taken while setting markers close to the edge of the disk,

which is rendered difficult due to the addition of the edge barrier;

• the grid of markers covering the disk’s surface must be sufficiently dense in order

to record an accurate representation of the deflection, which is further augmented

by interpolation.

Invoking symmetry of the setup with respect to the x-axis, an optimal grid of 39

markers covering half the disk was found as shown in Figure 4.10 (Marsault, 2010).

Note that the restriction of yaw motion is necessary to force the markers to remain in

the same half plane during the tests. Minimising lateral oscillations also improves the

accuracy of the measured data. In order to locate the markers easily in subsequent

analyses, we number them as shown in Figure 4.10. Note that the optimal grid is

symmetric about the y-axis.

It was found that an arrangement of three IR cameras allowed for the system to

locate all the markers accurately even in the most demanding situations, i.e. high am-

plitude waves, over the range of frequency/amplitudes analysed as part of the present

work. The camera setup is shown in Figure 4.11. The initial position of the markers

is found after calibration of the motion tracking device. This procedure consists of de-

termining the accurate location of four reference markers fixed onto an L-shape frame

(see panel a), set approximately 0.4m above the disk, which constitutes the frame of

reference of the device. Therefore, the position of all the other markers is given with

respect to the origin (marker located at the corner of the L-shape frame). This op-

eration is extremely sensitive to external perturbations (e.g. temperature, humidity,

vibrations) and is repeated daily.

Two cameras are located along a side wall of the wave tank (see panel a), approxi-

mately 4m away from the disk. A third camera is fixed to a bridge above the disk and

points downwards as can be seen in panel (b). This arrangement of cameras allows

all the markers to be seen and their position to be accurately reconstructed by stere-

oscopy. Note the exact position of the cameras is not required, as it is determined by

the stereoscopic analysis performed by software QTM.

At the end of the calibration procedure, the software returns average residues asso-

ciated with each camera, which are generally 0.5–1mm. These quantities may give an

idea of the resolution of the device, although it was observed during previous uses that
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Figure 4.11: Two shots of the experimental setup exhibiting the two

IR cameras positioned on the side of the wave tank and the calibration

frame (panel a), and the third camera located above the disk (panel

b).

the accuracy was better than those residues. This issue is discussed further in Chapter

5.

As part of VLFS experiments, Ohmatsu (2008) reports that the deflection at a point

of the structure is usually measured using a potentiometer. Our approach is superior

as the measurements are performed remotely. Another remote sensing technique was

considered by Sakai and Hanai (2002), who measured the vertical displacement at a
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wave gauges

Figure 4.12: Close up shot of the fully equipped 10mm-thick disk.

Three wave gauges out of the five present around the disk may be

seen.

few points using ultra-sonic sensors. This technique is less accurate than ours, however,

and is not suitable for measuring the motion of points that are close to each other.

4.3.4 Measurement of free surface elevation

An arrangement of resistive wave gauges was utilised to record the free surface elevation.

Although only part of the data obtained during the experiments will be analysed, we

describe the complete setup for thoroughness. Resistive wave gauges consist of two

parallel rods of diameter 3mm made of stainless steel. The free surface elevation is

found to be inversely proportional to the resistance of the dry part of the parallel rods.

A conditioner feeds the gauges a voltage and measures the corresponding current which

is converted to a voltage, through the conductance of the conditioner, and sent to a data

acquisition and control adapter. A software package named Logger, that was developed

at the laboratory, is used to set the parameters of the acquisition and visualise the

voltage sent by the conditioner to the control adapter over time. A calibration of

the wave gauges was performed prior to the hydroelastic tests and a summary of

the procedure is given in Marsault (2010). This allows for the measured voltages

to be converted into displacements. Note that the gauges provide measurements to an

accuracy of less than 1 mm.
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Invoking the symmetry of the scattered wave field in the single-disk setup, we use

five wave gauges that are located at 45◦ intervals, 0.22m away from the disk edge (see

Figure 4.12). Due to uncertainty regarding the true amplitude of the wave generated

by the wavemaker (see §4.2.1), a sixth gauge was used to measure the incident wave

amplitude. This gauge is fixed to the second platform located close to the wavemaker

(≈ 3.7m) and provides the incident wave amplitudes for each frequency. An analysis

of the data provided by this gauge (not shown here) showed that it was unreliable.

The wave amplitudes measured by this gauge are therefore discarded in subsequent

analyses. In order to get additional measurements of the incident wave, we performed

tests with the disk removed, providing data from five gauges. The extraction of the

amplitudes from the gauge data is discussed in Chapter 5.

4.3.5 Summary of single-disk setup

With regard to the objectives set in Table 4.1, we may see that most of the challenges

have been overcome. The choice of disks with aspect ratios 2R/h ≪ 1 answers the

requirement of the thin plate theory. It was observed, however, that in a dry setting,

damping effects may influence the response. We need to keep this in mind when

analysing the results in the subsequent chapters. A device composed of two vertical

rods was used to restrict the horizontal motions of the disk, and we avoid flooding

events by adding an edge barrier. By fulfilling their purpose, these two components

may affect the response of the disk, specifically in respect to the friction along the rods

and the modified structural behaviour of the disk. Validation of their efficiency can

only be achieved after their influence has been assessed. On the other hand, linearity,

harmonic motion and the potential effects of the wave tank boundaries have not been

addressed for the single-disk setup. In the experiments, harmonic motion is achieved

after the monochromatic waves generated by the wavemaker reach a steady state. The

influence of the transient wavefront and lateral boundaries is discussed in Chapter

5. The linearity assumption is approximated by setting wave conditions such that

ǫ ≪ 1, where ǫ = 2I0/λ is the wave steepness with I0 the wave amplitude and λ the

wavelength. Accordingly, these issues may be overcome by defining an appropriate

range of frequency forcings, as detailed in §4.5.
We have devised a motion tracking procedure to record the deflection of the disk

remotely and dynamically under wave forcing. Half of the disk’s upper surface is

discretised with 39 nodes at positions that are measured accurately (less than a 1mm)

by a stereoscopic technique. The motion of the whole disk is extrapolated using the 78
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Figure 4.13: Schematic diagram of the experimental setup in the wave

tank for the first and second series of tests (panels a and b, respec-

tively). The accurate position of the disk and the front wave gauge,

measuring the incident wave, are given.

data points (39 nodes and their symmetric image), so comparisons with the model’s

predictions are possible. Note that the experimental grid does not include the edge of

the disk because of the neoprene barrier. This needs to be considered when drawing

conclusions about the motion of the whole disk. As a secondary objective, we measured
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the free surface elevation at five equidistant locations from the disk’s centre, using

resistive wave gauges. The scattered wave amplitude may be extracted at the measuring

points by subtracting the incident wave from the total measured value. Faulty incident

wave measurements were performed using an additional gauge close to the wavemaker.

A summary of the experimental setup is shown in Figure 4.13(a). The position of the

disk and the front gauge is given. As mentioned in §4.3.4, we may locate the other

five gauges around the disk by their polar coordinate with the origin at the centre of

the disk. Note that we have not included the cameras of the motion tracking device in

Figure 4.13(a) for clarity.

A second series of experiments has been performed on the same setup but translated

closer to the wavemaker, as shown in Figure 4.13(b). This allows us to check the

repeatability of our measurements. The repeatability analysis may give an indication

regarding the resolution of the measuring devices as this quantity may be viewed as

the discrepancy between the two measurements.

4.4 Two-disk setup

The model derived in Chapter 2 allows us to consider more than a single disk. Our in-

terest is to characterise the interaction effects between the disks and how the response

is modified compared to a single disk moving under similar wave forcing. A prototyp-

ical setting involving two disks is therefore designed to validate interaction model. In

addition, we will be looking for possible evidence of multiple scattering between the

disks, i.e. waves travelling back and forth from one disk to the other. Several arrange-

ments are tested in the present experiment including symmetric (with respect to the

x-axis) and non-symmetric configurations. Note that in cases where the symmetry is

broken, the deflection of the two halves of each disk is different.

Consider the general case of two disks with spacing s (centre to centre) and angle

̟ (with respect to the x-axis), as shown in Figure 4.14. The objective is to measure

the deflection of the two disks in their four halves (i.e. regions 1–4), as well as the free

surface elevation at eight points around each disk (labelled points 1–8 for the left disk

and 9–16 for the right disk). As the incoming wave is propagating from right to left in

Figure 4.14, we refer to the rightmost disk as the front disk, and the leftmost one as

the back disk.

The IR cameras used to capture the location of the markers have a limited field

of view and optical resolution (ability to distinguish two markers close to each other),
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Figure 4.14: Experimental arrangement involving two disks. Each

labelled point corresponds to a location of interest to measure the free

surface elevation. Four regions representing half a disk are defined.

so that we cannot use the same configuration to locate markers on two different disks

accurately. In addition, we were not able to obtain more cameras in order to setup a

second arrangement of cameras for the second disk that would work in parallel with

the first one. This requires each test to be performed twice (one disk analysed at a

time).

For non-symmetric arrangements (i.e. ̟ > 0), the motion tracking device must

include markers on the second half of the disk. However, preliminary tests showed

that markers located close to the edge barrier could not be seen by the two cameras

on the side of the tank (cameras 1 and 3). We decided to keep the original equipment

(considered for the single disk) and perform measurements on half a disk at a time.

Four tests are required to obtain a fully measured arrangement, presented schematically

in Figure 4.15. In tests 1 and 2, the back disk does not move while the front disk is

translated into the lower half plane, preserving spacing and the angle between the

disks. Measurements 3 and 4 are conducted with a fixed front disk and moving back

disk. Note that in each test, the arrangement of five wave gauges used to measure the

free surface elevation around a disk corresponds to a subset of five points analysed as

labelled in Figure 4.14. In each of the four tests, the disk equipped with the motion
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Figure 4.15: Schematic diagram of the four tests required to obtain

a fully measured arrangement. In each test, only half a disk and

five free surface points are analysed, corresponding to a region and a

subset of labelled points defined in Figure 4.14, respectively.

tracking device is the one re-used from the single-disk experiments. The other disk is

free of markers, although it is equipped with an edge barrier and a single vertical rod

that goes through its centre. We are not required to restrict the rotation in the second

disk as no measurements are performed on it, so the second rod is not needed. In cases

where the arrangement is symmetric (i.e. ̟ = 0), only two tests are performed (tests 1

and 3 in Figure 4.15) as the deflection in regions 2 and 4 can be deduced from regions

1 and 3 by invoking symmetry.

When tests 1 and 2 are performed, the back disk is at the same location as for the

first series of experiments involving a single-disk experiment (see Figure 4.13(a)). We

then locate the front disk in the coordinate system associated with the back disk. In

tests 3 and 4, the front disk is located as in Figure 4.13(b) and the back disk accordingly.

A shot of the experimental setup for test 1 in a symmetric case is shown in Figure 4.16.

The large number of tests required to obtain a fully measured arrangement has limited

the range of parameters analysed for the two-disk experiments. Details are found in
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Figure 4.16: Snapshot of the experimental setup involving two sym-

metric 3mm-thick disks in the configuration of test 1.

the subsequent section. Also note that the influence of the side walls may be critical in

this experiment, as for certain angles, a disk may be close to a wall and interact with

it in a way that affects its response. Therefore, particular care must be taken while

analysing the data to detect and ameliorate such effects (see Chapter 5).

4.5 Summary of tests achieved

The profile of the incident wave is similar to that considered in Chapter 3 (see Figure

3.3). The length of the initial ramp is 2 s, and amplitude and frequency are chosen so

that ǫ is constant. The duration of the excitation depends on the group velocity of the

incident wave, so is frequency dependent. It was decided that, at each frequency, we

should let the wavemaker run while the wavefront propagates to the beach and back

to the wavemaker (after attenuation) and then shut it down when the wavefront later
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f(Hz) 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3

λ(m) 4.3 3.2 2.4 1.9 1.6 1.3 1.1 0.9

ka 2.1 2.8 3.8 4.8 5.7 7.0 8.2 10.1

kH 2.7 3.7 4.9 6.2 7.4 9.1 10.7 13.1

I10 (mm) 22.3 15.6 12.6 9.9 8.2 6.8 5.4 4.5

I20 (mm) 44 30.8 25.1 20.1 16.6 13.8 10.8 8.8

Table 4.3: Wave conditions for the single-disk experiment.

hits the disk. We must also account for an initial delay of 0.93 s between the times the

signal is triggered and the wavemaker starts. We consider a range of eight frequencies

in the interval f = 0.6-1.3Hz, which corresponds to values of the non-dimensional

parameter ka ≈ 2–10, i.e. in the regime associated with the large body approximation,

where scattering effects dominate. In addiiton, deep water wave conditions (kH ≫ 1)

apply over most of the spectrum. Between tests, we let the system relax to its rest

state, typically 5–10min, depending on the frequency. This is mostly affected by the

frequency-dependent reflection coefficient of the beach. Note that the rest state of the

system was determined visually.

single-disk tests

Two series of experiments were conducted that involve a single disk, corresponding to

two positions in the wave tank (see §4.3.5). For each experimental setting, a range of

wave conditions was tested for each of the three disks considered (i.e. thicknesses h = 3,

5 and 10mm). We performed tests for steepnesses ǫ ≈ 1% and 2%. For each case, we

consider eight frequency forcings, as mentioned above. Table 4.3 defines the different

wave conditions generated for each disk, including wavelengths λ, non-dimensional

parameters ka and kH, and incident wave amplitudes I10 (ǫ ≈ 1%) and I20 (ǫ ≈ 2%).

For the single-disk experiment, 96 tests were performed.

We performed 32 additional tests (8 frequencies, 2 locations and 2 steepnesses) with

no disks to measure the incident wave only. The amplitudes in Table 4.3 are provided

by the incident wave measurements (tests with no disks), conducted with the group of

five wave gauges at the two locations. Note that the amplitudes of the wave forcing

are rather small overall, which necessitates the use of measuring devices with a high

resolution. This will be discussed further in Chapter 5.
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Two-disk tests

Tests involving two disks were performed on a limited range of parameters, due to the

two additional parameters involved (s and̟). We only considered two disk thicknesses,

i.e. h = 3 and 10mm, and one wave steepness, i.e. ǫ ≈ 1%. However, we conducted the

analysis on the whole range of eight frequencies, as for the single-disk experiment.

Four arrangements of the two disks system have been tested that allow us to test

the influence of the spacing on a symmetric configuration and the angle for a given

spacing. Two symmetric arrangements (i.e. ̟ = 0) were tested with s = 1.88m and

s = 3m, so that the corresponding shortest distances between the disks’ edges are

0.44 and s = 1.56m, respectively. Each arrangement requires two series of tests as

explained in §4.4. For non-symmetric arrangements, we set the spacing s = 3m and

performed tests for ̟ = 30◦ and ̟ = 45◦. As a result, the influence of the spacing

and the angle between the two disks is analysed separately, to determine how each of

these parameters affects the response of the system. We undertake four series of tests

for each arrangement in the non-symmetric case.

A total of 64 experimental tests were conducted with two disks, using incident wave

data determined for the single-disk experiment.
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Chapter 5

Analysis of experimental data for a

single disk

This chapter describes the types of data provided by the measurement devices and

how those data are processed to determine the efficiency of the setup and to perform

preliminary comparisons with model predictions. For this analysis, it is only necessary

to consider the single-disk experiments, as the two-disk extension follows immediately.

As explained in §4.3.4, an arrangement of six resistive wave gauges has been used

to record the free surface elevation at five points around the disk and a sixth point

close to the wavemaker (only in the first setup as shown in Figure 4.13) to obtain the

incident wave data. The wave data are visualised through the software package logger

and data files are generated for further processing. Prior to starting a test, we zero the

gauges during a three-second acquisition. Acquisitions are performed at a sampling

frequency of 100Hz. The measurement of the gauges data is then launched from logger

and set on hold until triggered by the wavemaker control software package. There is

an initial delay of 0.93 s. The wavemaker settles to its steady state of oscillations after

a two-second ramp.

In order to isolate the effect of the boundaries on the response of the system, we

define different characteristic times. We denote by t1, t2, t3 and t4, respectively, the

travel times corresponding to the wavefront propagating from the wavemaker to the

centre of the disk directly, after reflection from the closest side wall, after reflection at

the beach and after reflection from the wavemaker. The final time (i.e. t4) is also the

time at which the wavemaker shuts down and the measurements stop. The character-

istic times depend on the group velocity of the wave generated and may be expressed
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Figure 5.1: Diagram representing the travel times of a generated wave.

as follows

t1 =
xc
Cg

, t2 =
xc + 2yc
Cg

, t3 =
2L− xc
Cg

and t4 =
2L+ xc
Cg

, (5.1)

where L is the length of the wave tank, xc and yc are the distances between wavemaker

and disk centre, and side wall and disk centre, respectively. The parameter Cg is the

group velocity of the wave and is given in terms of the frequency as

Cg =
ω

2k

(
1 +

2kH

sinh 2kH

)
,

where ω = 2πf is the radian frequency, k = 2π/λ the wavenumber and H is the water

depth. Note that the present notations are consistent with those introduced in previous

chapters. A summary of the definition of the travel times is given in Figure 5.1. The

characteristic times are used to estimate when the influence of a boundary will affect

the response of the disk. Consequently, we see that the influence of the boundaries

may be removed from the response of a disk by analysing the signals between t1 and

min (t2, t3) alone. Table 5.1 gives the values of the characteristic times for the two

experimental setups. In the first setup, we have xc = 10.64m and yc = 4.2m, while in

the second setup, xc = 7.07m and yc = 4.37m (see Figure 4.13).

A data file (.dat) is generated by logger and contains the voltages of the six gauges

at every time sample (∆t = 0.01 s) including the zero measurement. As mentioned
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f(Hz) 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3

Cg(m s−1) 1.34 1.12 0.98 0.87 0.78 0.71 0.65 0.60

Setup 1

t1(s) 7.9 9.5 10.9 12.2 13.6 15 16.4 17.7

t2(s) 14.2 17 19.4 21.9 24.4 26.9 29.3 31.6

t3(s) 15.2 18.2 20.7 23.4 26 28.7 31.3 33.8

t4(s) 30.9 37.2 42.4 47.9 53.3 58.7 64.1 69.1

Setup 2

t1(s) 5.3 6.3 7.2 8.1 9.1 10 10.9 11.7

t2(s) 11.8 14.1 16.1 18.2 20.3 22.3 24.4 26.3

t3(s) 17.8 21.4 24.4 27.5 30.6 33.7 36.8 39.7

t4(s) 28.3 34 38.8 43.8 48.7 53.7 58.6 63.2

Table 5.1: Theoretical estimate of the characteristic times for each

setup over the frequency range considered.

in Chapter 4, the calibration of each gauge provides the conversion coefficients from

voltage to elevation (Marsault, 2010). Note that those coefficients are not frequency-

dependent.

The stereoscopic measurements of the disk’s motion are directly controlled by soft-

ware QTM. A sampling frequency of 64Hz is used for the acquisition procedure, which

is launched by an external trigger, that is the wavemaker control software. QTM

generates data files (.mat) to be analysed by MATLAB. The data are stored in a

multi-layered structure array that contains information regarding the corresponding

tests. These are the number of data points Nf (referred to as frames), the sampling

frequency, the label of each marker, the number of markers Nm and a three dimensional

data array of size Nm × 4×Nf . The second dimension contains the Cartesian coordi-

nates (x, y, z) with respect to the origin of the calibration frame and a residual estimate

on the corresponding measure. For convenience, we re-express the (x, y, z) data into a

coordinate system with origin at the centre of the disk. Note that the measurement is

not zeroed so we manually define the zero as the average of the position of each marker

over the first three seconds, i.e. before the incident wave disturbs the system.

The analysis of the data files is performed with MATLAB. We setup a unique

identifier for each test, which is convenient for further analysis by the software package.

The parameters of the experiment are the wave steepness (ǫ ≈ 1 or 2%), the frequency
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(f = 0.6–1.3Hz), the thickness of the disk (h = 3, 5 or 10mm) and the position of

the disk in the tank (position 1 as in Figure 4.13(a) and 2 as in Figure 4.13(b)). As

an example, ǫ1/f11/h10/pos2 denotes a test with conditions ǫ ≈ 1%, f = 1.1Hz,

h = 10mm in the second configuration.

5.1 Motion in the xy-plane and symmetry

As discussed earlier, to restrict unmodelled lateral and rotational motions of the disk,

we included a device in the experimental setup composed of two vertical rods going

through the disk at its centre and close to an edge along the negative x-axis. To limit

those motions to a minimum, the clearance between the rods and their respective guide

can be reduced. As it induces more friction on the vertical motion, a compromise was

found, as described in §4.3.1, which we seek to validate in the present section.

5.1.1 Surge and Sway

The components of the horizontal motion are surge (parallel to the x-axis) and sway (y-

axis). Such information may be directly extracted from the data file provided by QTM,

without further processing. Looking at the time evolution of the x and y coordinates

of the closest marker to the centre of the disk (i.e. 5, see Figure 4.10) minimises the

effect of yaw.

Figure 5.2 shows the horizontal displacements x and y of marker 5 over the duration

of the test with parameters ǫ1/f09/h10/pos2. The surge motion (shown in the top

panel) exhibits a quasi-periodic behaviour with oscillations at the frequency of the

wave forcing and an amplitude varying over time. We notice that the oscillations are

not symmetric with respect to the initial position, so that more energy is transmitted

towards the negative x-axis, i.e. in the direction of propagation of the incident wave.

We may also see that the crests of the signal are rippled, which may be an indicator

of contact inducing blocking between the central rod and its guide. A maximum of

approximately 3–4mm surge amplitude is permitted in this case.

The sway motion amplitude is limited to approximately 1mm, as shown in panel

(b). However, the amplitude does not change after the incident wave hits the disk

(i.e. t = t1), which suggests that the signal is ambient noise. Although the signal is

quasi-periodic between t1 and t2, we observe larger disturbances after t2 with higher

amplitudes. This may be interpreted as the influence of the boundaries of the wave
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Figure 5.2: Time evolution of the surge and sway motions of marker

5 during the test ǫ1/f09/h10/pos2. Characteristic times t1, t2, t3 and

t4 are also given.

tank, as t2 corresponds to the estimated time taken by scattered waves to hit the disk

after reflection from the side walls.

In order to analyse the efficiency of the rod restricting the surge and sway motions,

we looked at the maximum lateral oscillations of marker 5 in the x and y directions over

the frequency range considered in the experiments. Let us define the two quantities

(cx, cy) =

∣∣∣∣max
{
(x(t), y(t)) : 0 ≤ t ≤ t4

}
−min

{
(x(t), y(t)) : 0 ≤ t ≤ t4

}∣∣∣∣,

as the maximum surge and sway lateral oscillation of marker 5, respectively. We in-

vestigate how these parameters vary with respect to frequency, wave steepness, disk

thickness and position in the wave tank, and experimental data points are shown in

Figure 5.3. We observe that the values taken by the parameters cx and cy are all larger

than the clearance around the rod, i.e. 0.7mm, so that the rod experiences bending

under all of the wave conditions considered. In addition, surge and sway lateral oscil-

lations increase as the frequency decreases, which is a standard result regarding surge

and sway (see, e.g., Bennetts and Chung, 2011, in the context of elastic plates). We

observe that, for each disk, the magnitude of the parameters cx and cy approximately
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Figure 5.3: Maximum lateral oscillations in surge (panels a–c) and

sway (panels d–f) of marker 5 over the frequency range considered in

the experiments. The quantities are plotted for (a, d) h = 3mm, (b,

e) h = 5mm and (c, f) h = 10mm.

doubles as the steepness doubles. However, this is not sufficient to validate the linear-

ity assumption, as uncertainty remains regarding the amplitudes of the incident waves

generated (see §4.2.1).
Figure 5.3 shows good repeatability of the measurements at low steepness, while

more discrepancy is found when ǫ ≈ 2%. For h = 3 and 5mm we have similar values of

the parameter cx, while for h = 10mm it is significantly higher. These results accord

with what we expect as thicker disks have larger inertia, so that the hydrodynamic

forces are more significant. Measurements of the sway lateral oscillations are consistent

for the three thicknesses. Note that sway and surge have similar magnitude (except

for h = 10mm) which suggests that the disks undergo significant wave forcing in the

y direction. Although the reflection of the scattered waves on the side walls may

contribute to this behaviour, we anticipate that the contact between the rod and its

circular guide results in cyclic forces with components in both horizontal directions so
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that the trajectory of the marker is two-dimensional and cyclic.

As stressed in §4.3.1, the vertical clearance of the disk’s centre along the central

rod is not kept constant throughout the tests performed, so that this contribution

may explain part of the variability seen in Figure 5.3. Therefore, it is difficult to

draw conclusions about repeatability and the influence of the disk’s thickness on the

horizontal displacements.

We have demonstrated that the central rod allows for lateral oscillations O (1mm),

which shows that the rod and its guide are in quasi-permanent contact during a test.

This may induce friction and influence the vertical displacement of the disk close to its

centre. Lateral and vertical motions are coupled as part of any experimental setting,

so that we cannot restrict the former without influencing the latter. Other ideas were

raised prior to the experiments to restrict the lateral motion. For instance, we tested

a preliminary setup, which included a wire going through the centre of the disk, and

was attached to the platform at its upper end and to a weight resting on the tank bed

at its lower end. This showed a similar restricting behaviour as our rod but required

part of the setup to be dismantled before a disk change. Additional ideas involving

aerial mooring lines were discussed but not implemented due to technical difficulties

and lack of time. A theoretical analysis of the influence of the friction and the lateral

motion on the flexural motion of the disk follows in Chapter 7.

5.1.2 Yaw

The motion tracking device requires the mean position of the markers to be known

in advance, so that it records their three-dimensional displacement around this mean

position. Therefore, restricting the rotation is a requirement of the method utilised

to measure the disk’s motion. The rotation of the disk about the z-axis may be

extracted from the experimental data by looking at the relative displacement of a

marker close to the disk’s edge (to reduce the error) with respect to the displacement

of its centre (marker 5 is used in the present analysis to approximate the motion of

the centre). We choose to analyse marker 37 (see Figure 4.10), which is located on

the y-axis approximately 0.7m from the centre. In order to extract the yaw motion

from data file, we consider the quantity x37(t) − x5(t), where x5(t) and x37(t) are the

time evolutions of the x coordinates of marker 5 and 37, respectively. Subtracting the

surge x5(t) allows us to obtain the horizontal displacement due to yaw at the location

of marker 37. Note that using a marker located on the y-axis allows us to analyse the

yaw motion by only considering the x coordinate of the marker. Other markers would
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Figure 5.4: Time evolution of the horizontal displacement induced by

the yaw motion of marker 37 during test ǫ1/f09/h10/pos2.

give consistent results, although requiring the y coordinate data to be considered.

Figure 5.4 shows the time evolution of the horizontal displacement due to yaw for

test ǫ1/f09/h10/pos2. In the early moments (t ≤ t1), the yaw motion slowly varies at

an approximately constant rate of 0.26mms−1. This proves that, although a significant

amount of time was taken between two tests to relax the system (≈ 5–10min depending

on the frequency, as explained in §4.5), a perfect state of rest cannot be achieved. Once

the system is set in motion and reaches a quasi-steady state, the yaw linearly oscillates

as the disk bounces back and forth due to the contact between the rod close to the edge

and its guide. The oscillation is slightly irregular and seems to depend on the reflected

waves from the boundary of the tank. Note that the lateral oscillation of marker 37

is higher than 10mm, so that the edge rod bends under disk-induced normal forcing.

We do not expect that the edge rod will affect the vertical response of the disk due to

the significant clearance around the rod.

We investigate the behaviour of the lateral oscillation of marker 37 due to yaw over

the range of parameters varied in the experiments. Let us define the maximum yaw

angle as the angle between the two segment lines obtained by joining the centre of the

disk and marker 37 when its displacement due to yaw is a minimum and a maximum.

It may be expressed as

θy =

∣∣∣max
{
x37(t)− x5(t) : 0 ≤ t ≤ t4

}
−min

{
x37(t)− x5(t) : 0 ≤ t ≤ t4

}∣∣∣
ȳ37

,

where ȳ37 ≈ 0.7m is the mean value of marker 37’s y coordinate between t = 0 and
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Figure 5.5: Maximum yaw angle, expressed in degrees, measured at

marker 37 over the frequency range considered in the experiments.

The quantity is plotted for (a) h = 3mm, (b) h = 5mm and (c)

h = 10mm.

t = t4. Figure 5.5 shows the maximum yaw angle, expressed in degrees, plotted against

frequency for h = 3mm, h = 5mm and h = 10mm (see panels a, b and c, respectively).

The influence of the wave steepness and the position of the disk in the wave tank is

labelled in each plot. We may observe that the maximum yaw angle depends very

little on the parameters of the tests. In particular, the yaw angle’s magnitude is almost

consistently less than 1.5 degrees, which is satisfactory for the present experiment. Note

that higher values of the yaw angle, θy ≈ 2 degrees, are only obtained for f = 0.6Hz,

ǫ ≈ 2% and h = 10mm, under which conditions hydrodynamic forces are the most

significant for the range of parameters considered.

The values of yaw angles obtained for all the tests are sufficiently small, that the

motion tracking device may consider the location of the markers as quasi-fixed. The

yaw restriction ensures the arrangement of markers is contained in the upper half disk,

so the motion of the other half may be deduced by symmetry. The limitations of the

symmetry assumption are discussed in §5.1.3.
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5.1.3 Symmetry

The experimental setup is configured assuming symmetry (about the x-axis), so that

displacement measurements can be performed on half the disk only. The restriction

of the disk’s planar motion allows us to consider the mean horizontal position of each

marker as a fixed point of the disk where the corresponding vertical displacement is

taken. Therefore, the vertical motion of each marker may be extrapolated to the

other half invoking symmetry about the x-axis. However, two points that are initially

symmetric may not remain symmetric during a test due to the lateral motion of the

disk. Additional factors can also influence the symmetry. In particular, the disk is

slightly unbalanced due to the extra load arising from the markers’ weight acting over

the upper half disk and is not perfectly centred in the wave tank, so that we need to

analyse the validity of the symmetry assumption.

We investigate the symmetric behaviour of the 5mm-thick disk by adding extra

markers on the other half of the disk. We installed 7 markers on the lower half disk

(small compared to 39 on the upper half so that the balance is not affected) but the

cameras were only able to locate three. These three correspond to the symmetric

images of markers 10, 11 and 13 (see Figure 4.10), labelled 40, 41 and 42, respectively.

Note that we have performed the symmetry tests for a single wave steepness (ǫ ≈ 1%)

and a single position (pos1).

Figure 5.6 shows the time evolution between t1 and t2 of z10 and z40 (see panels a–c),

and z13 and z42 (see panels d–f), which are the z coordinates of markers 10, 40, 13 and

42, respectively. By analysing the signals in this specific time window, the influence

of the wave tank boundaries may be removed. Results of the symmetry analysis are

given for the frequencies f = 0.7Hz, f = 1Hz and f = 1.3Hz. We may see that

symmetry is respected overall, with approximately 0.5mm discrepancy in amplitude

and signals in phase, over the range of parameters varied in Figure 5.6. The agreement

is found to be best for f = 1Hz, with a discrepancy in amplitude of approximately

0.2mm. For f = 0.7Hz and f = 1.3Hz, a reasonably good agreement is observed with

approximately 0.5mm of discrepancy in amplitude.

We found that symmetry is respected within a margin of error of approximately

0.5mm, which is satisfactory for the present experiment. We note that the markers do

not remain perfectly symmetric over the duration of a test, due to imperfections in the

initial placement of the markers and to the lateral motion analysed in §5.1.1 and 5.1.2.

Therefore, we expect that the symmetrical behaviour of the system is actually better

than predicted by this test. We may conclude from the analysis that the symmetry
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Figure 5.6: Time evolution of the z coordinate of markers 10, 40,

13 and 42, expressed in mm, for frequencies (a, d) f = 0.7Hz, (b,

e) f = 1Hz and (c, f) f = 1.3Hz. The symmetry is checked by

comparing z10 and z40 in panels (a–c), and z13 and z43 in panels (d–

f).

assumption, in relation to the response of the disk, is justified, and we may extrapolate

the response of the measured half disk to its other half.

5.2 Preliminary model/experiments data compari-

son

The deflection of a disk under given wave conditions may be obtained from (i) the

experimental data or (ii) the model derived in Chapter 2. Therefore, it is possible to

compare the vertical displacement of any point of the disk measured experimentally and

predicted from the model. In this section, we perform such comparisons to determine

how the transient regular wave forcing utilised in the experiments may reproduce the

harmonic response of the model.
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The vertical displacement of any point of the disk is determined by its amplitude

and phase. Comparison of experimental and theoretical amplitudes is straightforward

to perform. Comparison of phases requires a tuning based on matching the phases

of the incident wave forcing in the model and experiments. Consider the vertical

displacement of a point of the disk, P say, predicted by the model expressed as in Eq.

(2.10), that is

ζM(x, t) = Re
{
ηM(x) e

iωt
}
,

where x is the vector of coordinates of the point considered. This quantity represents

the harmonic response due to a plane incident wave. Its maxima at t = 0 are located

at x = 2nπ/k, n ∈ Z, so that a peak occurs at x = 0. In the experiments, the disk

is excited by a regular transient wave. Assuming the disk reaches its steady-state of

oscillations after a certain time, we may express the vertical displacement of the point

P as

ζE(x, t) = Re
{
ηE(x) e

iω(t−tϕ)
}
,

where tϕ is a time at which a positive peak of the transient incident wave is located

at x = 0, so that the responses ζM(x, t) and ζE(x, t) are in phase. To find tϕ, we

assume that the wavemaker starts at t = td, where td = 0.93 s is the initial wavemaker

trigger delay (see §4.5). Once at steady-state, the wavemaker paddle reaches successive

positive peaks, which occur at t = td+2nπ/ω, for values of n such that 2nπ/ω exceeds

the ramp duration and is less than the shut off time. We may now align the peaks of

ζM and ζE by subtracting the time it takes for a peak to travel from the wavemker to

the disk’s centre, i.e. xc/Cϕ, where xc is the distance between the disk’s centre and the

wavemaker and Cϕ = ω/k is the phase velocity in the open-water region. Thus,

tϕ = td − xc/Cϕ + 2nπ/ω,

for an appropriate range of positive integers n. We may then compare the experimental

displacement ζE(x, t) to ζM(x, t) by multiplying the complex amplitude ηM(x) by the

complex exponential exp ( iωtϕ).

5.2.1 Pointwise comparison

Let us consider the local deflections, z1, z5, z9 and z37, of the four markers labelled 1, 5,

9 and 37 (see Figure 4.10), respectively. Figures 5.7 and 5.8 show the deflection of those

markers on the 5mm-thick disk in the second setup (pos2) for a steepness ǫ ≈ 1%, and

frequencies f = 0.8 and 1.1Hz, respectively. The harmonic motion predicted by the
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Figure 5.7: Comparison of the theoretical (dotted blue) and experi-

mental (solid red) vertical displacements, expressed in mm, of markers

1, 5, 9 and 37 for the test ǫ1/f08/h5/pos2.

model is plotted in blue dotted lines, while the regular transient response measured

during the experiments is shown in solid red lines. The relevant parameters used in the

model are ρ0 = 1000 kgm−3, H = 1.88m, R = 0.72m, h = 0.005m E = 503MPa and

ρ = 547 kgm−3. The diffraction transfer matrices of the disk have been generated with

truncation parameters M = 50, P = 10 and N = 10 for the vertical modes, vertical

projection modes and angular modes, respectively. In addition, the signals obtained

from the model are generated using incident wave forcings as given in Table 4.3.

We may observe in Figures 5.7 and 5.8 that once the experimental signal has reached

its steady state, it is in phase with the theoretical harmonic signal, which validates the

phase tuning discussed above. This also suggests that the dispersion properties of the

disk-covered region in experiments and model agree. However, tests on larger disk-
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Figure 5.8: Same as Figure 5.7 for ǫ1/f11/h5/pos2.

covered regions would be required to make a conclusive statement on the dispersion

properties.

For f = 0.8Hz (Figure 5.7), amplitudes and phases of markers 1, 9 and 37 are

in good agreement between theory and experiments within a relevant time window,

during which the transient regime and the influence of the boundaries are not present,

i.e. t ∈ (t1, t2). When t ≥ t2 (time at which reflected wave from the closest side wall

hits the disk), the influence of the boundaries of the wave tank may disturb the signal,

as is the case for marker 37. The deflection of marker 5 shows some discrepancy for

t ≥ t1, with a difference of approximately 2mm at every trough. In addition, theoretical

and experimental signals seem slightly out of phase around those minima, suggesting

that additional effects (e.g. non-linearities or friction along the central rod) close to

the disk’s centre may modify the response in that region. For f = 1.1Hz (Figure 5.7),
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a good agreement is found too. We may notice some discrepancy in amplitude for

markers 1, 5 and 37, but for those cases the difference is less than 1mm.

Results of the comparison analysis performed on a wider range of parameters may

be found in Appendix D. The pointwise comparison of theoretical and experimental

data presented in this section is limited, as it does not inform us on how well the

response of the disk is predicted by the model. In particular, we cannot quantify

the flexural behaviour of the disk at isolated points. Therefore, we see the need to

find other quantities for the comparison, that contain more information regarding the

response of the whole disk.

5.2.2 Visual comparison

We now consider the deflection of a disk as a single entity. We may discretise the disk’s

surface and calculate the vertical displacement at every nodal point theoretically (using

Eq. (A.5)) and experimentally (by interpolation from the grid of markers). We form a

radial grid composed of 73 concentric circles, with equal spacing (i.e. 10mm) between

them, and 40 radial branches equally spaced with an angle π/20, so the displacement

is evaluated in 2921 nodal points. Note that a similar grid will be used for integrating

quantities over the disk’s surface, which is sufficient to ensure the convergence of the

corresponding quadrature scheme.

The interpolation, which allows us to calculate the displacement at any previously

defined nodal grid point, knowing this quantity at the location of the markers, is based

on generating a Delaunay triangulation map of the set of points composed of the 39

markers and their symmetric image with respect to the x-axis. The displacement at any

point located within the triangulation map is then obtained by bilinear interpolation.

Note that the triangulated area is smaller than the disk as no markers are present on

the edge of the disk.

We consider the same study cases as in §5.2.1 to compare the theoretical and ex-

perimental disk deflections, i.e. ǫ1/f08/h5/pos2 and ǫ1/f11/h5/pos2. Figures 5.9 and

5.10 show the deflection of the disk for the two tests considered here. Note that for

the deflection calculated by the model (see panel a) we have a full disk, while for the

interpolated deflection from the experimental data (see panel b), the covered area is

smaller as the disk only extends to the location of the markers (shown as blue circles).

We may observe that, at f = 0.8Hz (Figure 5.9), we have a good agreement between

the experiments and theory, which extends similar remarks made when analysing four

markers in §5.2.1 for the same test. Note that the model seems to describe the motion
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Figure 5.9: Comparison of theoretical and experimental disk’s de-

flection (panels a and b, respectively), expressed in mmm, for the

test ǫ1/f08/h5/pos2. The experimental deflection is shown from the

reconstructed data at t = 14.7 s.

close to the edge accurately while it slightly overestimates the response closer to the

disk’s centre. At f = 1.1Hz (Figure 5.9), experimental and theoretical deflections

appear similar qualitatively. This means that phases at every points of the disk are

in close agreement. However, the model overestimates the response. This discrepancy

in the amplitude of the motion was observed in Figure 5.8 at four points of the disk

and seems to be generalised over the whole disk’s surface. We also notice that there

is a better agreement on the right half disk surface (i.e. x > 0) than on the left half.

Therefore, the wave propagating through the disk from right to left may be attenuated

progressively, which may arise from damping effects. This observation needs to be kept

in mind when analysing possible sources of discrepancy.

The comparisons performed in this section have shown reasonably good agreement

between the theory and experiments for the disk’s motion. Pointwise and visual com-

parisons are not sufficient, however, as they do not allow us to interpret the agreement
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Figure 5.10: Same as Figure 5.9 for ǫ1/f11/h5/pos2. The experimen-

tal deflection is shown from the reconstructed data at t = 18.2 s.

over the range of frequencies. This motivates the data processing technique derived in

the following section.

5.3 Time/frequency analysis

Comparisons of the disk’s vertical motion performed in §5.2 are based on raw experi-

mental data. The signals measured at every marker and wave gauge may be contam-

inated by non-linear effects, such as second- or higher-order waves, and noise due to

external perturbations or inherent to the measuring devices. In order to capture the

linear part of the recorded signals only, we need to filter wave components of frequency

higher than the frequency of excitation. Therefore, we seek to decompose the time

signals into their frequency domain Fourier basis so that we can identify the linear

component that is used for further comparisons with the model’s predictions.

The response of the measurement points (markers or gauges) displays steady-state

oscillations over a time window that is similar for all the points. The experimental
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amplitudes captured during this state, which should be constant over time, are a far

more effective quantity to compare with the model’s predictions, as they do not account

for the temporary transient regime. In addition, the duration of this steady-state

regime is limited as additional perturbations, due to reflected waves from the wave tank

boundaries, disturb the system’s response. Therefore, we intend to capture a single

amplitude value at each measurement point to characterise its harmonic response, and

then use it for comparison with the theoretical value provided by the model. We

define this value as the mean of the first-order amplitude in the Fourier frequency

decomposition of the signal taken in a time interval corresponding to the steady state,

t ∈
[
t
(−)
steady, t

(+)
steady

]
, where t1 ≤ t

(−)
steady < t

(+)
steady ≤ t2.

To characterise the Fourier frequency decomposition of a signal in a specific time

interval, we use a window function, which is zero outside that interval. Data files

generated by software for each measurement point provide discrete signals, so we apply

a discrete Fourier transform (DFT), which requires careful sampling depending on

the duration of the time window. The DFT of the windowed signal is the discrete

convolution of the signal and window transforms, which has a smoothing effect that

limits the presence of noise in the frequency spectrum. To define the steady-state

interval
[
t
(−)
steady, t

(+)
steady

]
, we apply the DFT to the sampled signal using a method based

on sliding windows, usually referred to as the short-time Fourier transform (STFT;

Allen and Rabiner, 1977; Cohen, 1989). This allows us to study the time varying

frequency spectrum of the signal during the test, in particular at steady-state, and

generate spectrograms, which contain all the time/frequency information in the signal.

5.3.1 Short-time Fourier transform

Consider a signal X(t) continuously defined over the interval [0, t4], where t4 de-

pends on the frequency of the wavemaker, as defined in Table 5.1. We multiply

the signal by a window wT (twin, t), that is zero everywhere except over an interval

[twin − T/2, twin + T/2] ⊂ [0, t4], with the property of being symmetric with respect to

the midpoint, i.e. t = twin. The signal X(t) and the time window are shown in Figure

5.11. We may take the Fourier transform of this product to obtain

F [X(t)wT (twin, t)] = F [X(t)] ∗ F [wT (twin, t)],

where ∗ denotes the convolution product and F the Fourier transform. This result is

commonly referred to as the Convolution Theorem. When correctly normalised, the

quantity defined in the above equation is the Fourier spectral decomposition of the
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Figure 5.11: Illustration of the data processing method for a signal

X(t) (solid line), sampled with Ntest points (magenta crosses) over

the test duration. The signal is windowed by the function wT (twin, t)

(rectangular window centered at twin of width T in the present case)

and re-sampled within the window (red pluses) to contain the bound-

ary points. The periodic extension of the windowed signal implied

when taking the DFT of the signal is shown as a dotted line.

signal X(t) over the time interval [twin − T/2, twin + T/2]. Note that the convolution

product has a smoothing effect which filters part of the inherent noise of the temporal

signal. We may rewrite the Fourier transform of the signal multiplied by the window

as

F [X(t)wT (twin, t)] = X̂T (ω, twin) =

∫ twin+T/2

twin−T/2

X(t)wT (twin, t) e
− iωt dt. (5.2)

We see from Eq. (5.2) that the Fourier transform depends on the time parameter twin

as well as the frequency. Therefore, we can define successive Fourier transforms for

different values of twin and generate a time-dependent Fourier decomposition of the

signal. Note that we have not defined the window function wT (twin, t), as we will

analyse several windows subsequently. In particular, we will investigate their ability

to distinguish frequency components close to each other (frequency resolution) and

the spreading of non-zero frequency components (commonly referred to as spectral

leakage).

The Fourier transform given by Eq. (5.2) is evaluated for discrete values of the

135



signal X(t) and the window function, so that we can define the corresponding DFT,

which may be estimated using an efficient FFT algorithm. The sampling rate is de-

fined as 1/fs, where fs is the sampling frequency, so the time samples of the signal over

[0, t4] are tn = n/fs, n = 0, . . . , Ntest, where Ntest = t4fs (shown as magenta crosses in

Figure 5.11). The DFT of a signal is defined as a Fourier series that requires the signal

to be periodic within the time window considered for the Fourier transform evalua-

tion. In our case, this means that the sampled product X(t)wT (twin, t) is periodically

extended with period T and is shown in Figure 5.11 as a dotted line. Therefore, if

we have X(twin − T/2)wT (twin, twin − T/2) 6= X(twin + T/2)wT (twin, twin + T/2), the

corresponding periodic signal is discontinuous at times twin + (2k + 1)T/2, k ∈ Z, as

shown in Figure 5.11. Such discontinuities result in spectral leakage in the Fourier

frequency spectrum and blur amplitudes associated with non-negligible modes. There-

fore, by leaving the duration of the window arbitrary, part of the energy associated

with a harmonic amplitude is leaked onto adjacent harmonics, leading to inaccurate

measurements of the relevant harmonic amplitudes. In order to taper this phenomenon,

we take a window of duration T = NT/f , where f is the frequency of the wavemaker

excitation and NT a non-zero integer, so that at steady-state the periodic sequence of

data points is sampled on the corresponding periodic continuous function.

Defining the window duration as an integer number of wave periods prevents us from

ensuring that the window is sampled in a way that includes a sample at each boundary.

If we do not have samples at both boundaries, the frequency spectrum induces spectral

leakage due to discontinuities at each end of the window. In this case, we re-sample

the signal by correcting the sampling rate, and estimate the value of the signal X(t)

at the new time samples (red pluses in Figure 5.11) through spline interpolation. Let

Ns + 1 define the number of samples within the time window of duration T and XT (t)

denote the periodic extension of X(t) of period T , which matches X(t) in the interval

[twin − T/2, twin + T/2]. The DFT of the windowed signal is then given as

X̂T (ω, twin) =
1

T

∞∑

n=−∞
XT

(
twin +

n

T

)
ŵT

(
twin, ω − 2πn

T

)
, (5.3)

where ŵT (twin, ω) = F [wT (twin, t)] is the Fourier transform of the window function. In

order to evaluate Eq. (5.3) by FFT, we discretise the frequency interval [0, 2πfs] so that

ωn = 2πnfs/(Ns + 1), n = 0, . . . , Ns. This allows us to define the Fourier frequency

decomposition of the signal X(t) at time t = twin. We may then evaluate the amplitude

of the fundamental frequency (i.e. ωNT+1) for twin varying from t1 to t2 and calculate

the mean of this amplitude over an appropriate subinterval
[
t
(−)
steady, t

(+)
steady

]
.
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5.3.2 Window function

We investigate the influence of the window function wT (twin, t) on the time-dependent

Fourier frequency decomposition of a signal X(t). We analyse the performance of

four window functions, with particular focus on smoothing, resolution and spectral

leakage (see Harris, 1978, for a detailed analysis on the use of window functions). We

consider four window functions (see, e.g., Chu, 2008, Chapter 8), which are defined for

t ∈ (twin − T/2, twin + T/2) as follows:

• the rectangular window (see Figure 5.12(a))

wT (twin, t) = 1

• the triangular window (see Figure 5.12(b))

wT (twin, t) = 1− 2
|t− twin|

T

• the von Hann window (see Figure 5.12(c))

wT (twin, t) =
1

2

(
1 + cos

2π |t− twin|
T

)

• the Hamming window (see Figure 5.12(d))

wT (twin, t) = 0.575 + 0.425 cos
2π |t− twin|

T
.

All are zero for |t− twin| ≥ T/2.

The Fourier transform ŵT (twin, ω) of those four window functions may be expressed

analytically, as a frequency dependent factor multiplying a normalised cardinal sine

factor sincωT/2, such that sinc υ = sin (πυ) /πυ for any real number c. Figure 5.13

shows the transforms of the four window function, taken at twin = 0, in their normalised

form against the frequency parameter ω̄ = Tω/2. We may observe the sinc function-

like behaviour of the transforms, which are characterised by a main lobe centered at the

origin, whose width determines the resolution of the corresponding window (the thinner

the more accurate), and successive sidelobes, whose amplitudes are associated with the

spectral leakage allowed by the window. The width of the main lobe is proportional

to 1/T . It may be shown (Chu, 2008) that the rectangular window has the smallest

main lobe width (i.e. the best resolution) of the four windows, followed, in order, by

the Hamming, the triangular and the von Hann windows. On the other hand, the

137



0

0.5

1

0

0.5

1

0

0.5

1

0

0.5

1

twin

twin

twin

twin

w
T

w
T

w
T

w
T

T

T

T

T

(a) (b)

(c) (d)

Figure 5.12: Window functions of duration T and centered at t = twin.

The performance of (a) the rectangular, (b) the triangular, (c) the von

Hann and (d) the Hamming windows are compared.

rectangular window allows for significant spectral leakage (significant sidelobes), and

the triangular, von Hann and Hamming windows are preferable when this issue affects

the results.

In order to illustrate numerically the data processing method described above and

compare the performance of the different window functions, we consider the verti-

cal displacement of marker 5 (see Figure 4.10), z5(t), during the test identified by

ǫ1/f08/h5/pos2. The unprocessed signal is shown in Figure 5.7. We set the win-

dow duration to be twice the period of the wavemaker (i.e. NT = 2). Results of

the time/frequency analysis are given in the form of a spectrogram1 of the quantity∣∣∣X̂T (ω, twin)
∣∣∣ for discrete ω and twin (time step of 0.2 s between successive windows).

Figure 5.14 shows the spectrograms of the signal z5(t) obtained using each of the four

windows. We set fmax = 10Hz as the upper boundary of the frequency domain and the

grey color map characterises the amplitude of
∣∣∣X̂T (ω, twin)

∣∣∣, such that the saturation is

reached for max
{∣∣∣X̂T (ω, twin)

∣∣∣ , ω ∈ [0, 20π] , twin ∈ [0, t4]
}
. We may observe that the

1time-varying spectral decomposition of a signal’s amplitude (or its square), given as a three-

dimensional plot.
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at twin = 0 against the non-dimensional frequency ω̄. The transforms

are shown for (a) the rectangular, (b) the triangular, (c) the von Hann

and (d) the Hamming windows.

rectangular window allows for some spectral leakage during the transient phase, as the

spreading extends up to 4Hz, while the other 3 windows limit the leakage, confirming

remarks made in the previous paragraph. At steady-state (t ≥ t1), however, the

high resolution of the rectangular window provides a clear reading of the spectrogram,

which confirms that the spectral content is essentially composed of the amplitude at the

fundamental frequency (ω3), although a second-order component (ω5) of much lower

amplitude may be seen. The non-zero constant component (ω1) suggests that the point

oscillates about a non-zero mean.

Windowing a signal may result in the amplitude associated with a given frequency to

spread over adjacent frequencies due to a wide main lobe in the Fourier transform of the

window (low resolution windows). The spectrograms obtained using the triangular, von

Hann and Hamming windows show that, for t ≥ t1, the amplitude of the fundamental

frequency spreads on either side of ω3, which exhibits the low resolution characteristics

of these windows. However, the amplitudes found are similar to the ones obtained

with the rectangular window, so the low resolution the three windows only affects the

processing of the data in cases when significant frequencies are close to each other.
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Figure 5.14: Spectrogram in amplitude of the signal z5(t) for

ǫ1/f08/h5/pos2, generated using a (a) rectangular, (b) triangular,

(c) von Hann and (d) Hamming window, such that NT = 2.

Due to the proximity of the first-order and second-order components, the rectangular

window is used for the STFT and for constructing the associated spectrograms.

The time resolution is also characterised by the duration of the window, i.e. T , as

within a short window, the associated spectral decomposition is well localised in time

such that sudden variations of the spectrum over time are captured. Reducing the

window duration decreases the frequency resolution, however, so that a compromise

must be found. This issue is known as the Gabor limit (the uncertainty principle of

signal processing), which states that a signal cannot be both time-limited and band-

limited (Cohen, 1989). We investigate the influence of the window duration on the

resolution characteristics in time and frequency by considering the cross-sectional view

of the spectrogram at ω = ωNT+1, i.e. the time evolution of the amplitude of the

fundamental frequency.

Figure 5.15 displays
∣∣∣X̂T (ω1+NT

, twin)
∣∣∣ for conditions similar to those considered in

Figure 5.14. We vary the duration of the window through the parameter NT . We

may see that increasing the window duration has a smoothing effect on the time-

varying amplitude, but the time resolution is reduced. Some of the features of the

response are not rendered well by the long window, for example the bumps occuring
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Figure 5.15: Cross-sectional view of the spectrogram in amplitude

of the signal z5(t) for ǫ1/f08/h5/pos2 at the fundamental frequency

ω1+NT
. Amplitudes are given in mm and are plotted for NT = 1–4 in

blue, red, green and magenta, respectively.

at twin ≈ 19 s and twin ≈ 27 s. In addition, long windows tend to extend the transient

regime, so that the duration of the steady-state time interval is decreased. We also

observe that, although the resolution in frequency is worse for short windows, the

steady-state amplitude is similar for all four windows. This was expected as the signal

analysed is the same in each case.

In order to locate the steady-state interval accurately in time, during which the

mean is taken for comparison with the model’s predicted value, we choose short win-

dows (i.e. NT = 1 or 2). For high wavemaker frequencies, the time-varying ampli-

tude can be noisy, so in this case, we may increase NT to obtain a smoother steady-

state. Note that in Figure 5.15, we may define the steady-state interval boundaries as

t
(−)
steady = 11 s and t

(+)
steady = 16 s. The mean of the amplitude over this interval is 9.6mm,

to be compared with the theoretical value 11.3mm. Therefore, the discrepancy is more

significant than that evaluated from the unprocessed signal, as shown in Figure 5.7.

5.4 Results

In this section, we present results of the time/frequency analysis derived in §5.3. Sig-
nals measured by the wave gauges and the motion tracking device of the disk are

investigated, using the STFT, so that we capture the amplitude of the fundamental
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Figure 5.16: Incident wave amplitude measured experimentally in the

first setup for each frequency considered. Spectra are given for the

tests performed with the two wave steepnesses ǫ ≈ 1% (lower plots)

and ǫ ≈ 2% (higher plots). Each data points represents the mean of

10 measurements and the corresponding error bars are included.

frequency over the duration of the test. We may then identify the steady-state interval

and take the mean amplitude value over this interval.

5.4.1 Incident wave measurements

It was noted in §4.2.1 that the calibration of the wavemaker was not sufficiently accu-

rate, for the specified amplitude to match the generated amplitude precisely. In order

to compare the experimental and theoretical disk responses correctly, the wave forcing

applied in each situation must be consistent. In the model, the incident wave ampli-

tude is arbitrarily defined, while in the experiments, we must measure its value, which

we then use in the model.

To measure the amplitude of the wave generated by the wavemaker, we use data

collected by the five gauges around the disk when the disk is removed. Software logger

provides a data file containing the voltages measured in each gauge, captured at a

sampling frequency fs = 100Hz. These voltages are then converted into fluid surface

elevation by multiplying by an appropriate calibration coefficient. In this manner, we

may reconstruct a time-varying signal, that represents the free surface elevation at the

point where the gauge is located.

Incident wave measurements are conducted for all tests performed with no disk, as

described in §4.5. In particular, we have repeated those measurements for two virtual
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Figure 5.17: Relative standard deviation against frequency for ǫ ≈ 1%

(blue circles) and ǫ ≈ 2% (red squares).

locations of disk (xc ≈ 10.5m and 7m). Therefore, for each frequency and steepness,

we have ten measurements of the incident wave amplitude. This allows us to check the

repeatability of the wave generation and feed the model statistically relevant averaged

data. It also provides an estimate of the resolution of the gauges, given by the standard

deviation of the set of data.

Let I0 denote the amplitude of the incident wave, as the mean of the fundamental

amplitude within the steady-state interval. We may calculate the standard deviation

associated with each forcing as

S =

√√√√ 1

ns − 1

ns∑

i=1

(
I
(i)
0 − Ī0

)2
,

where I
(i)
0 , i = 1–ns, are a set of ns samples measuring the same quantity and Ī0 is the

mean of those values. In our case, we have ns = 10.

Figure 5.16 shows the incident wave amplitude data at each frequency considered

in the experiments. Data obtained for specified wave steepnesses of 1% and 2% are

represented with similar lines and markers, with the understanding that a larger steep-

ness produces waves of higher amplitudes. The standard deviation for each frequency

and steepness provides the magnitude of the error bars included in the figure.

The relative standard deviation, ∆S say, defined as the ratio of the standard devia-

tion to the mean, gives a good estimate of the error. We observe in Figure 5.17 that the

error spectra are similar for both steepnesses. We find a relative error of approximately

5–7% for all cases, except at f = 0.7Hz, for which it reached 9%. The reasons for this

higher error have not been found. Note that these error estimates include the imper-
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fections of the device, the variability of the wavemaker forcing and the reading error

on the spectrogram due to the amplitude-averaging performed within the steady-state

window.

5.4.2 Pointwise comparison of disk’s displacement

The motion of each marker may be characterised using the STFT analysis devised in

§5.3. Therefore, we may refine the pointwise comparison study performed in §5.2.1,
by capturing the single value steady-state amplitude of the fundamental frequency

associated with each experimental test, which may be considered as the linear time-

harmonic response.

We consider the vertical displacement of markers 1, 5, 9 and 37 (see Figure 4.10).

The amplitude of each marker is captured during the steady-state window and scaled by

the corresponding incident wave amplitude to define the non-dimensional amplitudes

z̄1, z̄5, z̄9 and z̄37. Assuming linearity, the corresponding non-dimensional value is

not dependent on the incident wave amplitude, although the experimental value will

include the error measured for the incident wave amplitude. The theoretical prediction

of the scaled motion at those four points is obtained by setting an incident wave of

amplitude unity and the truncation parameters of the partial sums, used to describe

the fluid and disk’s motions, as N = 10 (angular modes), M = 50 (vertical modes) and

P = 10 (vertical projection modes).

Figure 5.18 shows the scaled vertical displacement spectra of the four markers for

each disk thickness considered here. Each experimental data point represents the mean

of the scaled amplitudes for four experimental measurements corresponding to two

wave steepnesses, ε ≈ 1% and 2%, and two disk locations, xc ≈ 7m and 10.5m. Error

bars are deduced from the standard deviation associated with the four corresponding

measured values. These results may be compared with the model’s predictions for each

disk thickness and point over a frequency range f = 0.5–1.4Hz. We observe a good

general agreement between theory and experiments, particularly for the 3 and 10mm

disks. In most cases, it is seen that the model slightly overestimates the displacement

of the disk, however.

The quantitative discrepancy between the experimental data points and the the-

oretical curve is consistent over the frequency range considered. We find a relative

difference E = 5–20% between theory and experiments for most experimental frequen-

cies. Overall, the agreement is best for the 3mm-disk (E = 5–10%) and worst for the

5m-disk (E = 10–20%). In addition, it is observed that model and experimental data
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Figure 5.18: Vertical displacement of markers (a–c) 1, (d–f) 5, (g–i)

9 and (j–l) 37 scaled by the incident wave amplitude as a function

of frequency, for the three disk thicknesses considered, i.e. h = 3mm

(panels a,d,g,j), 5mm (panels b,e,h,k) and 10mm (panels c,f,i,f). The

figure displays experimental data obtained for steepnesses ǫ ≈ 1%

(blue and green crosses corresponding to the first and second setup,

respectively) and ǫ ≈ 2% (red and magenta pluses corresponding to

the first and second setup, respectively). The theoretical spectrum

is given continuously as a black solid line over the frequency range

f = 0.5–1.4Hz.

agree best for marker 1 (E = 5–10%) and worst for marker 37 (E = 10–20%), which is

the only marker not located on the x-axis. This suggests that three-dimensional effects

are less accurately represented by the model.

Figure 5.19 shows the frequency spectrum of the relative standard deviation for

each of the four markers and the three disk thicknesses. Note that the error contains

that of the incident wave measurements due to the scaling. We find a relative error

of 7% or less in all cases, except for the 5mm disk and marker 5 (squares in panel

b), where the error is larger (10–15%) for f ≥ 0.9Hz. The variability observed for
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Figure 5.19: Relative standard deviation of the experimental displace-

ment of markers 1 (blue crosses), 5 (red diamonds), 9 (green circles)

and 37 (magenta squares) against frequency, for (a) h = 3mm, (b)

h = 5mm and (c) h = 10mm.

marker 5 probably arises from local effects. More tests would be required to obtain

error estimates with more statistical relevance. However, the results obtained here are

satisfactory. Note that the error is similar to that observed for the incident wave data,

so that we can conjecture that the variability in the measurements performed by the

motion tracking device is negligible compared to the other sources of variability.

5.4.3 Higher-order analysis

The STFT method, used to process the raw experimental time series (see §5.3), allows
us to analyse the effects of higher-order harmonics on the response. In particular,

we may determine how much of the amplitude captured at a measuring point has

a non-linear source. A preliminary analysis of the spectrograms associated with the

displacement of the disk (not shown here) demonstrated that non-linearities in the

motion are characterised mainly by second-order effects (ω = 2ω0, where ω0 is the
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frequency of excitation). Here, we consider the influence of the second- and third-

order (ω = 3ω0) components on the motion, as a means to characterise the limitations

of the experimental setup. This analysis will help us to determine the proportion of

non-linear components in the disk motion due to the incident wave and that due to

additional processes. We first determine if the measured harmonics are consistent with

the theoretical amplitudes provided by the fifth-order theory of water waves. Let A(2)

and A(3) denote the second- and third-order harmonic amplitudes. Following Molin

(2002), these amplitudes are given by

A(2) =
kI20
2

coth kH
1 + 2S

1− S
, (5.4a)

A(3) =
3k2I30
8

1 + 3S + 3S2 + 2S3

(1− S)3
, (5.4b)

where S = 1/ cosh kH.

To compare the measured higher-order amplitudes to the theoretical predictions, we

define A
(2)
th and A

(3)
th as the ratio of the second- and third-order amplitudes to the the-

oretical amplitude, respectively. Figure 5.20(a,b) shows the spectra of these ratios for

both wave steepnesses considered. For each wave steepness and frequency, we took the

mean of the ten values obtained for the two tests performed with no disks, as discussed

in §4.5. We observe that the second-order harmonic is captured reasonably well by the

model with a relative difference of less than 40% in most cases. The model slightly

overestimates the response for the 2% wave steepness (10–25% relative amplitude),

while it is underestimated for the 1% wave steepness (25–40% relative amplitude). It

is seen that the agreement declines as the magnitude of the motion decreases, probably

due to the limited resolution of the wave gauges. This assertion is confirmed by the

third-order harmonic spectra, for which the model underestimates the measured am-

plitudes significantly. Specifically, the experimental third-order harmonic exceeds that

estimated theoretically by more than one order of magnitude for the 1% wave steep-

ness, corresponding to theoretical amplitudes of magnitude O (10−6) m. In this case, it

is reasonable to conjecture that the third-order components is mainly characterised by

the inherent noise at low amplitudes, due to the limited resolution of the wave gauges.

For the 2% steepness, we find A
(3)
th ≈ 5 for f ≤ 1.1Hz, so that experimental and

theoretical harmonics have the same order of magnitude, corresponding to amplitudes

with magnitude O (10−5) m, which can therefore be considered as an estimate of the

resolution of the wave gauges.

We then determine the proportion of higher-order harmonics in the motion of the

system. We define the relative harmonic amplitudes A
(2)
h and A

(3)
h as the ratio of the

147



0.6 0.8 1 1.2 1.4
0

0.5

1

1.5

0.6 0.8 1 1.2 1.4
0

20

40

60

0.6 0.8 1 1.2 1.4
0

1

2

3

4

0.6 0.8 1 1.2 1.4
0

0.5

1

1.5

2

f(Hz) f(Hz)

A
(2

)
t
h

A
(3

)
t
h

A
(2

)
h

A
(3

)
h

(a) (b)

(c) (d)

Figure 5.20: Panels (a) and (b) show the spectra of second- and

third-order harmonics, respectively, of the incident wave amplitude

data scaled by the theoretical amplitudes. Panels (c) and (d) show

the spectra of relative harmonic amplitudes for the second- and third-

order components, respectively (in percents). In each panel, the spec-

tra are given for wave steepnesses ε ≈ 1% (blue circles) and ε ≈ 2%

(red squares).

second- and third-order amplitudes to the fundamental amplitude, respectively. Figure

5.20(c,d) shows the relative harmonic amplitude spectra of the incident wave amplitude

for the second- and third-order harmonics. We observe that second- and third-order

harmonics represent less than 3% and 2%, respectively, of the fundamental amplitude

for most cases considered. The proportion of second-order harmonic is larger for the

2% wave steepness in most cases, as could be expected. It is also seen that for a given

steepness, the spectrum remains reasonably constant over the frequency range con-

sidered, which confirms that the wave steepness is the determining parameter for the

second-order effects for deep-water waves. On the other hand, the third-order harmon-

ics increase with frequency and wave steepnesses. This provides additional evidence

that third-order effects are characterised by noise mostly, as conjectured earlier. In
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Figure 5.21: Spectra of second-order relative harmonic amplitudes for

the vertical displacement of markers (a) 1, (b) 5, (c) 9 and (d) 37 (in

percents). In each panel, the spectra are given for disk thicknesses

h = 3mm (blue circles), h = 5mm (red squares) and h = 10mm

(green diamonds).

further analyses, we consider the second-order effects only.

The relative harmonic amplitude spectra of the vertical displacement of markers

1, 5, 9 and 37 are given in Figure 5.21 for the second-order harmonic only. Again,

each data point represents the mean value over four tests (theoretically identical when

scaled). We observe that the spectra are similar to those of the incident wave (see

Figure 5.20a), except for h = 5mm at low frequencies (f < 1Hz) and for markers 5,

9 and 37. In this case, we observe a relative harmonic amplitude of 8–15%, suggesting

that additional sources induce second-order non-linear motion in the left half of the

disk. During the wave basin tests involving the 5mm disk, we observed visually a

resistance to the motion at the disk centre for high amplitude wave forcing, suggesting

the presence of friction. Therefore, we conjecture that the frictional effects along the

central rod represent a source of non-linearities observed in Figure 5.21.

We have shown that the non-linearities may vary at different points of the disk,

during a test, suggesting that local imperfections affect the response. Although it
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was found that most non-linearities originate from the incident wave, the experimental

setup induces additional non-linear effects in a few cases, which may be explained by

the disk’s equipment or the properties of the disk itself.

5.5 Conclusions

The experimental setup described in Chapter 4 allows us to capture the time-varying

three-dimensional displacement of the disk using a motion tracking device. The data

have been analysed to demonstrate the performance of the two-rod device for restriction

of the xy-plane motion. In particular, we found that surge and sway motions are

restricted to less than 5mm in most cases, although they may reach 5–10mm for low

frequency waves. The rotation of the disk was also found to be limited to less than 2

degrees in all cases. Therefore, we may conclude that the device fulfills its objective.

A detailed analysis of its influence on the vertical motion is described in Chapters 6

and 7.

Preliminary comparative results of the deflection of four points of the disk between

theory and experiments have been presented. When tuning the phase of the incident

wave in the model to one generated in the experiments, we found that the deflection of

the disk obtained from the model responded in phase with its experimental counterpart.

A direct comparison of the amplitudes requires the experimental data to be processed,

to ensure linearity and harmonic motion are respected, and the effect of the wave tank’s

lateral boundaries is removed.

We devised a method of time/frequency decomposition of the experimental data

signals, based on a STFT. The time-dependent signal is projected into its DFT basis

within a time-stepping window, which allows us to obtain the time-varying spectral

decomposition of the signal. The result of this analysis was given in the form of a

spectrogram. By taking a cross-section of this image at the fundamental frequency, we

obtain the transient evolution of the filtered linear component of the signal. We may

capture the harmonic response of the linear signal in a steady-state interval, which

removes the influence of the transient regime and the lateral boundaries. The quantity

used for further analysis is defined as the mean of the fundamental frequency amplitude

over this window.

We then analysed the measurements of incident wave amplitude provided by the

wave gauges data, during the tests with no disks. A repeatability analysis based on

ten independent values for each forcing showed a good level of accuracy, and the error
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on the processed data was estimated to be 5–7% in most cases.

A refined comparison analysis of the disk’s vertical displacement was performed,

using processed experimental marker amplitudes. We compared the deflection spectra

at four points of the disk scaled by the incident wave amplitude, and observed a good

agreement overall, although the model consistently overestimates the response for all

thicknesses and frequencies. We then have analysed the repeatability of the results

for each disk thickness and frequency, using four measurements corresponding to two

positions and two steepnesses. We found a relative deviation of less than 7% in most

cases, which confirms the pointwise repeatability of the deflection measurements.

Finally, we analysed the proportion of higher-order harmonics on the motion of the

wave forcing and the disk. We found that non-linear components in the response of

the markers are low overall. They are less than 5% of the fundamental amplitude in

most cases, and can be explained by non-linearities inherent to the incident wave and

being transferred to the disk motion. Evidence of local effects have also been found,

as different behaviours are found at different points.

A pointwise comparison of the motion between model and experiments may not give

significantly meaningful results. Local imperfections in the experimental setup may be

captured in the pointwise measurements, which may not be significant on the response

of the full disk. In addition, those comparisons do not give any information on how

well the model replicates the flexural motion of the disk in the experiments. Therefore,

there is a need to find other quantities to perform the comparisons between theory and

experiments, which could minimise local imperfections and provide information about

the response of the disk as a whole. Such quantities are derived and analysed in the

following chapters.
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Chapter 6

Model/experiments comparisons

for a single disk

In Chapter 5, we derived a signal processing method based on the shirt-time Fourier

transform (STFT) to determine the linear harmonic component of the time series mea-

sured in the experiments. This allowed us to perform direct comparisons of amplitudes

with the model’s prediction at any point of the disk. We compared the theoretical and

experimental vertical displacements of four points as frequency spectra of the corre-

sponding amplitudes (see Figure 5.18). Although we observed good qualitative agree-

ment and reasonable repeatability (less than 10% relative error) overall, the response at

each point may be partly determined by local effects. Therefore, the pointwise analysis

of the motion is limited in terms of significance (information given at a set of single

points independently from one another).

We therefore seek to compare integrated quantities over the disk’s surface as a

means to characterise the response of the disk as a single entity. The motion of the

disk is decomposed into the natural modes of vibration (NMV) of the thin circu-

lar plate, which allows us to analyse the flexural modes and the rigid body modes

separately. The amplitude associated with each mode is evaluated by integration of

the displacement multiplied by an appropriate modal function over the surface of the

disk. The integration has a smoothing effect, which dampens the variability of the

corresponding experimental quantities. Note that the separation into rigid body and

flexural modes is not possible using the hydroelastic modal expansion (2.19) that was

devised in Chapter 2 to solve the problem. In this case, each mode has a rigid body

and flexural component.

The NMV of the in vacuo thin circular plate are the solutions of the Kirchoff-Love
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thin-elastic plate equation (see Eq. (2.6)) without forcing, i.e. the right hand term

is 0. The NMV are known for various types of edge conditions, including the free-

edge condition (Leissa, 1969; Itao and Crandall, 1979; Graff, 1991). In the context

of hydroelasticity, the NMV of the circular plate have been used as a basis of the

plate’s deflection in the solution method (Meylan, 1995; Meylan and Squire, 1996;

Sturova, 2003). However, those works have not analysed the magnitude spectra of

these modes, which may provide information regarding resonances and phase changes

of the structure, and allow us to determine which modes predominate for different

regimes. In this chapter, we use the NMV as a quantity for comparing theoretical and

experimental results. This also gives us insights with regards to the behaviour of the

modes over the frequency range of interest.

6.1 Natural modes of a circular plate

We derive the expressions of the NMV of a circular thin-elastic plate in vacuo satisfying

free-edge conditions. The notations used here are consistent with those introduced in

Chapter 2. Assuming harmonic motion, the deflection η(r, θ) of a plate is governed by

the differential equation
(
∇4 −K4

)
η = 0, (6.1)

where the wavenumber K satisfies K4 = ρhω2/D, with ρ the plate’s density, ω the

radian frequency and D the plate’s flexural rigidity. We seek separation solutions of

the eigenvalue problem in polar coordinates and expand the azimuthal component into

a Fourier series. Solving for the radial component leads to a linear combination of

Bessel functions and modified Bessel functions, from which we discard the components

that are singular at the origin. The free-edge conditions given by Eq. (2.8) then lead

to the general expression

wn(r, θ) =
[
Jn (Knr/R) + CnIn (Knr/R)

]
e inθ,

for n ∈ Z. The constants Kn are non-dimensional wavenumbers and are the roots of

the characteristic equation (Itao and Crandall, 1979)

det








F
(fe)
Jn

(Kn) M
(fe)
Jn

(Kn)

F
(fe)
In

(Kn) M
(fe)
In

(Kn)








= 0, (6.2)

154



where

F
(fe)
Jn

(Kn) = K3
nJ

′
n(Kn) + n2(1− ν)

[
KnJ

′
n(Kn)− Jn(Kn)

]
,

F
(fe)
In

(Kn) = K3
nI

′
n(Kn)− n2(1− ν)

[
KnI

′
n(Kn)− In(Kn)

]
,

M
(fe)
Jn

(Kn) = K2
nJn(Kn) + (1− ν)

[
KnJ

′
n(Kn)− n2Jn(Kn)

]
,

M
(fe)
In

(Kn) = K2
nIn(Kn)− (1− ν)

[
KnI

′
n(Kn)− n2In(Kn)

]
.

The constants Cn are the mode shape parameters and are given for all n ∈ Z by

Cn =
M

(fe)
Jn

(Kn)

M
(fe)
In

(Kn)
=
F

(fe)
Jn

(Kn)

F
(fe)
In

(Kn)
.

For each n ∈ Z, Eq. (6.2) admits an infinite number of real roots Kn,j , j ∈ N,

ordered in ascending magnitudes, which are the eigenvalues of the problem defined by

Eqs. (6.1) and (2.8). Note that the set of roots only depends on the Poisson’s ratio

ν. The mode shape parameters Cn,j are defined accordingly. Using the properties of

Bessel functions, it may be shown that K−n,j = Kn,j and C−n,j = (−1)nCn,j (corrected

from Itao and Crandall, 1979), n ∈ Z, so we may define the set of NMV of the circular

plate as

wn,j(r, θ) =





[
Jn (Kn,jr/R) + Cn,jIn (Kn,jr/R)

]
sinnθ, n ≤ 0

J0 (K0,jr/R) + C0,jI0 (K0,jr/R) , n = 0[
Jn (Kn,jr/R) + Cn,jIn (Kn,jr/R)

]
cosnθ, n ≥ 0,

(6.3)

which are commonly referred to as the mode shapes.

Each mode is associated with a natural frequency of vibration of the plate. Those

frequencies may be expressed in terms of the wavenumbers as

fn,j =
1

2πR2

√
D

ρh
K2

n,j, (6.4)

for n ∈ Z and j ∈ N. The natural frequencies are ordered in the same way as the

wavenumbers, so that fn+1,j ≥ fn,j when j is fixed and fn,j+1 ≥ fn,j when n is fixed.

Note that the natural frequencies are even with respect to the angular modes, i.e.

f−n,j = fn,j. Therefore, each root of the characteristic equation (6.2) is associated with
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two modes, except for the zero frequency root, which is associated with three rigid body

modes. These modes are given by

w−1,0(r, θ) = r sin θ, w0,0(r, θ) = 1, w1,0(r, θ) = r cos θ, (6.5)

and represent the roll, heave and pitch motions, respectively. Note all the other modes

represent the bending motion of the plate. Therefore, the deflection of the plate may

be expressed as

η(r, θ) =
∞∑

n=−∞

∞∑

j=0

An,jwn,j(r, θ), (6.6)

where An,j , n ∈ Z, j ∈ N, are the amplitudes associated with the NMV.

The NMV of the freely vibrating circular plates form an orthogonal basis of the

Hilbert space of solutions of the eigenvalue problem characterised by Eqs. (6.1) and

(2.8). Consequently, we may express the amplitude associated with each mode as

An,j =
〈η, wn,j〉

〈wn,j, wn,j〉
, (6.7)

n ∈ Z, j ∈ N, where 〈 , 〉 is the inner-product of two polar functions defined as follows

〈f1, f2〉 =
∫ 2π

0

∫ R

0

f1(r, θ)f2(r, θ)r dr dθ.

In Eq. (6.7), the denominator of the right-hand side term, which represents the norm

square of the NMV, may be calculated exactly. The normalisation is given as follows

〈wn,j, wn,j〉 =





πR2, n = 0, j = 0,

πR4/4, n = −1, 1, j = 0

πNn,jR
2/2, otherwise,

(6.8)

where the quantities Nn,j are given in Appendix E. On the other hand, the numer-

ator of the right-hand side of Eq. (6.7) cannot, in general, be evaluated analytically.

Therefore, we calculate the inner-product through a numerical integration based on

standard techniques. The deflection of the disk may be found numerically at any point

desired, by solving the hydroelastic problem devised in Chapter 2 or by interpolating

the experimental markers data. We set a predetermined grid, as defined in §5.2.2,
composed of 2971 nodal points, at which the vertical displacement is evaluated, to en-

sure convergence of the numerical integration. The residual error due to the numerical

integration will be captured by the standard deviation of the repeated tests and need

not be analysed further.
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Figure 6.1: Diagram of 20 symmetric mode shapes wn,j, n = 0–4,

j = 0–3.

h = 3mm h = 5mm h = 10mm
n\j 0 1 2 3 0 1 2 3 0 1 2 3

0 0 2.91 12.43 28.37 0 4.01 17.12 39.09 0 8.09 34.55 78.87

1 0 6.62 19.33 38.45 0 9.12 26.64 52.99 0 18.40 53.76 106.91

2 1.73 11.40 27.27 49.56 2.39 15.71 37.58 68.29 4.82 31.69 75.83 137.79

3 4.02 17.13 36.19 61.64 5.54 23.61 49.87 84.94 11.18 47.64 100.61 171.39

4 7.06 23.77 46.04 74.68 9.73 32.76 63.45 102.91 19.62 66.10 128.01 207.64

Table 6.1: Natural frequencies (in Hz) of the 3, 5 and 10mm plates

associated with the 20 modes shown in Figure 6.1.
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In the present chapter, we analyse the motion of a single disk, so that we only

consider the symmetric modes (with respect to the x-axis) of the circular plate, i.e.

n ≥ 0. In particular, there is no roll component in this case. Figure 6.1 shows 20

symmetric mode shapes wn,j, n = 0–4, j = 0–3, for a plate of unit radius, without loss

of generality, and with Poisson’s ratio ν = 0.3. We observe the heave component of

the motion on the top left corner (n = 0, j = 0) and the pitch component beneath

it (n = 1, j = 0). All the other modes involve bending. It is also seen that the

angular and radial mode indexes (n and j, respectively) represent the number of nodal

diameters and nodal circles of the mode shapes, respectively. Therefore, as n and

j increase, the mode shapes become more and more rippled and correspond to high

frequency vibrations.

The frequency range considered in the present work (f ≈ 0.5–1.5Hz) may give

some indications of which modes will dominate the disk’s motion. Table 6.1 contains

the natural frequencies of the three disk thicknesses considered in the present work

(i.e. h = 3, 5 and 10mm) for the 20 modes shown in Figure 6.1, except for the two

rigid body modes, corresponding to a zero frequency. It is seen that the frequency

forcing considered is less than the lowest natural frequency of the plates. Therefore,

we expect that low frequency modes will be more excited than their high frequency

counterparts. In addition, we note the quasi-linear relation between the frequency and

the thickness for given n and j. This can be seen in Eq. (6.4), as D ∝ h3, so that

fn,j ∝ h. However, the values of Young’s modulus E and density ρ are not constant

for the three thicknesses (see Table 4.2), so that the relation is quasi-linear instead of

linear.

It is important to note that the natural frequencies of the plates do not correspond to

resonances of the system, as they are defined in a dry setting (no fluid). The resonances

are determined by the wet modes, which are the NMV of the coupled fluid/plate system.

An analysis of the wet modes would require significant additional work and is not

considered as part of the present study.

6.2 Comparison model/experiments

The amplitude spectra of a relevant number of symmetric NMV are analysed over the

frequency range f = 0.5–1.5Hz. Theoretical and experimental values are obtained

through numerical integration of the deflection multiplied by a mode shape over the

disk’s surface. The number of relevant NMV is determined by the magnitude of the
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amplitudes within the frequency range considered. It is expected, and confirmed by

numerical results, that modes associated with high natural frequencies will undergo

very little excitation in our parameter range, so that it is sensible to examine the

amplitude spectra of NMV for limited values of n and j as part of the present work.

6.2.1 Preliminary modal analysis

We calculate the NMV amplitude of 28 modes using Eq. (6.7) for n = 0–6 and j = 0–3.

The deflection function is evaluated by the model for truncation parameters M = 50

(vertical modes), P = 10 (vertical projection modes) and N = 10 (angular modes). In

addition, we set the physical parameters of the model as ρ0 = 1000 kgm−3, H = 1.88m

and R = 0.72m, which remain constant throughout the present analysis. We also have

E = 496, 503, 838MPa and ρ = 530, 547, 623 kgm−3 for h = 3, 5, 10mm, respectively.

At each time step of the experimental tests, we may perform the numerical inte-

gration required to evaluate the modal amplitudes. We interpolate the displacement

at each nodal point, as explained in §5.2.2, and integrate over a disk surface that is

slightly reduced as there are no markers close to the disk edge (a preliminary theoret-

ical analysis showed that reducing the domain of integration by 0.1m in radius has no

effect on the modal amplitudes). Therefore, we obtain time-varying modal amplitudes.

We may apply the STFT described in §5.3 to capture the steady-state amplitude of the

fundamental frequency, which may be compared with the value given by the model.

In order to remove the dependence of the results due to the incident wave amplitude,

the modal amplitudes are scaled by it. The only exception is for the pitch motion,

for which the mode shape has the dimension of a length, so that the corresponding

amplitude is non-dimensional. In this case, we use the product of the incident wave

amplitude by the open-water wavenumber as a scaling factor. In the following, the

scaled modal amplitudes are denoted Ān,j, for all n, j ∈ N. The set of experimental

data is synthesised by taking the mean over the four values (two positions in the wave

tank and two wave steepnesses) available for each disk thickness and frequency. Error

bars can therefore be included and their magnitude is determined by the standard

deviation of the set of four values for each data point.

Disk thickness: h = 3mm

Figure 6.2 shows the scaled amplitude Ān,j spectra of the 28 natural modes with indices

(n, j) spanning the set (0–6)×(0–3), for the disk of thickness h = 3mm. The theoretical
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Figure 6.2: Scaled amplitude spectra of 28 natural modes (n = 0–6

and j = 0–3) for the 3mm-thick disk. The theoretical spectra are

shown as thick green lines. The experimental spectra (black crosses)

are obtained from the mean of four values at each frequency and mode,

corresponding to two locations and two steepnesses. Error bars with

magnitude the standard deviation are included for each data point.

(black solid line) and experimental values (four sets of data corresponding to two

locations and two steepnesses) are compared for each mode. We note that for the rigid

body modes, i.e. heave, (n, j) = (0, 0), and pitch, (n, j) = (1, 0), the modal amplitudes

approach 1 as the frequency decreases, while for all the other modes (flexural modes)

they tend to 0. Therefore, the rigid body modes dominate the motion of the disk in

this regime.
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We observe good agreement for the pitch motion when f > 0.8Hz, while the model

overestimates the response for lower frequencies. Note that the response of this mode

increases to 1 at low frequencies due to the scaling utilised. The magnitude of the pitch

angle decreases at low frequencies so that the experimental error may be significant,

which could explain part of the discrepancy observed in this regime. Good agreement

is found for the heave motion overall. Note that the theoretical heave spectrum is

characterised by a phase change occurring at f ≈ 1.15Hz. This phase change is not

present in the experimental points. Error bars have very low magnitude for these

modes, which suggests good repeatability. An analysis of the experimental error on

the modal amplitudes is given in §6.2.2.

A reasonably good agreement is found between experimental and theoretical data

for a significant number of modes ((n, 0), n ≤ 6, (n, 1), n ≤ 3 and (n, 2), n ≤ 1),

corresponding to NMV with the lowest natural frequencies. In particular, the reso-

nances observed in the experimental data for the two modal amplitudes Ā2,0 and Ā0,1

at f ≈ 1.1Hz are captured reasonably well by the model. The model overestimates

the motion for those two modes, although less discrepancy is seen at low frequencies.

We observe similar trends for all these modes, with a better agreement at low frequen-

cies. We note that the apparent good agreement at low frequencies may be due to the

contraction of the linear scale for modal amplitudes with small magnitudes. A loga-

rithmic scale would allow us to determine the relative discrepancy for low magnitude

responses, and will be considered subsequently (see §6.2.3). The magnitude of the am-

plitudes associated with these ten modes are the highest, so that they contribute the

most to the motion of the disk. We also find little variability in the experimental data

for these modes (small error bars), which suggests that the corresponding amplitudes

can be trusted.

The remaining modes have amplitudes with lower magnitude and experimental data

that vary significantly for different tests, suggesting that the magnitudes analysed are

lower than the resolution of the measuring device, so that they may be unreliable. A

reasonable quantitative agreement is found in most of them, although the variability

of the experimental data does not allow us to speculate on their qualitative behaviour.

Significant discrepancy is found for modes with high natural frequencies (n ≥ 5 and

j ≥ 2), although these modes have such low amplitudes that their influence on the

motion is insignificant.
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Figure 6.3: Same as Figure 6.2 for h = 5mm.

Disk thickness: h = 5mm

Figure 6.3 shows the same set of modal amplitude spectra for the disk of thickness

h = 5mm. Similar conclusions to the 3mm disk analysis may be drawn in this case.

Good agreement is found for the rigid body modes overall, although the phase change

in the theoretical heave spectrum does not appear in the experimental data. Similarly

to the 3mm disk, the theoretical pitch is overestimated at low frequencies. As for the

3mm disk, we find a reasonable qualitative agreement for the flexural modes, when

experimental data have little variability. For the present disk, these modes are indexed

(n, 0), n ≤ 5 and (n, 1), n ≤ 2. For all these modes, the model overestimates the

response at high frequencies, while it is more difficult to observe the agreement at low

frequencies, for which the amplitudes are very low. The resonances predicted by the
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Figure 6.4: Same as Figure 6.2 for h = 10mm.

model for (n, j) = (2, 0) and (1, 1) are less evident than for the 3mm disk. It is seen

that experimental data lack consistency for the other modes, although the quantitative

agreement is reasonable for most of them.

Disk thickness: h = 10mm

The modal amplitudes of the 28 modes considered are shown in Figure 6.4 for the

disk of thickness h = 10mm. As for the other two disks, the agreement for the rigid

body modes is good, with more discrepancy at low frequencies. Note that for the 10mm

disk, the model does not predict a phase change in the frequency range considered here.

This phase change has probably been shifted to a higher frequency. Good qualitative

agreement but with a general overestimate of the response by the model is found for the
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flexural modes indexed (n, 0), n ≤ 4 and (n, 1), n ≤ 1. We observe a high variability

of the experimental data (large error bars) for the other modes, and the discrepancy is

significant for n ≥ 3 and j ≥ 1. Again, the amplitudes of these modes are so low that

we believe the resolution of the measuring device is not sufficient to be able to capture

such motions.

6.2.2 Analysis of the experimental modal amplitudes

Let us consider the experimental data presented in §6.2.1. To determine the experimen-

tal error, we calculate the relative standard deviation (ratio of the standard deviation

to the mean expressed in percent) on the set of four values, for each thickness, frequency

and NMV, as in §5.4 for the incident wave and markers displacement. Although four

data points are not sufficient to provide statistically significant results, they give a

rough estimate of the error, which allows us to identify the modes contributing most

to the motion. It was found that the error may originate from the imperfections of

the measuring device and the reading error during the analysis, in which case the er-

ror increases as the amplitudes involved decrease. When the amplitudes analysed are

scaled by the incident wave amplitudes, the measured error includes that inherent to

the incident wave data (see Figure 5.17). The validity of the experimental data is also

determined by the amount of energy lost to higher-order harmonics. Therefore, an

analysis of second-order effects in the modal amplitudes is proposed.

Relative standard deviation

The relative standard deviation is plotted in Figure 6.5 against frequency. For each

NMV, the spectra are given for h = 3mm (blue circles), h = 5mm (red squares)

and h = 10mm (green diamonds). We observe various behaviours in the relative

standard deviation spectra, referred to as error spectra subsequently. For the heave

motion, (n, j) = (0, 0), the error is less than 20% for the three disks over the spectrum,

except for the isolated test with parameters f = 1.3Hz and h = 3mm, for which the

amplitudes are so low (see Figure 6.2) that the relative standard deviation increases,

probably due to measuring device imperfections and reading error. For this mode, the

error calculated for the 5mm disk (≈ 10–20%) is higher than for the other two disks

(< 10%) at most frequencies, and confirms the observations made in §5.4.2 regarding

the variability of the deflection data at the disk centre in the mid to high frequency

range.

164



0.5 1 1.5
0

10
20
30

0.5 1 1.5
0

10
20
30

0.5 1 1.5
0

50

100

0.5 1 1.5
0

50

100

0.5 1 1.5
0

5

0.5 1 1.5
0

20

40

0.5 1 1.5
0

50

100

0.5 1 1.5
0

50

100

0.5 1 1.5
0

5

10

0.5 1 1.5
0

50

100

0.5 1 1.5
0

50

100

0.5 1 1.5
0

50

100

0.5 1 1.5
0

20

40

0.5 1 1.5
0

50

100

0.5 1 1.5
0

50

100

0.5 1 1.5
0

50

100

0.5 1 1.5
0

20

40

0.5 1 1.5
0

50

0.5 1 1.5
0

50

100

0.5 1 1.5
0

50

100

0.5 1 1.5
0

50

100

0.5 1 1.5
0

50

100

0.5 1 1.5
0

50

100

0.5 1 1.5
0

50
100
150

0.5 1 1.5
0

50

0.5 1 1.5
0

50

100

0.5 1 1.5
0

50

100

0.5 1 1.5
0

50

n
=

0
n

=
1

n
=

2
n

=
3

n
=

4
n

=
5

n
=

6
j = 0 j = 1 j = 2 j = 3

f(Hz) f(Hz) f(Hz) f(Hz)

Figure 6.5: Spectra of relative standard deviation (in %) for the 28

natural modes considered in §6.2, i.e. n = 0–6 and j = 0–3. For

each NMV, the data are given for the three disk thicknesses, that are

h = 3mm (blue circles), h = 5mm (red squares) and h = 10mm

(green diamonds).

For the pitch motion, (n, j) = (1, 0), we find less than 5% experimental error except

for all cases considered. The three disks show similar trends in the error spectra.

Very low error (< 10%) is also found for the flexural mode indexed (n, j) = (2, 0),

for the three disks considered. We observed in §6.2.1 that this mode is significantly

excited with high modal amplitudes and resonates at mid frequencies, within the range

considered in this work. It is seen in Figure 6.5 that we have more error around the

peak frequency for all three disks, suggesting that the system is more unstable near a

resonance.
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For the other flexural modes, the error is globally more significant. We find that

the error spectra associated with the modes indexed (n, j) = (3, 0), (4, 0), (0, 1) and

(1, 1) show an experimental error of less than 20% for the 3 and 5mm disks at most

frequencies and less than 40% overall. In addition, we observe that, for these modes,

the error is more significant when the modal amplitudes are lower, which suggests that

most of the error originates from the imperfections of the measuring device and the

reading error during the data analysis. For all the other modes, we find experimental

errors more than 50% over a significant part of the spectrum, although in most cases,

those large errors are associated with the 5 and 10mm disks. In particular, we find an

error of less than 20% for the modes indexed (n, j) = (0, 2) and (1, 2), for the 3mm

disk.

The errors found are generally higher than those of the markers displacement (see

§5.4.2). By decomposing the motion into the NMV, the magnitude of the motion is also

distributed over the modes, which have magnitudes lower than at single points of the

disk. This explains the larger error for the NMV, although we can clearly find a subset

of seven or eight modes for which the error does not exceed 30–40%. These modes are

those being the most excited (highest amplitudes), so that neglecting the other modes

has little influence on the response of the disk. Subsequenytly, we may consider the re-

sponses associated with modes indexed (n, j) = (0, 0), (1, 0), (2, 0), (3, 0), (4, 0), (0, 1),

(1, 1) and (2, 1) as sufficient to describe the motion of the disk properly.

Second-order effects

We characterise the effect of the second-order harmonics on the modal amplitudes

by evaluating the second-order relative harmonic amplitude for each NMV and each

test performed. Following observtaions from the analysis conducted in §5.4.3. Recall

that the relative harmonic amplitude is defined as the second-order to fundamental

amplitudes ratio. The values obtained are then averaged over four values corresponding

to the tests assumed equivalent (two positions and two steepnesses). The calculated

amplitudes are not scaled for this analysis, so that the higher-order components of

the incident wave do not affect the results. Note that the magnitude of the relative

harmonic amplitudes calculated here does not necessarily represent the actual amount

of energy lost to higher-order harmonics, as the experimental error is not negligible.

For clarity, we do not display the associated error bars, however.

Figure 6.6 shows the relative harmonic amplitude spectra of the 28 modes considered

in this section for the three thicknesses (the same colour code as in Figure 6.5 is used).
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Figure 6.6: Spectra of the total harmonic distortion (in %) for the 28

natural modes considered in §6.2, i.e. n = 0–6 and j = 0–3. Every

value is the mean of the distortion over four values obtained for the

two positions and two steepnesses. For each NMV, the data are given

for the three disk thicknesses, that are h = 3mm (blue circles), h =

5mm (red squares) and h = 10mm (green diamonds).

In particular it is found that the rigid body modes and the flexural mode indexed

(n, j) = (2, 0) are the least contaminated by second-order effects, with less than 10%

relative harmonic amplitude for most frequencies. We observe that the proportion of

second-order effects increases at low frequencies for Ā1,0, Ā2,0, Ā3,0, Ā4,0, Ā0,1 and Ā1,1.

In this regime these mode have small amplitudes, suggesting that non-linear effects

are governed by an increase of the experimental error and noise due to the limited
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resolution of the measuring device.

For all the other modes, we cannot detect particular trends in the spectra, although

it is generally observed that second-order effects are higher for the 5 and 10mm disks.

We note that conclusions drawn, when analysing the experimental error, regarding

the quality of the modal amplitude data are similar to those discussed in the present

analysis of second-order effects. Therefore, we only retain a subset of NMV for further

analyses.

6.2.3 Revisited comparison of theoretical and experimental

data

We focus the comparison of theoretical and experimental data to a set on eight NMV,

that are indexed (n, j) = (0, 0), (1, 0), (2, 0), (3, 0), (4, 0), (0, 1), (1, 1) and (2, 1). The

modal spectra are now represented with a vertical logarithmic scale to give more clar-

ity on low amplitude responses. Showing results for both linear and logarithmic scales

allows us to emphasise that the interpretation of the results, especially for small ampli-

tudes, depends on the way they are presented. Therefore, relative difference estimates

(at each experimental frequency) will be given to quantify the trends of agreement and

discrepancy.

Rigid body modes

First, we present the comparison of the modal amplitudes associated with the rigid

body modes of the disk. Figure 6.7 shows the heave and pitch spectra for the three disk

thicknesses, i.e. h = 3, 5, 10mm. The results shown here are identically reproduced

from those of Figures 6.4, 6.5 and 6.6 using a vertical logarithmic scale. In particular,

we observe the phase changes in heave for the 3mm and 5mm disks (see panels a

and b, respectively). It is seen that although the experimental data do not exhibit

this phase change, we would require more data points at higher frequencies to confirm

this. Away from the phase change frequencies, we have estimated 5–20% of relative

difference between theoretical and experimental data for the heave spectra. It is seen

that the error bars are globally small for this mode except at a few isolated frequencies,

suggesting good repeatability. The pitch experimental data are remarkably good in

terms of repeatability and agreement with the theory (5–20% over the whole frequency

range). At low frequencies, we observe more discrepancy for both heave and pitch

(≈ 20% difference), which needs to be analysed further. We will be particularly mindful
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Figure 6.7: Comparison model/experiments of the modal spectra of

the scaled heave motion Ā0,0 (panels a–c) and the scaled pitch motion

Ā1,0 (panels d–f). The spectra are given for disk thicknesses (a, d)

h = 3mm, (b, e) h = 5mm and (c, f) h = 10mm.

of listing all the possible drivers of such discrepancy in §6.4, and assessing their influence

on the response, when it is possible.

Flexural modes

The modal amplitudes associated with the six flexural modes of interest are repro-

duced in Figure 6.8 from the data shown in Figures 6.4, 6.5 and 6.6. It may be seen

that for all the modal amplitudes analysed in Figure 6.8 except Ā2,1 (see panel f), the

model overestimates the response over the frequency range considered. This is different

from the good agreement that was observed in §6.2.1 for low frequencies using a linear

scale. Therefore, the logarithmic scale is used for any analysis of modal spectra sub-
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Figure 6.8: Comparison model/experiments of the modal spectra of

the flexural modes (a) Ā2,0, (b) Ā0,1, (c) Ā3,0, (d) Ā1,1, (e) Ā4,0 and

(f) Ā2,1. For each mode, the spectra are given for disk thicknesses

h = 3mm (blue), h = 5mm (red) and h = 10mm (green).

sequently, which allows us to compare model and experiments properly even when the

amplitudes vary at different orders of magnitude. We estimated a relative difference

of 30–70% overall for the three disks considered, away from the frequencies associated

with significant discrepancies (e.g. phase changes or very low theoretical amplitudes).

The agreement is better for the 3 and 10mm disks (30–50% relative difference) than

for the 5mm disk (40–70% relative difference). The error is higher than that estimated

for the rigid body modes and depends little on the frequency. We observe that all the
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occurrences of significant discrepancy between theoretical and experimental data (see

panel e for h = 10mm and panel f for h = 5 and 10mm) correspond to modal am-

plitudes with magnitudes less than 0.01. This corresponds to vibrational amplitudes

of less than 1% of the incident wave amplitude, contributing very little to the motion

of the disk. The corresponding experimental data are not reliable as the amplitudes

measured are likely to be smaller than the resolution of the measuring device. As for

the rigid body modes, a discrepancy analysis is required to characterise the cause of

the reccurrent overestimate of the response by the model.

6.3 Model sensitivity analysis

In this section, we analyse the influence of certain parameters of the model on the

modal spectra. In particular, the model is calibrated according to values of Young’s

moduli and density of the plates measured experimentally. The uncertainty associated

with these measurements motivates the present section, as part of which we examine

how those parameters modify the NMV spectra obtained in §6.2.3. We perform a

sensitivity analysis on the two parameters mentioned above. In addition, we determine

how the shallow draught approximation (draught of the thin plate neglected), which is

widely used to characterise the hydroelastic response of thin plates, affects the modal

spectra.

6.3.1 Density

The densities of the material used for the disks in the experiments were measured on

samples of the material. The mean values found for the three thicknesses considered

are summarised in Table 4.2. The NMV of each disk are calculated for different values

of density, assuming that all the other parameters remain unchanged. The values

of density taken for this analysis are ρ = 500, 623 and 750 kgm−3 for h = 3mm,

ρ = 450, 547 and 650 kgm−3 for h = 5mm, and ρ = 450, 530 and 650 kgm−3 for

h = 10mm. Therefore, we consider sets of density values, which contain the measured

values and the values given by the manufacturer of the material.

Figures 6.9 and 6.10 show the modal spectra for the rigid body modes and flexural

modes analysed in §6.2.3, respectively. The spectra obtained with the new values of

density are given as circles (lower value) and pluses (higher value). It is seen that

density generates very little variability in the spectra. The effect of the density pa-

rameters on the modal spectra is insignificant for the geometry and in the frequency
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Figure 6.9: Influence of the disk’s density on the rigid body modes.

Panels (a–c) show the theoretical heave motion and panels (d–f) the

theoretical pitch motion. The spectra are given in solid green line

for the values of density deduced from the measurements, and for

ρ = 500, 450, 450 kgm−3 (black circles) and ρ = 750, 650, 650 kgm−3

(black pluses) for h = 3, 5, 10mm, respectively.

range considered in the present work. Therefore, we may conclude that the uncer-

tainty regarding the measured values of density has no influence on the discrepancy

found between model and experiments for the modal spectra in §6.2.

6.3.2 Young’s modulus

The Young’s moduli of the disks were measured by performing four-point bending

tests on samples of the material, as described in §4.2.2. The mean value found for each

disk thickness is given in Table 4.2. We analyse the effect of this parameter on the
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Figure 6.10: Influence of the disk’s density on the flexural modes. The

theoretical modal spectra are given in solid lines (same colour code

as in Figure 6.8) for the values of density deduced from the mea-

surements, and for ρ = 500, 450, 450 kgm−3 (magenta, cyan, black

circles) and ρ = 750, 650, 650 kgm−3 (magenta, cyan, black pluses)

for h = 3, 5, 10mm, respectively.

modal spectra by generating spectra for values of the Young’s modulus given as follows:

E = 500, 838, 1300 and 1600MPa for h = 3mm, E = 250, 503, 750 and 1000MPa for

h = 5mm, and E = 250, 496, 750 and 1000MPa for h = 10mm. As in §6.3.1 with the

density, we took sets of values containing the measured values and the manufacturer

values.
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Figure 6.11: Influence of the Young’s modulus on the rigid body

modes. The heave (panels a–c) and pitch (panels d–f) theoreti-

cal spectra are given for measured (black) and manufacturer (ma-

genta) values of the Young’s modulus, and for E = 500, 250, 250MPa

(green) and E = 1600, 1000, 1000MPa (cyan) for h = 3, 5, 10mm,

respectively. The experimental data points are also given with their

error bars.

Rigid body modes

Figure 6.11 shows the rigid body modes spectra for the three disks considered as in

Figure 6.8. For each thickness, we may compare the curves obtained for the measured

(black) and manufacturer (magenta) values of E, as well as for a lower value (green) and

a larger value (cyan). We observe that the Young’s modulus has very little influence

on the pitch motion in the frequency range considered. However, it may be seen that

at high frequencies, the spectra associated with the 3 and 5mm disks (see panels d
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Ā
4
,0

Ā
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Figure 6.12: Influence of the Young’s modulus on the flexural modes of

the 3mm disk. The theoretical modal spectra are given for measured

(black) and manufacturer (magenta) values of the Young’s modulus,

and for E = 500MPa (green) and E = 1600MPa (cyan). The exper-

imental data points are also given with their error bars.

and e) slightly deviate. In particular, higher values of the Young’s modulus generate

higher pitch amplitudes. Therefore, it is expected that for a rigid body with similar

dimensions, the pitch motion would be more significant at high frequencies.

As for the pitch motion, the heave motion undergoes very little effect from the value

of the Young’s modulus at low frequencies. However, for mid to high frequencies, we

observe the influence of this parameter clearly. Particularly, the frequency at which

the phase shift occurs for the 3 and 5mm disks (see panels a and b) is modified for
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different values of E. It is seen that as E increases, the frequency of the phase shift

increases too. The 10mm disk is less affected by the changes in Young’s modulus, as

its behaviour is closer to that of the rigid body of similar dimension, which may be

seen as a limit for large values of E. Therefore, at low frequencies, the disks behave

like a rigid body and experience little bending. On the other hand, at mid and high

frequencies, the bending motion is significant, particularly for the 3 and 5mm disks,

so that variations in E induce variations in modal amplitudes, especially in heave.

Amplitudes are reduced for lower Young’s modulus, so that the rigid body modes are

less excited when the disk bends more, which is to be expected.

Additionally, we see that the agreement between experimental and theoretical data

is not improved by the new values of E tested, which suggests that the discrepancy

observed in §6.2, especially at low frequencies, cannot be explained by the model’s

sensitivity to the Young’s modulus.

Flexural modes: h = 3mm

Figure 6.12 shows the modal spectra of the flexural modes considered in §6.2 for differ-

ent values of the Young’s modulus of the 3mm disk. The colour code is the same as in

Figure 6.11. It is seen that at low frequencies, the influence of E on the modal ampli-

tudes is low, while we can see more effect at mid and high frequencies. We observe that,

as the Young’s modulus increases, the magnitude of the modal amplitudes decreases,

although the qualitative behaviour remains the same. Increasing the Young modulus

stiffens the disk, so that it bends less. Therefore, it is sensible that the amplitudes

associated with the flexural modes are lower for higher values of E.

It is also seen that the resonant frequencies observed for Ā2,0 and Ā0,1 (see panels

a and b, respectively) and the phase changes occurring for are Ā2,1 (see panel f) are

slightly shifted towards higher frequencies as E increases. A straightforward analogy

with the undamped mass-spring harmonic oscillator suggests that this behaviour would

be expected, as in that simple scenario the peak frequency increases as the square root

of the spring constant (analogous to Young’s modulus).

It is observed that the agreement between theoretical and experimental data is

significantly improved as the Young’s modulus is increased for certain modes (see panels

d and f) at mid and high frequencies. Therefore, it is worth asking if the measured

values of the Young’s modulus are trustworthy. First note that the measurements

performed on three independent samples gave values with a relative deviation of less

than 1% (see §4.2.2) so we are confident that the value used is correct. However, the
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Figure 6.13: Same as Figure 6.12 for the 5mm disk, and lower and

higher values of the Young’s modulus E = 250 and 1000MPa, respec-

tively.

measurements were performed at low strain rates with a deflection speed of 0.33mms−1

(speed at which the upper load moves down and deforms the sample of material), while

in the experiments, we evaluated this quantity to be O (10) mm s−1, which induces

significantly higher strain rates. For a purely elastic material the deflection speed

would not have any influence on the value of E, but for anelastic materials, the effects

of delayed elasticity render the Young’s modulus dependent on the strain rates involved

(structure more rigid for higher strain rates), which in our case are governed by the

deflection speed.

We note that polymeric foams, as the PVC utilised in the present work, are known
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Figure 6.14: Same as Figure 6.12 for the 10mm disk, and lower and

higher values of the Young’s modulus E = 250 and 1000MPa, respec-

tively.

to exhibit linear viscoelastic effects (see, e.g., Altenbach and Eremeyev, 2009), which

necessitates the inclusion of a frequency-dependent complex Young’s modulus, under

time-harmonic motion. Therefore, the values of E obtained during the quasi-static

four-point bending test probably do not account for these damping effects, which may

be characterised by increased values of E, referred to as the effective modulus (i.e.

magnitude of the complex modulus). A detailed analysis of the anelastic behaviour of

the disks is reserved for Chapter 7.

In addition, we have not accounted for the variations of Young’s modulus across the
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thickness of the disks. This has been done by Kerr and Palmer (1972), who re-derived

a constant flexural rigidity for the thin plate as an integral of the Young’s modulus

over the thickness. This results from non-linear stress distribution across the thickness.

Therefore, the rigidity of the plate may be affected by such dependence, so that the

values obtained experimentally may be inaccurate.

Flexural modes: h = 5mm

Figure 6.13 shows the modal spectra of the flexural modes for the 5mm disk. The

observations and conclusions of the analysis for the 3mm disk are the same in this

case. Resonant and phase shift frequencies increase as E increases, and the agreement

is better if the Young’s modulus is higher. This suggests that the value of Young’s

modulus measured in the low strain rate four-point flexural test is not adapted to the

present experimental conditions. Therefore, delayed elasticity effects may cause part

of the discrepancy observed, as discussed for the 3mm disk.

Flexural modes: h = 10mm

Figure 6.14 shows the modal spectra of the flexural modes for the 10mm disk. Note

that the values of Young’s modulus taken for this analysis are the same as for the 5mm

disk. In this case, the responses obtained are more sensitive to variations in Young’s

modulus, and we manage to match experimental and theoretical modal spectra over

the frequency range for values of E approximately twice as large as those measured,

for most of the modes analysed. For the modal amplitude Ā2,1 (see panel f), the

experimental data are not reliable (see §6.2.2) as the amplitudes associated with this

mode have too small a magnitude.

Although it is possible that part of the discrepancy can be explained by under-

estimated values of the Young’s modulus, we would need more tests to confirm this

conjecture. A solution consists of applying a proper anelastic model calibrated accord-

ing to the results of the four-point bending tests. Such a model will be derived in

Chapter 7. On the other hand, the Young’s modulus cannot explain other evidence of

discrepancy, in particular that involving the rigid body modes.

6.3.3 Draught

The model derived in Chapter 2 allows for the draught of the plates to be accounted

for. As most models neglect this parameter, it is sensible to examine its effect on the
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Figure 6.15: Influence of the draught on the rigid body modes. The

heave (panels a–c) and pitch (panels d–f) theoretical modal spectra

are given with draught included (solid green line) and draught ne-

glected (black circles).

response in our case. For the simulations, we note that although the draught is taken

to be zero (d = 0), the non-dimensional mass parameter γ = d/H = ρh/(ρ0H) is not

zero, otherwise the plate would be assumed massless.

Figures 6.15 and 6.16 show the modal spectra for the rigid body modes and flexural

modes, respectively, when the draught of the plate is included (solid line) and when it

is neglected (circles). We observe that in the frequency range considered in the present

work, the draught has no effect on the modal spectra. We performed numerical tests by

extending the frequency spectrum to 3Hz and found that the inclusion of the draught

in the model slightly modifies the spectra at high frequencies for the 5 and 10mm

disks only. Note that for a two-dimensional plate of similar dimensions and properties,
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Figure 6.16: Influence of the draught on the flexural modes. The

theoretical modal spectra are given with draught included (solid black

line) and draught neglected (red circles).

we found in Chapter 3 that neglecting the draught shifts the resonant frequencies

significantly in a frequency regime similar to that considered here. For the present

three-dimensional case, the effect of the draught is much reduced in comparison for

similar conditions, which suggests that the three-dimensional nature of the problem

tends to reduce the influence of this parameter.
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6.4 Model/experiments discrepancy

The comparison of the modal spectra obtained theoretically and experimentally showed

clear trends of agreement and discrepancy that need to be explained. In particular,

we found that the model overestimates the amplitude of the rigid body modes in a

low frequency regime (especially the pitch motion), while we have reasonable agree-

ment at mid and high frequencies. In addition, the theoretical heave predicts a phase

change at high frequencies for the 3 and 5mm disk that is not seen in the experimental

data. We also found that the model overestimates the amplitude of the flexural modes

consistently over the frequency range considered, although good agreement is found

regarding the location of the resonance peaks. It was shown in §6.3.2 that increasing

the Young’s moduli of the disks improves the agreement between theoretical and ex-

perimental data for the flexural modes. Although we may expect that this explains

part of the discrepancy, there is no clear evidence that the Young’s modulus has been

underestimated. Therefore, further analyses are needed to produce such evidence.

In this section, we list all the relevant phenomena and physical processes that

may explain the discrepancy found for the modal spectra comparison. Part of the

error induced by the experiments has been evaluated through the relative standard

deviation. This allowed us to identify the modes that significantly contribute to the

motion of the disk, as the error increases for low amplitude motion. Consequently, we

may plot the experimental modal amplitudes with error bars, which account for the

error due to the variability of the results for repeated tests and the reading error during

the experimental data analysis.

The remainder of the discrepancy originates from either physical processes neglected

in the model, referred to as model discrepancy, or unexpected phenomena occurring

due to the disk’s experimental equipment, referred to as experimental discrepancy. It

is sensible to investigate all the components of these two groups separately.

6.4.1 Model discrepancy

Validity of the inviscid fluid approximation

The conditions of use of the inviscid fluid approximation have been described in §2.1.1.
They contain the large body approximation (ka ≥ O(1)), which is respected as may

be seen in Table 4.3, and the small wave amplitude assumption (A/a ≪ 1), which is

set in the experiments by generating waves of low amplitudes only. The latter ratio

gives an estimate of occurrences of flow separation and vortex shedding, which induce
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form drag. Mei et al. (2005) showed that the ratio A/a is an estimate of the Keulegan-

Carpenter number, defined as KC = V T/a, where V is the characteristic velocity and

T the wave period. This non-dimensional number estimates the relative importance

of the drag forces over the inertial forces. The present work is performed in a regime

characterised by KC = O(10−2–10−1) < 1, for which the drag forces may be neglected.

Therefore, we do not expect these phenomena to affect the motion of the disk in our

experiment.

Further viscous effects arise from the interaction between the floating body wetted

surface and the fluid, and are referred to as skin friction. In the context of floating

elastic plates, it was shown that for floating ice floes surrounded by open-water regions,

form drag effects dominate skin friction effects (Steele et al., 1989; Kohout et al., 2011),

within the conditions of application of the large body approximation. In addition,

the disk used in the experiments have a smooth wetted surface, further reducing the

magnitude of the associated skin friction coefficient. Consequently, it is extremely

unlikely that skin friction affects the response of the disks.

Non-linear effects

We found in §6.2.2 that second-order harmonics are non-negligible for most NMV,

although we have designed an experimental setup that complies with the restrictions of

the linear model (see Table 4.1). Even though we have extracted the linear component

of the signals analysed using the STFT (see §5.3), we have not accounted for the energy

lost to those higher-order harmonics. In the pointwise analysis conducted in §5.4.3, it
was found that most non-linear effects in the disk motion are likely to be explained

by non-linearities inherent to the incident wave forcing. When the magnitude of the

motion is small (typically less the 1% of the incident wave amplitude), non-linearities

significantly increase as shown in §6.2.2. In these cases (e.g. at low frequencies for the

flexural modes or in the vicinity of phase change frequencies), we conjecture that the

experimental error is large due to the limited resolution of the measuring device and

that nonlinearities are an important source of discrepancy. Other non-linear effects,

such as drift force or slamming (not observed), are not relevant to the present study.

Surface tension

The effects of surface tension have been neglected in the model, as mentioned in Chapter

2, when deriving the free surface dynamic condition given by Eq. (2.5). Accounting for

183



its influence modifies the dispersion relation of the medium, which becomes

ω2 =

(
gk +

σ

ρ
k3
)
tan kH,

where k is the wavenumber and σ is the surface tension. In the case of a water/air

interface, the ratio σ/ρ = O(10−5), so that the influence of surface tension, which

results in the propagation of capillary waves, is significant for large values of k only,

i.e. λ = 2π/k = O(10mm). The wavelengths considered in the present work are sum-

marised in Table 4.3, which suggests that surface tension effects are insignificant in the

experiment.

Plate model

The Kirchhoff-Love plate model that we used to characterise the elastic motion of the

disk is derived under many simplifying assumptions, as described in §2.1.1. In particu-

lar, it is assumed that the deflection of the plate is small compared to its thickness, so

that rotary inertia and shear distortion can be neglected. The plate is forced to bend by

incident waves of amplitudes ≈ 5–50mm, so that the associated vertical displacements

have the same order of magnitude as the thickness. Therefore, it is sensible to evaluate

the influence of rotary inertia on the motion. For this purpose, we may simplify the

present three-dimensional plate model by considering the motion of the corresponding

two-dimensional beam. The effect of rotary inertia may be included by considering

Rayleigh beam theory (Han et al., 1999). We estimate the influence of rotary inertia

through the non-dimensional parameters

R1 =
ρL2

ET 2
and R2 =

I

AL2

where T is the period of the motion, L the length of the beam and I is the area

moment of inertia of the cross-section about the neutral axis. R1 and R2 determine

the relative significance of the rotary inertial force with respect to the bending force

and the translational inertial force, respectively. We find that R1 = O(10−6) and

R2 = O(10−7–10−5), using dimensions and properties associated with the present

problem. Therefore, rotary inertia is not expected to have any effect on the motion.

Thorough analyses of the effects of rotary inertia and shear distortion in the context of

sea-ice were performed by Fox and Squire (1991a) and Balmforth and Craster (1999).

Both studies concluded that they can be neglected for conditions similar to those

considered here.
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The bending motion in the plate model that has been considered in the present

work is assumed to be purely elastic, that is no damping effects have been introduced.

It is known that the mechanical properties of polymeric foams, the material used in

our experiment, are significantly affected by viscoelastic effects (Brinson and Brinson,

2008). In addition, we found in §6.2.3 that, in general, the model overestimates the

modal amplitudes across the frequency spectrum, which could be explained by damping

effects, and in §6.3.2, we showed that increasing the value of the Young’s modulus sig-

nificantly improves the matching between theoretical and experimental modal spectra.

This suggests that the Young’s modulus that acts in our experiments should charac-

terise the behaviour of a viscoelastic material. This may be included in the plate’s

model through delayed elasticity (Hosking et al., 1988). An analysis of such a model

will be given in §7.4.
Damping effects can also be considered by adding an extra term in the plate equa-

tion proportional to the vertical velocity. This is commonly referred to as the Robinson

and Palmer model after the authors of the original work (Robinson and Palmer, 1990).

Such a model is used to account for damping effects from different sources. Con-

sequently, it is difficult to tune the damping coefficient so it represents the physical

situation analysed. This approach has been considered by a number of authors to ac-

count for damping of ocean waves propagating in ice-covered regions (Squire and Fox,

1992; Vaughan et al., 2009; Bennetts and Squire, 2012).

Another alternative would be to consider the Young’s modulus variations across

the thickness of the plate, similarly to Kerr and Palmer (1972), resulting from a non-

linear stress distribution. The Young’s modulus vertical profile is difficult to determine,

however, so that we will not consider this approach as part of this thesis.

It is acknowledged that dynamical dry tests on the disks used in the experiments

would be required to determine an appropriate plate model. Such tests are difficult to

perform, particularly for the free-edge case. We did not perform these tests as part of

the present project as this would have required significant work. However, we intend

to conduct these experiments in the future.

6.4.2 Experimental discrepancy

We analyse how the equipment added to the disk in the experimental setup described

in Chapter 4 may affect its response under wave forcing. We also evaluate, when it is

possible, the influence of each part of the equipment that may modify the behaviour

of the system.
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Edge barrier

We described in §4.3.2 the technical solution to restrict flooding events, which incur

green water loads over the disk’s surface. We built an edge barrier made of a strip of

neoprene foam, that is stuck over the disk’s edge surface. Although, the material used

for the barrier was chosen so it has limited effects on the behaviour of the disk, it is

important to evaluate its actual influence. The edge barrier may be seen as an extra

mass evenly applied along the edge of the disk. Therefore, we can modify the free-edge

conditions of the plate model to include the effect of this mass. In addition, we can

also consider that the barrier stiffens the disk along its contour, so that the barrier is

seen as an elastic ring structure that can deform and affect the motion of the plate

through more elaborated edge conditions. The two approaches are studied in detail in

§7.1.
The edge barrier may also affect the flow around the disk and the scattering field due

to the disk. It is conjectured that their influence on the motion of the disk is minimal,

as previous form drag and skin friction estimates suggest that damping effects arising

from fluid/body interactions are insignificant in the regime considered here. As we

focus the present analysis on the response of the disk, these effects are not investigated

further in this study.

Central rod

It has been mentioned in Chapters 4 and 5 that the vertical rod going through the

disk at its centre may affect the vertical motion. We described the technical solution

in §4.3.1, which restricts the lateral motion of the disk. It was shown in §5.1.1 that

the residual surge and sway motions have significantly larger amplitudes than the

clearance between the rod and its guide through the disk. Therefore, the rod and

its guide are in quasi-permanent contact during a test, which may result in friction

locally restraining the vertical motion of the disk centre. Integrating frictional forces

in the model that are proportional to the vertical velocity at the centre is a demanding

proposition. In addition, calculating or measuring a friction coefficient associated with

this phenomenon would require a tremendous amount of work and not necessarily be

significant to the purpose of this study. To estimate the influence of friction, we choose

to introduce in the plate model a partial restriction of the vertical displacement, so

that we model the effect of friction instead of its cause. The full derivation of this

model and results of the analysis are given in §7.2.
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Although the lateral motion of the disk is significantly restricted by the central rod,

we may ask how the residual surge and sway motions affect the vertical displacement

of the disk. We may remove the surge and sway restriction in the model to analyse

their influence on the NMV of the circular plate. The data obtained for those lateral

motions may be used to calibrate the model, as will be shown in §7.3.

Asymmetry of the setup

We showed in §5.1.3 that for some experimental tests, the symmetry is slightly broken

due to imperfections in the setup. Therefore, the anti-symmetric natural modes of

the circular plates may be excited, in which case part of the energy is removed from

the symmetric modes. This may explain part of the discrepancy found between the

theoretical and experimental modal spectra. An analysis of the anti-symmetric modal

spectra will be given in Chapter 8, which will determine the influence of those effects.

Additional effects

We also consider the influence of the edge rod, which goes through the disk close to

its edge to partially restrict the rotation with respect to the z-axis (i.e. yaw motion).

The rod is guided by a tube (see §4.3.1) such that the clearance between the rod and

the tube is 5mm, so that they are in contact only occasionally. Therefore, we do not

expect that friction is relevant in this case.

To guide the central rod through the disk centre, we screwed a small aluminum

plate on each side of the disk pierced at their centre, as shown in Figure 4.7. Those

two plates may stiffen the disk locally (few millimetres around the disk centre). This

local effect may be included in the friction model discussed above, although we do not

expect that it influences the motion of the whole disk.

The spherical markers used to record the motion of the disk add extra local loads

acting over the surface of the disk. We calculate the markers-to-disk weight ratio

to estimate the relative inertial significance. Each marker weighs approximately 3 g,

so that we obtain 3.5%, 2.6% and 1.4% for the 3, 5 and 10mm disks, respectively.

Therefore, we do not expect the markers to affect the vertical motion of the disk.

Finally, the presence of the wave gauges around the disk may affect the flow in

its vicinity and the associated wave that forces the disk to move. Although local

instabilities may occur, as studied by Bonnefoy (2005) (see Appendix G), the size of

the gauges is small compared to the wavelength of the incident wave and hence is
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unlikely to affect the wave pattern. In this case, we have ka = O(10−3), so that the

scattering effects are of minor importance.

6.5 Conclusions

At the end of Chapter 5 we mentioned the need to find quantities representing the

motion of the disk globally, in particular its bending motion, to compare the disk

hydroelastic responses obtained experimentally and theoretically. In this chapter, we

expanded the motion of disk into its in vacuo natural modes of vibration (NMV). The

modal amplitudes associated with each eigenfunction were found by numerical inte-

gration of the disk’s deflection multiplied by the eigenfunction over the disk’s surface,

using the orthogonality property of the NMV. Using the experimental data, we gener-

ated the modal amplitudes at each time step of a test and applied the STFT devised

in Chapter 5 to remove the effects of higher-order harmonics, the lateral boundaries of

the wave tank and the transient regime.

The modal amplitudes of 28 symmetric NMV were plotted against the frequency

of the incident wave forcing to form modal spectra as a base of comparison between

theoretical and experimental data. Reasonable agreement was found for most modes,

with consistent trends of discrepancy for the rigid body modes and the flexural modes,

for the three disk thicknesses considered. We then analysed the experimental error

on each mode, which allowed us to focus the comparison analysis on a subset of 8

significant NMV, corresponding to the most excited modes in the frequency range

considered.

It was found that the rigid body modal spectra (heave and pitch) showed a good

agreement in the mid to high frequency regime (5–15% relative difference), while the

model overestimates the modal amplitudes associated with these modes at low fre-

quencies (≈ 20% relative difference for f ≤ 0.8Hz). This behaviour was found to

be consistent for the three disks. In addition, we observed that, for most flexural

modes, the model overestimates the modal amplitudes over the frequency range con-

sidered (30–70% relative difference), although slightly less discrepancy is found for the

3 and 10mm disks. A qualitative comparison of the trends of the spectra showed good

agreement. In particular, resonances predicted by the model could be observed in the

experimental data at similar frequencies.

Having calibrated the model with values of the disk’s density and Young’s modulus

measured experimentally on samples of the material, we performed a sensitivity ana-
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lysis of the modal spectra with respect to these parameters. Significant variations in

density did not modify the modal spectra, so that the model is not sensitive to this

parameter. On the other hand, we found significant modifications of the spectra when

the Young’s modulus is varied, affecting the flexural modes only. We found that as

this parameter increases, the flexural modes amplitudes decrease across the frequency

spectrum, which improves the agreement with the experimental data. Although we

are confident that the measurements of Young’s moduli were done correctly and gave

accurate values, the strain rates involved during these measurements were much lower

than those experienced by the disk during the tests in the wave tank, so that anelasticity

could explain part of the discrepancy for the flexural modes. In this case the disk would

have an effective Young’s modulus higher than the one measured at low strain rates.

However, this assertion needs to be confirmed by improving the model, as will be done

in §7.4.

We then performed an analysis of any relevant physical phenomena that could

explain the discrepancy found between theoretical and experimental data. In addition

to the experimental error estimated earlier, we classified the sources of discrepancy into

groups, namely, the physical phenomena neglected when deriving the model (model

discrepancy) and the additional processes induced by the equipment surrounding the

disk in the experiments (experimental discrepancy). Within the first group, it was

found that non-linear effects such as form drag and skin friction are not expected to

influence the motion. On the other hand, we argued that higher-order harmonics are

not negligible when the magnitude of the motion is small so that part of the disk

exciting energy is removed from the linear component of the motion. This could partly

explain why the model generally overestimates the response at low frequencies for the

flexural modes and the pitch mode. Regarding the plate model, we estimated the

influence of rotary inertia, which has been neglected and found that it is expected to

be insignificant. The influence of damping effects will be analysed in the subsequent

chapter as part of a plate model including linear viscoelastic effects.

Within the second group, we found that several technical solutions, used to set up

the experiments to respect the assumptions of the model, could potentially affect the

response of the disk. In particular, the edge barrier preventing flooding events in the

experiments could affect the motion by modification of the edge conditions. The central

rod, restricting the lateral motions, may also induce friction at the disk centre. Finally,

asymmetry in the experimental setup may be responsible for a transfer of energy from

the symmetric to the anti-symmetric modes, therefore reducing the motion in modes
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analysed in the present chapter. In order to understand better how the response of

the disk is affected by these additional modifications, we will model their effects and

evaluate their significance in the following chapter.
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Chapter 7

Extensions to the disk model

In Chapter 6, we observed that the model overestimates the rigid body modal ampli-

tudes at low frequencies, but that the agreement is reasonably good over the rest of the

spectrum. We also found a general overestimate of the modal amplitudes associated

with the flexural modes, although the qualitative agreement was acceptable. In §6.4,
we listed all the relevant physical phenomena that may contribute to the discrepancy

between theoretical and experimental modal spectra. We were able to estimate their

influence on the response in some simple cases. A thorough analysis is required to

study more complicated phenomena, however.

We propose to analyse the influence of a number of physical processes on the re-

sponse by extending or modifying the model derived in Chapter 2. We derive four

model extensions: (i) an edge barrier (used in the experiments to prevent flooding

events) model, (ii) a plate model including friction effects along the vertical central rod

(used to restrict lateral motions), (iii) a model allowing for the lateral motion (surge

and sway) of the disk and (iv) a viscoelastic plate model to include damping in the

bending motion of the disk.

We derive an edge barrier model and a friction model to estimate the experimental

discrepancy, i.e. that caused by the disk’s experimental equipment. We focus this

analysis on determining the effects of the edge barrier (see §4.3.1) and the central

vertical rod (see §4.3.2) on the hydroelastic response of the disk. The edge barrier

model accounts for modified edge conditions of the plate model conditions, so that

the vertical shear and bending moment are derived through Newton’s second law of

motion. Friction effects are included by partially restricting the motion of the disk

centre.

The model will then be extended to allow the disk to move in the lateral directions
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(surge and sway included) and a more general plate model will be used to investigate

anelastic effects. In this way we relax simplifying assumptions made in the original

model, which may have caused discrepancies to arise in the model/experiments results

comparisons. We will show that the kinematic and dynamic conditions characterising

the lateral motion can be integrated in the solution method straightforwardly. Anelastic

effects can be included in the plate model by defining a complex Young’s modulus, as

will be shown in §7.4.
For each extension to the original model (i.e. edge barrier, friction, surge and sway,

and anelasticity), we will be analysing the eight modal spectra considered in §6.2.3 to

estimate its influence on the response of the disk.

7.1 Edge barrier

We investigate the influence of the edge barrier on the motion by considering how the

edge conditions of the plate are modified. Cross-sectional views of the barriers are

given in Figure 4.9. The barriers are made of neoprene foam, which is a synthetic

rubber. We have estimated the density to be ρb ≈ 150 kgm−3, the Young’s modulus to

be Eb ≈ 1MPa and the Poisson’s ratio to be νb ≈ 0.5, as they are common values for

this material. We denote by hb and eb the height and width of the barrier, respectively,

so that we have hb = 30mm and eb = 10mm for the 3mm disk, hb = 50mm and

eb = 5mm for the 5mm disk, and hb = 50mm and eb = 10mm for the 10mm disk.

Note that for the 3mm disk, we approximate the barrier cross-section as a rectangle.

7.1.1 Edge-mass model

The first approach consists of assuming the barrier behaves as a point mass of mag-

nitude mb = ρbebhb in each cross section (mass per unit length). We can estimate

mb ≈ 45, 38, 75 gm−1 for the disks of thickness h = 3, 5, 10mm, respectively. The

total mass of the barrier is Mb = 2πRmb, with R the radius of the disk. In the

present model, we extend the clamped-free beam with an edge-mass model of Laura

et al. (1974) to the free circular plate case. In this case the bending moment condition

remains unchanged (i.e. it vanishes at the edge) and the vertical shear condition is

derived using Newton’s second law of motion on the point mass. Assuming harmonic

time-dependence with radian frequency ω, the free-edge conditions derived in Chapter
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Ā
0
,0

Ā
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Figure 7.1: Influence of the edge mass on the rigid body modes am-

plitude spectra for the three plate thicknesses, i.e. (a,d) h = 3mm,

(b,e) 3mm and (c,f) 10mm. Panels (a–c) show the heave spectra and

panels (d–f) the pitch. On each panel, the spectra for the free-edge

case (green line), and for an edge mass of magnitudemb (black pluses)

and 2mb (black circles) are given.

2 (see Eq. (2.8)) become
[
∇2

r,θ −
1− ν

r

(
∂r +

1

r
∂2θ

)]
η = 0, (7.1a)

and

−D
[
∂r∇2

r,θ +
1− ν

r2

(
∂r −

1

r

)
∂2θ

]
η = −mbω

2η, (7.1b)

where η(r, θ) is the deflection of the plate.

In order to assess the effect of the edge mass on the response of the disk, we decom-

pose the vertical motion with respect to the NMV of the free plate. The derivation of
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Figure 7.2: Influence of the edge mass on the six flexural modes am-

plitude spectra considered for the present analysis. The theoretical

modal spectra are given for the free-edge case (blue, red and green

line), and for an edge mass of magnitude mb (magenta, red and black

pluses) and 2mb (magenta, red and black circles), for each thickness

(h = 3, 5 and 10mm, respectively).

the NMV of the circular plate with an edge mass (different from the NMV of the free

plate) is given in Appendix F.1, where we analyse the modifications of the vibrational

characteristic of the plate with an edge mass. By using the same basis of NMV to

decompose the deflection of the disk, we can compare the modal spectra obtained with

the edge-mass and free-edge plate models. The latter are given in Figures 6.7 (rigid

body modes) and 6.8 (flexural modes).

Recall that, in the solution procedure, the edge conditions are used to link the
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amplitudes of the damped travelling modes and the amplitudes of the travelling and

evanescent modes (see Eq. (A.4)). The derivation of the corresponding map for the

edge-mass problem is straightforward. The expansion for the plate’s deflection given

by Eq. (A.2) is used in Eq. (7.1), so that we obtain two expressions relating the un-

known potential amplitudes. The first expression (A.3a) is unchanged, as the moment

condition (7.1a) is not affected by the edge mass, while the shear stress expression

(A.3b) becomes

M∑

m=−2

ϕ
′

m(0)
[
(κmR)

3Î
′

n(κmR)− n2(1− ν)
(
κmRÎ

′

n(κmR)− 1
)
−R3σbα

β

]
An,m = 0,

where σb = mb/(ρ0H
2) is a non-dimensional mass coefficient, and R is assumed without

dimensions. The remainder of the method is not modified, which allows us to obtain

the map corresponding to edge mass. The solution to the hydroelastic problem is

found similarly to that for the free-edge case, as only the free-edge conditions have

been modified.

The comparison of the modal spectra between free edge (solid line) and edge mass

(pluses) is shown in Figures 7.1 and 7.2 for the rigid body modes and flexural modes,

respectively. It is seen that the influence of the edge mass is insignificant to the response

of the disk in the frequency range considered.

We further analyse the sensitivity of the model with respect to the edge mass

parameter by generating the modal spectra for an edge mass per unit length of 2mb

(circles). We observe that the modal amplitudes are affected very little by an increase

in the magnitude of the edge mass. Therefore, we can conclude that the mass of the

edge barrier used in the experiment does not influence the motion of the disk.

7.1.2 Edge-beam model

As an extension to the edge-mass model analysed in §7.1.1, we derive a more sophisti-

cated model that considers the effects of the barrier as a elastic structure attached to

the disk along its edge, which may stiffen the disk and influence its vibrational prop-

erties. We model the barrier as an elastic ring (see Love, 1944; Graff, 1991), which

is a beam assumed curved at rest, later referred to as an edge beam. The coupled

plate/edge beam system is assumed to be able to move freely, i.e. the vertical motion

of the beam is influenced by the plate only. The transfer of forces and moments from

the beam to the plate is modelled in the edge conditions of the plate.

The equations used in the present model were derived by Amon and Dundurs (1968),
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who solved the coupled plate/beam problem assuming a simply supported or vertically

guided beam. Stuart and Carney (1973) solved the corresponding vibration problem

for a simply supported beam, which was later extended by Stuart and Carney (1974)

to an annular plate with a free interior edge beam and and a simply supported exterior

edge beam.

In the present section, we follow the approach of Stuart and Carney (1974) who

derived a linear elastic ring theory accounting for the effects of flexure, torsion, transla-

tional and rotary inertia. We will analyse the relative significance of these effects on the

plate’s motion to determine those that dominate the behaviour of the edge beam (see

Appendix F.2). The edge conditions of the plates are derived through the application

of Newton’s second law of motion to a beam element. Following Stuart and Carney

(1974), we may write the force equation as
{

−D∂r∇2
r,θ +

D (1− ν)

r2

(
1

r
− ∂r

)
∂2θ +

1

r4
∂2θ

[
Lb (1− r∂r)

]}

{[
−Db

(
∂2θ + r∂r

) ]
}
η = −mbω

2η, r = R, (7.2a)

where Lb is the torsional rigidity and Db is the beam’s flexural rigidity. We note that

we obtain the edge-mass condition (7.1b) by setting Lb = Db = 0. Likewise, we express

the moment equation as
{

−D∇2
r,θ +

D (1− ν)

r

(
1

r
∂2θ + ∂r

)
+

1

r3

[
Lb (1− r∂r) ∂

2
θ

]}

{[
+Db

(
∂2θ + r∂r

) ]
}
η = ω2ρbJb∂rη, r = R, (7.2b)

where Jb is the polar moment of inertia of the ring’s cross sectional area about its

neutral axis. For a rigid rectangular cross-section, as considered here, it is given by

Jb =
ebhb(e

2
b + h2b)

12
.

The flexural rigidity of the ring is Db = Ebh
3
beb/12(1− ν2b ). The torsional rigidity lin-

early maps the angle twist gradient along the ring to the torque applied (see, e.g.,

Graff, 1991, §2.6). For a rectangular cross-section, Timoshenko and Goodier (1951)

derived an exact series expansion in terms of the width to height ratio. Retaining the

first three terms only, it is given by

Lb ≈ hbe
3
b

(
1

3
− 3.36

eb
hb

(
1− e4b

12h4b

))
Gb,
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Figure 7.3: Influence of the edge beam on the rigid body modes. On

each panel, the spectra for the free-edge case (green line), and for

an edge beam with Young’s modulus Eb = 1MPa (black pluses) and

10MPa (black circles) are given.

where Gb = Eb/2(1 + νb) is the shear modulus of the ring.

We perform a similar analysis to that for the edge-mass plate model, i.e. we expand

the motion of the plate with an edge beam in the NMV of the free-edge circular

plate. The NMV and natural frequencies of the present edge-beam plate model are

derived in Appendix F.2 and compared to those of the free plate. The solution to the

present hydroelastic problem is found by expanding the displacement in the edge-beam

conditions given in Eq. (7.2), using the expression for the deflection given by Eq. (A.2).
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Therefore, the bending moment and shear stress conditions are

M∑

m=−2

ϕ
′

m(0)

{
(κmR)

2 − (1− ν)
(
κmRÎ

′

n(κmR)− n2
)
+R

δbα

β
κmRÎ

′

n(κmR)

+
1

R

[βT
β
n2
(
1− κmRÎ

′

n(κmR)
)
+
βb
β

(
κmRÎ

′

n(κmR)− n2
) ]}

An,m = 0

and

M∑

m=−2

ϕ
′

m(0)

{
(κmR)

3Î
′

n(κmR)− n2(1− ν)
(
κmRÎ

′

n(κmR)− 1
)
−R3σbα

β

+
n2

R

[βT
β

(
1− κmRÎ

′

n(κmR)
)
− βb
β

(
κmRÎ

′

n(κmR)− n2
) ]}

An,m = 0,

respectively, where δb = ρbJb/ρ0H
4 and (βT , βb) = (Lb, Db)/ρ0gH

5. The radius R is

also non-dimensionalised. We then derived the map linking the amplitudes of damped

travelling modes and travelling and evanescent modes following the same steps as in

Appendix A.1.

Figures 7.3 and 7.4 show the rigid body and flexural mode spectra, respectively, for

the free-edge plate (solid line reproduced from Figures 6.7 and 6.8) and the edge-beam

plate (pluses) models. The parameters used for the simulations are those given at the

beginning of §7.1. We also examine the sensitivity of the model to the barrier’s Young’s

modulus by generating the modal spectra for Eb = 10MPa (circles), i.e. ten times the

estimated value.

It is seen in Figure 7.3 that the rigid body modes are not affected by the presence

of the edge beam. This was expected as the edge beam stiffens the disk’s edge, which

has no influence on rigid motions. Therefore, it may be concluded that the discrepancy

between theoretical and experimental modal spectra observed for the rigid body modes

is not explained by the presence of the barrier.

We observe in Figure 7.4 that for an edge beam with rigidity Eb = 1MPa, the

effect of the edge beam is also insignificant on the flexural modes spectra. However,

when the Young’s modulus of the edge beam is increased to 10MPa, certain modes are

affected. Specifically, the modal amplitudes Ā2,0, Ā3,0, Ā4,0 have increased magnitudes

over the frequency range considered. In addition, the phase shifts associated with

Ā2,1 for the three thicknesses are moved towards higher frequencies due to the stiff

edge beam. These effects do not improve the comparison with the experimental data.

On the contrary, the edge-beam plate model tends to increase the deviation from the

data. This allows us to discard the influence of the barrier on the response, therefore

validating the experimental setup with regards to avoiding flooding events.
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Figure 7.4: Influence of the edge beam on the flexural modes. The

theoretical modal spectra are given for the free-edge case (solid blue,

red and green line), and for an edge beam with Young’s modulus

Eb = 1MPa (magenta, red and black pluses) and 10MPa (magenta,

red and black circles), for each thickness (h = 3, 5 and 10mm, re-

spectively).

7.2 Friction at the disk centre

In this section, we propose a model to include frictional effects at the disk centre, due

to the quasi-permanent contact between the oscillating centered hole contour (i.e. the

disk centre) and the central rod (see §4.3.1). It is difficult to determine the physical

processes that characterise the frictional effects in the present case, as we were not able

to observe the contacts between rod and guide locally. A schematic of the cross-section
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in the vicinity of the disk centre is given in Figure 4.7. We see that contacts may occur

between the rod and both the lower and upper aluminum plates. It is believed that the

contact between the lower aluminum plate and the rod is lubricated by the fluid, as it

is located below the waterline, which limits friction. However, the friction induced by

the contact between the upper plate and the rod is dry, which may result in significant

frictional effects.

Acknowledging the difficulty of determining the friction coefficient associated with

these processes, we derive a model that considers the effects associated with the pro-

cesses instead of the causes. Therefore, we model the friction at the disk centre as a

local restriction of the vertical motion at the centre. We may associate a friction coeffi-

cient with this model, which represents a percentage of vertical displacement allowed at

the centre of the disk. This approach is also justified by additional restricting processes

at the centre due to the bending of the rod (discussed in §4.3.1) and other possible

imperfections in the setup (e.g. imperfect alignment of the aluminum plates). The

present model considers a single coefficient that accounts for all those effects through

a restriction of the displacement of the disk centre.

The problem stated above may be seen as that of the scattering induced by a local

inhomogeneity in the properties of a floating plate. Such problems are generally solved

using a Green’s function for the scattered wave component due to the presence of the

inhomogeneity. In particular, this approach has been used to model the scattering of

flexural-gravity waves by a crack or cracks in an otherwise infinitely long floating ice

sheets (see Squire and Dixon, 2000; Williams and Squire, 2002; Evans and Porter, 2003;

Porter and Evans, 2006). Note that these works have solved the scattering problem by

a straight line problem with normal or oblique wave incidence, which may be regarded

as a two-dimensional problem.

The scattering problem of flexural-gravity waves by pinned points in an infinite thin

floating plate has been considered by Evans and Meylan (2005) and Evans and Porter

(2007). In both works, the solution to the same problem in a dry setting was derived

first and the method naturally extends to the floating plate case. The derivation of

the Green’s function due to a point source in a floating plate is due to Fox and Chung

(1998). A similar approach is used in the present model. The source wave generated

at the plate centre is then allowed to interact with the rest of the system due to the

presence of the plate’s edge. The hydroelastic problem is then solved as in Chapter 2,

after modification of the potential expansion in the plate-covered fluid region including

the source wave from the plate’s centre.

200



7.2.1 Solution to the friction problem

Let us denote by η(f)(r, θ) the non-dimensional displacement of the plate, including

frictional effects at the centre. We write the friction condition as a local restriction of

the displacement at r = 0, i.e.

η(f)(0, θ) = µη(0, θ), (7.3a)

where µ is the friction coefficient. The function η(r, θ) denotes the displacement without

friction. The friction coefficient µ is the parameter of the friction problem. We see

that µ = 1 yields the unrestricted problem (as in Chapter 2), while µ = 0 yields the

pinned plate problem (as in Evans and Porter, 2007). Intermediate values simulate

a partially restricted displacement at the centre of the plate, which is produced by

frictional effects. We denote by ψ(f)(r, θ, z) the potential in the plate-covered fluid

region Ω, associated with the friction problem. It is related to the displacement function

through the kinematic condition so that ∂zψ
(f) = − i

√
αη(f), z = −γ, where γ is the non-

dimensional draught parameter as defined in §2.1.2. Therefore, the friction condition

may be written in terms of velocity potentials as

∂zψ
(f)(r, θ, z) = µ∂zψ(r, θ, z), r = 0, z = −γ. (7.3b)

We consider first the friction problem for an unbounded plate. Following Evans and

Porter (2007), the potential may be written as the sum of the potential of the problem

without friction and a source term originating at the centre of the plate, that is

ψ(f)(r, θ, z) = ψ(r, θ, z) + cG(r, θ|0, 0; z), (7.4)

where c is an unknown constant and G(r, θ|r0, θ0; z) is the Green’s function due to a

source point x0 = (r0, θ0,−γ) with field point x = (r, θ, z) spanning the fluid domain

Ω(G) that is laterally unbounded and entirely covered by a floating thin-elastic plate.

The Green’s function G is solution to the boundary value problem defined by

∇2G = 0, x ∈ Ω(G), (7.5a)

∂zG = 0, z = −1, (7.5b)
[(
β∇4

r,θ − αγ + 1
)
∂z + α

]
G = δ (x− x0) , z = −γ, (7.5c)

where δ denotes the Dirac delta function.
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A derivation of the Green’s function satisfying Eq. (7.5) has been proposed by Fox

and Chung (1998). Using the notations introduced in the present work, it is given by

G(r, θ|r0, θ0; z) =
∞∑

m=−2

κmK0(κmR)

D
′(κm)

K̂0(κmR)ϕm(z), x 6= x0, (7.6)

where

R = R(r, θ|r0, θ0) =
√
r2 + r20 − 2rr0 cos (θ − θ0)

is the distance between the field and source points and D
′

denotes the derivative of the

dispersion relation given by

D(ξ) =
(
1− αγ + βξ4

)
ξ tan ξ (1− γ) + α, ξ ∈ C.

It may be shown that the Green’s function is bounded when x = x0. Following Evans

and Porter (2007), we use the asymptotic expansion of the Bessel function K0 for small

arguments (see Abramowitz and Stegun, 1970, Eq. 9.6.8), i.e. R ≪ 1, to derive an

expression of the Green’s function in this situation. We obtain

G(r0, θ0|r0, θ0; z) = −
∞∑

m=−2

κm log κm
D

′(κm)
ϕm(z). (7.7)

Note that for a source located at the origin, we have R = r.

The unknown coefficient c, appearing in Eq. (7.4), is found by using the friction

condition given by Eq. (7.3b). Expanding gives

c ≈ (µ− 1)

G0

∂zψ|z=−γ,

where G0 = ∂zG(0, 0|0, 0; z)|z=−γ is evaluated straightforwardly using Eq. (7.7), in

which the infinite sum is truncated so we only retain M + 3 terms (M defining the

number of evanescent vertical modes as in Chapter 2). Reintroducing the finite plate

problem with free edge, the term ∂zψ|z=−γ is expressed in terms of the unknown am-

plitudes of the potential using Eq. (2.19) and the fact that In(0) = δ0n (where In is the

modified Bessel function of the first kind). Therefore, we obtain

c ≈ (µ− 1)

G0

(
C

′

(−γ) + C̃
′

(−γ)L0

)
A0, (7.8)

where the vector A0 contains unknown amplitudes as defined in §2.2.2, and C(z) and

C̃(z) are the row vectors with respective length M + 1 and 2 and respective entries

ϕm(z), 0 ≤ m ≤ M , and ϕj(z), j = −2,−1. The matrix L0 has size 2 by M + 1

and defines the mapping between the amplitudes associated with the damped vertical
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modes and the travelling/evanescent modes (see Eq. (A.4)). The potential in the

plate-covered fluid domain may be rewritten, using the vector and matrix notations

introduced in Chapter 2, as follows

ψ(f)(x) ≈ C(z)
∞∑

n=−∞
E(f)

n (r)An e
inθ, x ∈ Ω, (7.9)

where E
(f)
n (r) = En(r) if n 6= 0 and

E
(f)
0 (r) = E0(r) +

(µ− 1)

G0

(
E(G)(r) +VẼ(G)(r)

)(
C

′

(−γ) + C̃
′

(−γ)L0

)
.

We have introduced the column vectors E(G)(r) of length M + 1 and Ẽ(G)(r) of length

2. Their entries are defined by

([
E(G)(r)

]
m+1

,
[
Ẽ(G)(r)

]
j

)
=





(
κmK0(κmr)

D
′(κm)

,
κ−j∗K0(κ−j∗r)

D
′(κ−j∗)

)
if r 6= 0,

(
−κm log κm

D
′(κm)

,−κ−j∗ log κ−j∗

D
′(κ−j∗)

)
if r = 0,

for 0 ≤ m ≤M and j = 1, 2, where j∗ = 3− j.

The solution to the hydroelastic problem is found as in Chapter 2, using Eq. (7.9)

for the expansion of the potential in Ω instead of Eq. (2.24). In particular this allows

us to calculate the deflection of the plate for any value of the friction coefficient µ.

7.2.2 Results

We decompose the deflection of the restricted plate (i.e. including friction) into the

NMV of the free plate (i.e. without friction). The corresponding modal spectra are

compared to the results found for the free plate and given in Figures 6.7 and 6.8. It

is seen in Eq. (7.9) that the potential expansion below the plate is modified by the

source term for n = 0 only, so that the frictional effects are axisymmetric with respect

to the z-axis. Therefore, the only NMV affected by the friction are Ā0,j , j ≥ 0, which

correspond to axisymmetric mode shapes (see Figure 6.1). This restricts the present

investigation to those modes only, as the other ones remain unchanged under frictional

effects (as modelled here).

It is difficult to estimate the value of the friction coefficient µ, as we have not con-

ducted experimental tests without the central rod. Therefore, we perform a sensitivity

analysis for this parameter in order to understand its effect on the modal spectra. Let

us consider the heave rigid mode and the flexural mode indexed (0, 1), which are the
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Figure 7.5: Influence of frictional effects due to the central rod on the

axisymmetric modes for the plate thicknesses (a,b) h = 3mm, (c,d)

5mm and (e,f) 10mm. Panels (a,c,e) and (b,d,f) show the spectra

of the heave and flexural amplitude Ā0,1, respectively. The theoreti-

cal spectra are given for friction coefficients µ = 1 (i.e. no friction),

0.95, 0.9, 0.85 and 0.8 in black, green, magenta, blue and cyan, re-

spectively. The experimental spectra associated with these modes are

also given for reference.

only two axisymmetric modes analysed in Figures 6.7 and 6.8. Figure 7.5 shows the

amplitude spectra associated with these two modes, for the three thicknesses considered

in the present work. The spectra are given for values of the friction coefficient µ = 1

(no friction), 0.95, 0.9, 0.85 and 0.8 and are plotted in black, green, magenta, blue and

cyan, respectively. It is seen that the frictional effects, as modelled here, increase as
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the thickness of the plate increases. This means that the local disturbance introduced

locally at the plate centre tends to affect the global motion of the plate as the rigidity

increases (D ∝ h3), which was expected. In addition, the heave mode is less affected

than the flexural mode for each thickness. In particular, we observe that the modal

amplitude Ā0,1 significantly decreases as the friction coefficient decreases. A similar

trend is seen for the heave mode at low frequencies, although it is less significant.

The motion restriction at the plate centre affects the heave mode around the phase

change frequency (≈ 1.2Hz for h = 3 and 5mm), although the magnitude of the heave

motion in this regime is low. In particular, we observe in Figure 7.5(a,c) that the phase

change is replaced by a non-zero minimum slightly shifted towards higher frequencies.

Therefore, phase changes are removed by restricting the motion at the centre. Although

the phase change in heave was not observed in the experimental spectra, we do not

conclude that frictional effects along the central rod are the cause of this discrepancy.

It is seen that the deviation of the experimental data points is more significant than

that induced by restricting the motion at the centre of the plate.

The influence of the local restriction on the flexural mode is more significant at low

frequencies than at high frequencies. It is seen that as µ decreases, the modal amplitude

decreases too, so that the agreement with the experimental data is improved, especially

at low frequencies. Although this suggests that the local restriction at the plate centre

affects the response, especially at low frequencies, we recall that the values used for

the parameter µ in the present analysis are not necessarily realistic with regards to the

experiments. In particular, µ = 0.8 means that the displacement of the centre is taken

to be approximately 80% of that without restriction, which exceeds the discrepancy of

the disk centre deflection shown in Figure 5.18, especially in a low frequency range.

It is seen in Figure 5.18 that the absolute discrepancy between theoretical and

experimental deflection at the disk centre depends little on the frequency, so that the

relative discrepancy is more significant at high frequencies, for which the magnitude

of the motion is low. The results obtained including frictional effects show that the

relative amplitude (friction/no friction) are higher at low frequencies, which differ from

our observations made on the disk centre deflection spectra. With regards to the curves

obtained in Figure 7.5(b,d,f), we expect the influence of the rod on the vertical motion

to be insignificant for the 3 and 5mm disks. The consistent discrepancy trends for

all the flexural modes and the three disks suggest that they are caused by similar

processes. Therefore, it is likely that the rod has very little effect on the response of

the 10mm disk as well.
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7.3 Lateral motion

The restriction of the lateral motion of the disk by the central rod (see §4.3.1) has

shown to be partially efficient only, as discussed in §5.1.1. In particular, we found that

under low frequency wave forcing the lateral oscillations are not negligible. In this

section, we relax the assumption restricting the lateral motion by including the surge

motion in the hydroelastic model. This allows us to estimate the influence of these

effects on the response of the disk.

The boundary value problem is modified to include the equations governing the lat-

eral motion of disk. These equations are found assuming the body is inextensible. The

kinematic and dynamic conditions are deduced straightforwardly from those usually

applied on a surging floating cylinder. The solution method follows from the EMM

applied in Chapter 2.

To the authors’ knowledge, the influence of the surge motion on the deflection

of a circular plate has not been the subject of previous investigations. It has been

considered in a two-dimensional setting, however. In particular, Meylan (1994) and

more recently Williams and Squire (2008) included the surge motion in the floating

finite beam problem and found that it could affect the reflection coefficient spectrum,

e.g. shift the resonance frequencies. A model accounting for the surge motion of a

floating beam as that of a damped harmonic oscillator has been proposed by Bennetts

and Chung (2011). We use a similar approach in the present work, which allows us to

account for the effects of the partial restriction of the lateral motion due to the central

rod by calibrating the spring constant appropriately.

7.3.1 Solution method

Let us denote by S (θ, t) = Re{S(θ) exp iωt} the non-dimensional lateral displacement

of the plate, which is a function of the azimuthal coordinate. The linearised kinematic

condition follows from the continuity of the normal velocity on the plate’s side surface,

i.e.

∂rψ0 = i
√
αS(θ), r = R, −d ≤ z ≤ 0. (7.10)

This equation is used to derive the EMM instead of the corresponding restricted con-

dition ∂rψ0 = 0 that has been utilised in §2.3. In particular, the first identity in Eq.

(2.27) becomes

∫ 0

−1

CT
0 ∂rψ0 dz − i

√
αS

∫ 0

−γ

CT
0 dz =

∫ −γ

−1

CT
0 u dz, (7.11)

206



which adds an extra variable to the system. The dynamic condition governing the

lateral motion of the plate provides the coupling equation required to obtain the solu-

tion. We account for the partial restriction of the lateral displacement by introducing

artificial springs normal to the edge of the plate and evenly spread around it. Note

that introducing a damper is not necessary here, as the bent vertical aluminum rod

behaves elastically. We apply Newton’s second law of motion projected into the (x, y)-

plane assuming that the system is under the influence of the restoring force due to the

spring, with constant k(s), say, and the hydrodynamic force. The latter is obtained

by integrating the pressure field, given by p(r, θ, z) = − i
√
αρ0ψ0, over the side sur-

face of the disk. Note that the hydrostatic term ρ0gz is not considered, as it vanishes

when integrating, and the contribution of the integration over the underside surface of

the plate is neglected, which follows from the assumption of small amplitude motions.

Therefore, the dynamic condition projected along the axis at an angle θ to the x-axis

is given by

(
−αM (p)g + k(s)H

)
S(θ) = − i

√
αρ0gH

3

∫ 0

−γ

∫ 2π

0

ψ0(R, ϑ, z) cos (ϑ− θ)R dϑ dz,

(7.12)

where M (p) is the mass of the plate.

We decompose the lateral displacement function into its Fourier basis

S(θ) =
∞∑

n=−∞
Un e

inθ.

This allows us to express the lateral displacement in terms of the amplitude vectors

associated with the potential expansion (2.23). After simplification, we obtain

Un =
i
√
α

αγR− k̃(s)

∫ 0

−γ

C0(z) dz (δ−1,n + δ1,n)
(
A(In)

n +A(0)
n

)
, (7.13)

n ∈ Z, where δi,j = 1 if i = j, and 0 otherwise, and k̃(s) = k(s)/ρ0gπRH
2 is the non-

dimensional spring constant. It is seen that the only angular modes contributing to

the lateral motion are those indexed n = −1 and 1. Substituting Eq. (7.13) into Eq.

(7.11), we may express A
(0)
n in terms of A

(In)
n and the interface vector U(n), which is

then used to derive the solution instead of Eq. (B.2) (see Appendix B.1). The resulting

matrix equation is given by

A(0)
n = M(SI)

n A(In)
n +M(SU)

n U(n), (7.14)

n ∈ Z, where

M(SI)
n = −

[
D0E

(0)′

n (R) + Fn

]−1[
D0E

(I)′

n (R) + Fn

]
,
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M(SU)
n =

[
D0E

(0)′

n (R) + Fn

]−1
D(0)

g

and

Fn =
α

αγR− k̃(s)
(δ−1,n + δ1,n)

∫ 0

−γ

CT
0 (z) dz

∫ 0

−γ

C0(z) dz.

The reader is referred to Appendix B.1 for the definition of the other arrays used to

express the two matrices M(SI)
n and M(SU)

n . The DTMs are then obtained similarly as

in Appendix B.1, using Eq. (7.14) instead of Eq. (B.2).

7.3.2 Model calibration

The derivation of the model including the effects of the lateral motion of the disk

introduces one additional parameter (the spring constant k̃(s)) that needs to be esti-

mated. We may use the experimental measurements of the surge motion, which can

be extracted from the lateral displacement data (see §5.1.1) by means of the STFT

introduced in §5.3.1. For each thickness and frequency, we use the mean surge value S̄

(scaled by the incident wave amplitude) over four data points (i.e. two positions and

two steepnesses). The optimised value of the parameter k̃(s) is then found through least

square regression.

Figure 7.6 shows the corresponding theoretical and experimental surge amplitude

spectra for the three thicknesses considered in the present work. The theoretical curves

are obtained with values of the non-dimensional spring constant k̃(s) = 0.035, 0.085

and 0.075 for the 3, 5 and 10mm thick plates, respectively. Even though the values of

spring constant have been optimised to fit the experimental data, we observe significant

discrepancy in the spectra. In particular, we see that the behaviour of the theoretical

spectra is driven by a resonance peak at low frequencies and a phase change at high

frequencies. Although a resonance is observed in the experimental data, the peak

frequency is higher than that predicted by the model. In addition, the phase change

is not present in the experimental spectra. The agreement is best for the 10mm disk

(see (c)), for which the theoretical spectrum is within the bounds set by the error bars,

except at high frequencies, i.e. when the phase change occurs.

It is also seen that the error bars have significant magnitude, especially for the

5mm disk (see (b)). Therefore, there is a significant variability of the experimental

data, which is explained by the non-constant vertical clearance at the disk centre along

the central rod throughout the experimental campaign, as discussed in §4.3.1 and 5.1.1.

This suggests that the spring constant might depend on the frequency as well, which

induces an additional source of uncertainty in the surge spectra.
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Figure 7.6: Model/experiment comparison of scaled surge amplitude

frequency spectra for (a) h = 3mm (b) 5mm and (c) 10mm. For each

disk thickness, the experimental data point (crosses) are given with

error bars and the theoretical curve is obtained using a value for the

spring constant that has been optimised using least square regression.

The effect of the rod on the vertical motion cannot be entirely explained by a

simple spring/mass system. Accounting for damping would decrease the peak frequency

(similar to the damped harmonic oscillator), so we do not expect they would provide

an improved fit with the experimental data. In addition, we note that the influence

of the drift force is filtered when we perform the STFT analysis, so that they do

not contribute to the discrepancy between theoretical and experimental surge spectra.

However, the trend of agreement is similar to that for the heave spectra (see Figure

6.7), in particular for the 3 and 5mm disks for which the phase change frequencies

correspond for both rigid body modes. Therefore, the discrepancy may be driven by

the same processes in both cases. An investigation of several phenomena that could

explain part of the discrepancy was conducted in §6.4.
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Figure 7.7: Influence of the lateral motion on the modal spectra (with

n = 1) for the three thicknesses, i.e. (a,b) h = 3mm, (c,d) 5mm and

(e,f) 10mm. Panels (a,c,e) and (b,d,f) show the spectra of the pitch

and flexural amplitude Ā1,1, respectively. The theoretical spectra are

given for a restricted lateral motion (pluses) with spring constants

k̃(s) = 0.035, 0.085 and 0.075 for the 3, 5 and 10mm thick plates, re-

spectively. The spectra associated with an unrestricted (i.e. k̃(s) = 0,

circles) and fully restricted (reproduced from Figures 6.7 and 6.8, solid

line) lateral motion are also given for reference.
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7.3.3 Results

We decompose the deflection of the plate including surge into the NMV of the laterally

restricted plate. The corresponding modal spectra are compared to the results found

in Figures 6.7 and 6.8. It has been shown in §7.3.1 that the only angular modes

affected by the lateral motion are those with index n = −1 and n = 1. The azimuthal

projection of the motion is the same for the NMV and the decomposition used to solve

the hydroelastic problem, so that only the NMV with index n = 1 (symmetry allows

us to disregard the modes with n = −1) needs to be analysed.

Figure 7.7 shows the pitch and flexural amplitude Ā1,1 spectra obtained when the

lateral motion is fully restricted (solid line), partially restricted with spring constants

given in §7.3.2 (pluses) and unrestricted (circles). We observe that the influence of the

lateral motion (partially restricted or unrestricted) on the vertical motion is insignifi-

cant in the frequency range considered in the present work. Therefore, we can conclude

that the lateral oscillations of the disk in the experiment do not influence the vertical

motion of the disk and may be neglected for the remainder of this work.

7.4 Linear viscoelasticity

It was shown in §6.3.2 through a sensitivity analysis that small variations in the value

of the Young’s modulus could significantly modify the resulting modal spectra. In

particular, we found that increasing the Young’s modulus of the plate (using realis-

tic values) reduces the magnitude of the flexural modes over the frequency spectrum,

so that the agreement between experimental and theoretical data is significantly im-

proved. This suggests that underestimated values of Young’s modulus have been used

in the model, which would explain part of the discrepancy between experimental and

theoretical spectra. We have conjectured that viscoelastic effects in the behaviour of

the disks could be responsible for underestimating the Young’s modulus, due to the

significant difference between the strain rates involved during the experimental tests

and the moduli’s measurements. Viscoelastic materials exhibit lower strain deforma-

tions as the rate of stress increases, and increasing strain deformations under sustained

load (Flügge, 1975).

In the present section we propose a linear viscoelastic plate model to characterise

the disk’s internal damping. Such a model is based on assuming that the relation

between the stress and the strain in the plate is governed by hysteresis effects so that

the evolution of the system depends on its history. The constitutive equation of the
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material depends on the spring-dashpot model used to characterise the behaviour of

the associated solid. The thin plate governing equation can then be modified by adding

a hysteresis integral term involving a memory function that is defined by the corre-

sponding spring-dashpot model. Assuming time-harmonic motion, this is equivalent to

considering a complex Young’s modulus, which significantly simplifies the problem as

the solution method is then only modified by the dispersion relation (2.15) needing to

be solved for a complex stiffness parameter, β.

To the authors’ knowledge, the use of viscoelastic plate models to describe the

motion of a floating plate has been exclusively applied to sea-ice (Squire and Allan,

1980; Hosking et al., 1988; Squire et al., 1996), noting that Robinson and Palmer (1990)

introduced damping by means of an additional term in the plate equation proportional

to the vertical velocity instead. Most studies have been done in relation to moving loads

on sea-ice, which are performed in the time domain and require advanced mathematical

techniques to obtain a solution (Hosking et al., 1988; Squire et al., 1996). The work

of Squire and Allan (1980) is more relevant to the present study, as the solution to

the scattering by an ice edge was derived assuming time-harmonic motion. Using the

correspondence principle (see Flügge, 1975, Chapter 3 and §7.4.1 for a full definition),

they derived a time domain operator that maps strain to stress. This operator, which

depends on the parameters of the spring-dashpot model used, was then introduced

in the plate equation, such that, assuming harmonic time dependence, the dispersion

relation is derived in a straightforward manner. A similar approach is used here, which

allows us to obtain the solution by slightly modifying the dispersion relation in the

plate-covered fluid region.

7.4.1 Anelastic plate model

To derive the equation characterising the viscoelastic behaviour of the plate, we must

modify the stress/strain relations by including damping effects. Those are given by

Hooke’s law, which is expressed in its general form as

σij = 3Kδijε
v + 2Gsε

d
ij, (7.15)

where K and Gs are the bulk and shear moduli, respectively. Recall that δij = 1 if

i = j and 0 otherwise. The components of the stress tensor σij are here expressed in

terms of the volumetric strain εv and the deviatoric strain εdij. The volumetric strain

represents changes in the volume of a material element without change of shape, while
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Figure 7.8: Three-parameter spring/dashpot solid model.

the deviatoric strain represents a change of shape at constant volume (i.e. a distor-

tion). Note that this decomposition is also valid under the plane stress assumption.

We may similarly separate the stress tensor into volumetric (σv
ij) and deviatoric (σd

ij)

components, which are equal to the first and second term in the right side of Eq. (7.15),

respectively.

The material becomes viscoelastic if the volumetric and deviatoric stress/strain re-

lations are modified to include damping effects according to a spring/dashpot model,

so that stress and strain are related through time-dependent differential operators. As

a result the elastic constants 3K and 2Gs may be replaced by time dependent oper-

ators. The correspondence principle of viscoelasticity states that the problem can be

formulated as the elastic one, by replacing the elastic constants by their correspond-

ing differential operators (see, e.g., Biot, 1955; Flügge, 1975). Note that under the

time-harmonic motion assumption, these time-dependent operators become frequency-

dependent operators, as will be shown subsequently.

In the present model, we assume a linear (i.e. purely elastic) relation between vol-

umetric stress and strain, which is a valid approximation in the frequency range con-

sidered here, assuming small deformations (Flügge, 1975; Pritz, 2000). Therefore, the

constant 3K linearly maps those stress and strain components. We introduce vis-

coelasticity in the plate model by assuming that the deviatoric stress/strain mapping

is governed the spring/dashpot model shown in Figure 7.8, which is a standard three-

parameter solid (see Flügge, 1975; Brinson and Brinson, 2008). The system is composed

of a spring with constant E0 in series with a Kelvin element, i.e. a spring with constant

E1 and a dashpot with constant F1 in parallel. The time-domain governing equation
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is found straightforwardly using Laplace transforms and is given by
(
1 + p1

d

dt

)
σd
ij =

(
q0 + q1

d

dt

)
εdij, (7.16)

where

p1 =
F1

E0 + E1

, q0 =
E0E1

E0 + E1

, q1 =
E0F1

E0 + E1

.

Assuming time-harmonic dependence, Eq. (7.16) reduces to

σd
ij =

q0 + iωq1
1 + iωp1

εdij, (7.17)

so that, following the correspondence principle, the viscoelastic plate equation may be

rewritten by substituting 2Gs by (q0+ iωq1)/(1+ iωp1). Assuming a constant Poisson’s

ratio (Robertson, 1971; Altenbach and Eremeyev, 2009), only the Young’s modulus

needs to be modified by its frequency-dependent viscoelastic counterpart, denoted Ev.

Using the standard identity E = 2Gs(1 + ν), we obtain

Ev(ω) =
q0 + iωq1
1 + iωp1

(1 + ν) = Re{E}+ i Im{E}, (7.18)

where

Re{E} = (1 + ν)
q0 + ω2p1q1
1 + ω2p21

and Im{E} = (1 + ν)ω
q1 − p1q0
1 + ω2p21

are the real and imaginary parts, respectively. Note the Re{E} and Im{E} are com-

monly referred to as the storage modulus and the loss modulus, respectively.

It is seen that in the limit ω → 0, we have Ev → q0(1+ν) = (1+ν)E0E1/(E0+E1),

which represents the equivalent elastic constant of two springs in series. Therefore, the

plate behaves elastically when excited slowly. This is a sensible result as when pulling

the spring/dashpot system given in Figure 7.8 for an infinite time, the system extends

until the maximum extent of the two springs is reached and the dashpot has no effect

on the final extent. The dashpot only delays the response of the system.

In the limit ω → ∞, we have Ev → (1 + ν)p1/q1 = E0(1 + ν), so that the plate

again behaves elastically. In this case the dashpot does not allow for the second spring

(with constant E1) to respond. Therefore, the spring/dashpot system considered here

behaves elastically in the low and high frequency limits, so that delayed elastic effects

(estimated by the magnitude of the imaginary part of Ev) are only significant in a

relevant mid frequency range that is determined by the parameters of the model.

Applying the correspondence principle, we deduce that the viscoelastic plate equa-

tion is the same as the elastic one, in which we replace the Young’s modulus E by
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Figure 7.9: Simply supported beam under two point loads as a model

for the four-point flexural tests described in §4.2.2.

the complex frequency-dependent quantity Ev. Therefore, the boundary value prob-

lem stated in Eq. (2.13) is modified by replacing the non-dimensional real constant β

by the frequency-dependent complex quantity βv(ω) = Ev(ω)h3/(12(1− ν2)ρ0gH
4) in

Eq. (2.13d). The solution method only differs in that the roots of the dispersion rela-

tion in the plate-covered fluid region given by Eq. (2.15) are all complex. In practice,

the roots obtained with a purely elastic plate (see §2.2.1) are located (in the complex

plane) close to those corresponding to the viscoelastic plate model. Consequently, we

use them as initial guesses in the dispersion relation solver and only retain the roots

corresponding to those for an elastic plate to expand the potential under the plate.

The remainder of the solution method derived in Chapter 2 is not modified by the

viscoelastic modification.

7.4.2 Model calibration

The viscoelastic model derived in §7.4.1 has introduced three additional parameters, E0,

E1 and F1. In order to find realistic values for these constants, we use the measurements

from the four-point flexural tests performed on samples of the disks as described in

§4.2.2. Note that these quasistatic tests have not been setup to measure viscoelastic

effects and that dynamic tests (Deverge and Jaouen, 2004; Boiko et al., 2010) would

be required to characterise properly the viscoelastic properties of the expanded PVC

utilised in the present work. Therefore, the results obtained with the four-point flexural

tests must be interpreted with care with regards to viscoelastic effects.
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The disk samples used for these tests are modelled as simply supported beams of

length L = 90mm, width b = 20mm and thickness h. A load P is applied vertically

and simultaneously at two points of the beam located at a distance l = 20mm from the

left and right edge, respectively. Assuming purely elastic deformations, the governing

equation and boundary conditions of the beam are given by

Eh3b

12(1− ν2)
∂4xw = P (t)δ(x− l) + P (t)δ(x− L+ l),

(7.19)

∂2xw(0, t) = ∂2xw(L, t) = w(0, t) = w(L, t) = 0,

where w(x, t) denotes the deflection of the beam, and the origin of the coordinate

system Oxz coincides with the beam left edge, with z pointing upwards. Integrating

Eq. (7.19) four times leads to the solution. We obtain the deflection at x = l, i.e.

wl(t) =
1 + ν

E
P̃ (t), (7.20)

where

P̃ (t) =
2(1− ν)l2(3L− 4l)

bh3
P (t).

We now assume the beam is viscoelastic such that stress and strain are related as in

§7.4.1. The four-point flexural tests consisted of slowly increasing the loads applied on

the beam over time, resulting in a constant deflection rate, such that the harmonic mo-

tion assumption does not hold. Following Flügge (1975), the correspondence principle

also applies in the time-domain by substituting the elastic constant 2Gs = E/(1 + ν)

by the corresponding time-operator deduced from that arising in Eq. (7.16). We obtain

the ordinary differential equation
(
q0 + q1

d

dt

)
wl =

(
1 + p1

d

dt

)
P̃ . (7.21)

The four-point flexural tests provide the measurements of wl(t) and P̃ (t) over time.

Therefore, we can estimate the parameters of the viscoelastic model by optimising the

fit of the model response to the experimental response. The deflection speed is kept

constant throughout the tests, with wl(t) = c0t for c0 = −0.33mms−1. This allows us

to solve Eq. (7.21) analytically for P̃ . We obtain

P̃ (t) = c0 (q1 − p1q0)
(
1− e−t/p1

)
+ c0q0t. (7.22)

It is seen from Eq. (7.22) that, as t increases, the exponential term dies out so that

the scaled load P̃ increases as c0(q0t + C), where C = q1 − p1q0. We deduce that the
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beam behaves as a purely elastic material of elastic modulus q0, which is the equivalent

modulus of the two springs in series. Therefore, the viscoelasticity effects influence the

response in the early moments only, through the time-decaying exponential term. The

purely elastic behaviour is also shifted in time, so that the response is affine. Note that

the constant C must be positive for the system to make physical sense (Flügge, 1975).

The violation of this assumption would imply that the displacement of a bent beam

reduces under a sustained load.

The experimental data contain an irreversible deformation when the deflection ex-

ceeds a certain value. This regime corresponds to the secondary and tertiary creep

and is not predicted by the present linear model. As we do not expect such a regime

to be reached in the wave tank experiments, we truncate the data set so that we only

consider the linear response of the beam. The threshold of irreversible deformations is

estimated by observation of the load/deflection curve.

The three parameters q0, q1 and p1 are estimated by non-linear regression of the

model characterised by Eq. (7.22) to the truncated experimental data. The values,

optimised in the least square sense, are summarised in Table 7.1. Figure 7.10 shows

the scaled load P̃ against time measured in the flexural tests (blue line) and predicted

by the model (with parameters given by Table 7.1) in the time-window corresponding

to the linear response of the material. We see that the start of the flexural tests is

delayed by approximately 3 s, during which the load applicator is not in contact with

the beam. Therefore, we initialise the model so that the time scale approximately

starts when a load is applied, which will be referred to as ts subsequently. It is seen

that the model response fits the experimental data reasonably well.

We observe in Figure 7.10 that the response is dominated by the linear component

(with respect to time), so that the viscoelastic effects die out rapidly. A local analysis

of the signals in the transient regime (not shown as the data are too noisy) dominated

by viscoelastic effects is required to determine the validity of the results. Zooming in

would show that the scaled load increases (in magnitude) smoothly from its rest state,

i.e. the initial rate P̃ ′(ts) is smaller than the slope of the steady increase (i.e. C0q0), to

the regime dominated by pure elastic effects (steady increase). This behaviour can be

captured by the present viscoelastic model only if the y-intercept of the asymptote to

P̃ (t) (i.e. C0C) is positive, assuming the origin of time is at t = ts. As C0 < 0, this

implies that C must be negative, which is not physical as mentioned previously.

It was found that most polymeric foams exhibit a different behaviour, for which

the initial rate P̃ ′(ts) is larger than the slope of this affine asymptote (see, e.g., Kanny

217



h (mm) 3 5 10

q0 (MPa) 587 357 349

q1 (MPa s) 58.3 52.3 45.4

p1 (µPa s) 433 219 10.3

Table 7.1: Optimised values of the parameters of the viscoelastic

model to fit the flexural test data.
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Figure 7.10: Time-dependent response of the scaled load P̃ in the

flexural tests for thicknesses (a) 3mm, (b) 5mm and (c) 10mm. For

each thickness, the response given by the optimised model (red) is

shown and compared to the experimental responses (blue).
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et al., 2002; Brandt and Fridley, 2003; Tamrakar and Lopez-Anido, 2010), that would

be correctly captured by the viscoelastic model derived in this section. In addition, it

can be proved that any linear viscoelastic model (spring-dashpot arrangement) behaves

similarly, i.e. the y-intercept of the asymptote is negative (for C0 < 0). This suggests

that the experimental data obtained from the four-point flexural tests are flawed in the

transient viscoelastic regime. The model has been optimised under the requirement

that the parameters are physically acceptable. Although the values obtained for the

viscoelastic parameters are considered as rough estimates, they do allow us to introduce

realistic damping effects in the model.

7.4.3 Results

We estimate the Young’s modulus Ev(ω) using Eq. (7.18) with values for the parameters

q0, q1 and p1 given in Table 7.1. Figure 7.11 shows the spectral variations of the

storage modulus, Re{E}, the loss modulus, Im{E}, and |Ev| (see panels a, b and c,

respectively), for the three thicknesses considered here. It is seen that the storage

modulus depends very little on the frequency, within the frequency range considered

in the present work. By zooming in, we could see that Re{E} increases slightly with

frequency. On the other hand, the loss modulus increases significantly and steadily

with the frequency. We observe that Im{E} depends little on the thickness compared

to the Re{E}.
The quantity |Ev| provides an estimate of the Young’s modulus that we should

consider purely elastic beam model to include viscoelastic effects. For the 5 and 10mm

thicknesses, it is seen that, at low frequencies, the values found for |Ev| are similar

those measured in Marsault (2010) (dashed lines), i.e. E, and increase as the frequency

increases, so that we obtain values of |Ev| significantly higher than E. Therefore, we

expect that the present viscoelastic model will affect the modal spectra of the floating

plate more at high frequencies for those two thicknesses. For the 3mm thickness, |Ev|
becomes higher than that estimated by Marsault (2010) for f > 0.7Hz approximately.

In the subsequent analysis, we generate the modal spectra obtained with the complex

moduli Ev, as the solution method allows for complex values.

The deflection of the plate including viscoelastic effects is calculated by solving the

problem set in §7.4.1. We then decompose the motion into the NMV of the purely

elastic plate. The corresponding modal spectra are compared to the results found

in Figures 6.7 and 6.8. Figure 7.12 shows the rigid body modes amplitude spectra,

for the three disk thicknesses considered here. The spectra obtained when including
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Figure 7.11: Frequency variations of the viscoelastic Young’s modu-

lus. The spectral variations of (a) the storage modulus, Re{E}, (b)
the loss modulus, Im{E}, and (c) |Ev| are given for the three thick-

nesses h = 3mm (blue), 5mm (red) and 10mm (green). The values

of Young’s modulus used in previous analyses (see Table 4.2) are also

given for reference (dashed lines).

viscoelastic effects in the plate model are given as thin solid lines and are compared to

those reproduced from Figure 6.7, which use the real frequency-independent values of

the Young’s modulus given by Table 4.2.

We observe that the viscoelastic effects have little influence on the rigid body mode

spectra. The phase changes associated with the heave motion for the 3 and 5mm

disks are absent similarly to what was found when including friction effects at the

disk’s centre (see §7.2). A non-zero minimum is reached instead, which is typical

when damping effects are included. We showed in §6.3.2 that the rigid body modes

have little sensitivity to variations of the Young’s modulus, which is confirmed by the

present analysis.

Figures 7.13, 7.14 and 7.15 show the flexural modes amplitude spectra, for the disk
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Ā
0
,0

Ā
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Figure 7.12: Influence of the viscoelastic complex Young’s modulus

on the rigid body modes for the three plate thicknesses. The heave

(panels a–c) and pitch (panels d–f) theoretical modal spectra are given

for the complex Young’s modulus (black line) and for E taken from

Table 4.2 (green line). The experimental spectra are also given for

comparison (red crosses).

thicknesses h = 3, 5 and 10mm, respectively. The colour code is the same as in Figure

7.12. The effect of the frequency-dependent complex Young’s modulus on the flexural

spectra is consistent with the outcomes of the analysis regarding the frequency varia-

tions of its real and imaginary parts (see Figure 7.11). At low frequencies, the spectra

associated with the viscoelastic plates (for the three thicknesses) are similar to those

obtained with a purely elastic plate. At high frequencies, the viscoelastic effects tend

to lower the magnitude of the modal amplitudes. It is therefore reasonable to conjec-

ture that viscoelastic effects (as modelled here) may explain part of the discrepancy
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Ā
2
,1

f(Hz) f(Hz)

(a) (b)

(c) (d)

(e) (f)

Figure 7.13: Influence of the viscoelastic complex Young’s modulus

on the six flexural modes considered in the present analysis, for a disk

thickness h = 3mm. The theoretical modal spectra are given for the

complex Young’s modulus (black line) and for E taken from Table 4.2

(green lines). The experimental spectra are also given for comparison

(red crosses).

between experimental and theoretical data for the flexural modes at high frequencies.

Recall that the parameters of the viscoelastic plate model have been estimated

using the four-point bending test data. We emphasised in §7.4.2 the difficulty of char-

acterising the viscoelastic behaviour of a material with such tests and suggested that

the values obtained for the parameters of the viscoelastic models were rough estimates

only. Therefore, the present modal spectra analysis does not allow us to give conclusive

statements with regards to the influence of viscoelastic effects on the motion.
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Figure 7.14: Same as Figure 7.13 for a disk thickness h = 5mm.

In addition, we have estimated the parameters of the viscoelastic model using the

flexural tests measurements performed at a constant strain rate. The dependence of

the flexural tests response to the strain rate is well documented (see, e.g., Gerhards and

Link, 1986; Brandt and Fridley, 2003; Tamrakar and Lopez-Anido, 2010). As the strain

rates involved in the wave tank experiments are significantly higher than those of the

flexural tests, it is probable that the moduli have been underestimated at low strain

rate (Brandt and Fridley, 2003). Unfortunately, we can only speculate on the reasons

for the discrepancy as more extensive material test campaigns would be required to

characterise the behaviour of the material fully, especially with strain rates similar to

those involved in the hydroelastic tests.
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Figure 7.15: Same as Figure 7.13 for a disk thickness h = 10mm.

7.5 Conclusions

In Chapter 6, we generated the natural modes amplitude spectra of the plate motion

from the model derived in Chapter 2 and the experimental data. We observed some

discrepancy between the theoretical and experimental data and were able to identify a

number of drivers that might explain part of the discrepancy. In the present chapter,

we have proposed extensions to the hydroelastic model described in Chapter 2 in order

to assess the significance of a number of physical processes present in the experiments

and neglected in the original model.

We estimated the influence of the edge barrier present in the experimental setup to

prevent flooding events. Two models have been proposed, which are based on modifying

the edge conditions of the plate model to account for the effects of the barrier. In the

first model, we consider the mass of the barrier only, so that the zero shearing stress
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condition at the edge is replaced by a dynamic condition. It was found, however, that

the modal spectra are not modified due to the presence of a reasonable mass around

the disk.

As an extension to the simple edge-mass model, we modelled the barrier as an

elastic ring attached to the plate along its circular edge. The ring theory is based on

the Timoshenko beam theory and considers the effects of flexure, torsion, translational

and rotary inertia. The transmission of forces and moments between the ring and

the plate was accounted for through the plate’s edge conditions following Stuart and

Carney (1974). We tested the influence of the edge-beam model on the modal spectra

for two values of the ring rigidity to analyse the sensitivity of the model. We found that

the edge-beam has no effect on the response of the plate. This allows us to conclude

that the edge barrier does not influence the response of the plate in the experiments.

A model has been proposed to estimate the effects of the central rod (used in the

experiments for restricting the lateral motion of the disk) on the response of the disk. In

particular, we considered frictional effects at the disk centre due to the quasi-permanent

contact between the rod and its guide through the disk. We included an additional

scattering source at the centre of the disk, using a Green’s function due to a point

source. Assuming the displacement is partially restricted at the centre using a friction

coefficient, we expanded the point condition at the centre, which allowed us to derive

a diffraction transfer operator mapping the scattered wave under the plate without

friction to the source wave. The hydroelastic scattering problem was then solved as in

Chapter 2 by modifying the entries of the potential expansion under the plate.

We assessed the influence of frictional effects on the axisymmetric modes for several

values of the friction coefficient, and found that friction has very little effect on the

heave and tends to reduce the magnitude of the flexural modes, especially at low

frequencies. Although this slightly improves the agreement with the experimental data

(when significant frictional effects are considered) at low frequencies, frictional effects

cannot explain the discrepancy between experimental and theoretical data at mid and

high frequencies. We conclude that they have little influence on the response, as the

discrepancy is consistent across the spectrum, for the three disks and the other non-

axisymmetric modes, suggesting it is caused by a similar mechanism.

A model was then proposed that included the effects of surge on the deflection

of the disk. The EMM was rewritten to allow for the lateral displacements of the

plate, partially restricted by a spring evenly spread around the disk, to account for the

partial restriction of the lateral motion in the experiments due to the central rod. The
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lateral displacement was coupled to the fluid motion through the dynamic condition

projected along the x-axis. Modified expressions for the diffraction transfer matrices

were found. We calibrated the spring constant using the experimental data. We found

that the influence of the partially restricted or unrestricted surge on the modal spectra

is insignificant.

We derived a final model, as part of the present analysis, to account for anelastic

effects in the flexural motion of the plate. A three-parameter spring-dashpot model was

used to relate stress and strain within the plate. Applying the correspondence principle

of viscoelasticity, we obtained an expression for the Young’s modulus that is complex

and depends on the frequency. The solution method to the hydroelastic problem was

only modified to the extent that the dispersion relation in the plate-covered fluid region

was solved for a complex stiffness parameter, so that all the roots are complex.

To estimate the parameters of the model, we used the measurements performed

during the four-point flexural tests. Using a simply supported beam model to repre-

sent the experimental setup, we were able to express the load applied in terms of the

displacement. Using the correspondence principle in the time domain and consider-

ing the deflection is linear in time, we were able to find the time-dependent evolution

of the load. We then estimated the parameters of the viscoelastic model to optimise

(in the least square sense) the fit with the experimental data. It was found that the

transient regime occurring in the early moments of the flexural test, during which the

anelastic effects are the most significant, could not be captured well by the model,

due to an unexpected trend of the experimental data in this regime. It was suggested

that the data obtained from the flexural tests could not be trusted in the transient

viscoelastic regime, and that other (dynamic) tests would be required to characterise

these effects accurately. Therefore, we obtained rough estimates (but realistic values)

of the viscoelastic parameters.

We then analysed the effect of the viscoelastic model on the modal spectra. It

was found that it has very little influence on the rigid body modes, while it tends to

reduce the magnitude of the flexural modal amplitudes, at high frequencies. Similar

behaviours have been observed for the three disk thicknesses considered in the analysis.

We noted, however, that the flexural tests were performed at a lower strain rate than

in the wave tank experiments, so that viscoelastic effects are probably more significant

than those that were used in this analysis.

The viscoelastic model that has been derived requires that three parameters are

estimated, which is a delicate task as discussed previously. To simplify the analysis,
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we could introduce damping in the plate equation using the model of Robinson and

Palmer (1990), which contains one additional parameter only. This will be the subject

of further investigations. In any case, an accurate characterisation of the viscoelastic

behaviour of the material used in our experiments would be required to continue this

analysis and conclude on whether anelasticity is one of the main drivers of the discrep-

ancy found for the flexural modes. Consequently, we will continue using the values of

the Young’s modulus given in Table 4.2 in subsequent analyses.
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Chapter 8

Model/experiments comparisons

for two disks

The experimental campaign conducted as part of the present work and described in

Chapter 4 has also allowed us to obtain data for tests involving two disks. We recorded

the motion of a two-disk system characterised by a spacing s (centre to centre) and an

angle ̟ between the disks with respect to the x-axis, as shown in Figure 4.14. The clos-

est and furthest disks from the wavemaker are referred to as the front and back disks,

respectively. We have tested two symmetric (with respect to the x-axis, i.e. ̟ = 0)

arrangements for two different spacings (s = 1.88 and 3m) and two non-symmetric

arrangements for two angles (̟ = 30 and 45◦) with constant spacing s = 3m. We

explained in §4.4 that we could only record the motion of half a disk per test, due to

the limitations of the recording device. Therefore, four tests were required to complete

the measurements for a non-symmetric configuration and two tests for a symmetric

one. As a consequence, the range of parameters varied for the two-disk experiments

has been reduced compared to the single-disk experiments, as discussed in §4.5 (two

disk thicknesses, 3 and 10mm, and eight frequencies, as for the single disk).

The analysis of the data obtained for the motion of the two disks follows closely

from that performed for the single-disk experiments (see Chapter 5). Special attention

will be given to validate the reconstruction of the disks’ motion from several datasets.

Using the deflection data of the two disks allows us to evaluate the amplitudes

of the natural modes of vibrations (NMV) of the two disks. Our goal is to compare

the theoretical and experimental modal spectra obtained for each disk, including those

associated with anti-symmetric modes for non-symmetric arrangements. In addition,

we intend to characterise the interaction phenomena due to the presence of two disks,
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by comparing their respective modal spectra with those obtained for a single disk.

This will allow us to determine if we can observe evidence of multiple interactions,

i.e. the disks being excited by waves travelling back and forth between them, which

characterise most three-dimensional models involving multiple floating elastic plates

(e.g. Peter and Meylan, 2004; Bennetts and Squire, 2009).

8.1 Data analysis

Recall that the motion of the disks is measured using a stereoscopic vision technique

on a set of markers located on the upper surface of the disks. We obtain a data file con-

taining the time-dependent (x, y, z) coordinates of each marker at a sampling frequency

of 64Hz. Due to the limited field of view and optical resolution (ability to distinguish

two markers close to each other) of the IR cameras utilised in the experiments, it was

shown in §4.4 that two and four tests were used to obtain the deflection data of the

two-disk system, for symmetric and non-symmetric arrangements, respectively.

8.1.1 Processing the two-disk system data

Similarly to the single-disk experimental campaign, we define a unique identifier for

each test involving two disks. The parameters are the frequency (f = 0.6–1.3Hz), the

thickness (h = 3, 10mm), the angle between the disks (̟ = 0, 30, 45◦), the spacing

(s = 1.88, 3m) and the half disk region analysed (region 1–4, as defined in Figure

4.14). For instance, the measurement performed on the upper half of the front disk in

a two 10mm-disk setup, with a 30◦ angle and a 3m spacing between them, under a

0.8Hz incident wave is denoted by f08/h10/̟30/s300/reg3.

We define the characteristic times of the two-disk system, in order to identify a

steady-state window associated with each test. In addition, to the reflections at the

boundaries of the wave tank, we have to consider interaction effects between the disks,

i.e. determine how many times waves travel back and forth between the disks before

reaching an oscillatory steady state. In the present three-dimensional setting, we expect

this number to be small, as waves are scattered over the directional spectrum, so that

the contribution of a single direction is small in comparison. The presence of lateral

boundaries in the wave tank presents an additional restriction, as the steady-state

window must end before the motion is contaminated by waves reflected from these

boundaries.
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Figure 8.1: Schematic diagram of the characteristic times of the two-

disk system. The times associated with the back disk tbi and front

disk tfi, i = 1–5, are given in panels (a) and (b), respectively.
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f(Hz) 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3

s = 1.88m

tb2(s) 10.7 12.9 14.7 16.6 18.5 20.3 12.2 24.0

tf2(s) 8.1 9.7 11.1 12.4 13.9 15.3 16.7 18.1

s = 3m

tb2(s) 12.4 14.9 17.0 19.1 21.3 23.4 25.6 27.7

tf2(s) 9.8 11.7 13.3 15.0 16.8 18.4 20.1 21.8

Table 8.1: Theoretical estimate of the characteristic time represent-

ing the lower limit of the steady-state window for measurements per-

formed on the front and back disk (tb2 and tf2, respectively) after one

interaction cycle.

Let tfi and tbi denote the characteristic times associated with the front and back

disks, respectively, for a relevant range of positive integers i. As discussed in §4.4,
the disk containing the markers for the deflection measurements is always positioned

approximately in the middle of the wave tank, in order to maximise its distance from

the side walls, so that we have s < yfc and s < ybc (see Figure 8.1). This allows us

to consider the effects of the other disk on the motion of the one analysed after one

interaction cycle (i.e. scattered wave travelling from one disk to the other and back)

before the side walls affect the response. The characteristic times are defined in Figure

8.1, where the setup to record the motion of the back and front disk is shown in panels

(a) and (b), respectively. Note that tbi and tfi, i = 1, 3, 4, 5, correspond ti, i = 1–4,

for the single-disk setup 1 and 2, respectively. These characteristic times are given in

Table 5.1. The times tb2 and tf2, which account for one interaction cycle and depend on

the spacing s, are shown in Table 8.1.

We define the steady-state window as a subinterval of
[
tb2, t

b
3

]
for the back disk and

[
tf2, t

f
3

]
for the front disk. This interval is used to define the response of the disks in

the frequency domain, using the STFT (see §5.3) as for the single disk. Note that the

duration of these windows is significantly reduced for the present analysis, especially

for the 3m spacing. For a low frequency wave forcing, it will be less than 2 s, which is

less than or approximately equal to the wave period, and thus we cannot confirm that

a steady state has been reached. This may cause errors in the processed data, so that

care must be taken when analysing the results obtained for these sensitive cases.
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8.1.2 Repeatability

The efficiency of the two-disk setup is similar to that of the single disk, which is

discussed in §5.1, as the same disks have been used. In particular, the analysis of the

validity of the motion restriction device, made of the two vertical rods through the disk

(see §4.3.1), need not be repeated and its effect on the vertical motion is neglected,

on the basis of the conclusions drawn in §7.2 and 7.3. Likewise, we assume that for

symmetric arrangements, the validity of the symmetry with respect to the x-axis follows

from that deduced from the analysis conducted in §5.1.3 for a single disk.

In order to validate the experimental procedure that consists of using the results of

two (symmetric arrangements) or four (non-symmetric arrangements) tests to generate

the data of a single configuration, we need to perform a repeatability analysis on the

measured data. Time did not allow us to perform such additional tests as part of

this experimental campaign, due to the large number of tests required to obtain data

for a modest number of configurations. Therefore, the analysis of the experimental

results relies on a single set of data, which does not allow us to calculate error bars.

However, as we found reasonably good repeatability for the single-disk tests, especially

for integrated quantities such as the natural modes, we expect that similar conclusions

may be drawn for the two-disk experiments, as only the wave forcing is modified due

to the presence of the second disk.

With regards to the tests that have been performed as part of the two-disk exper-

imental campaign, a repeatability analysis can be performed on the deflection of the

markers located on the x-axis for non-symmetric arrangements. In this case, the data

are obtained twice, as those points are in common to regions 1 and 2, for the back disk,

and regions 3 and 4, for the front disk (see Figure 4.14). The location of the markers

is the same for all these tests and is given in Figure 4.10. We see that six markers are

located on the x-axis, i.e. those labeled 2, 3, 4, 6, 7 and 8. In order to avoid performing

pointwise comparisons of the deflection at each point, we define the averaged quantity

z̄ =
z2 + z3 + z4 + z6 + z7 + z8

6
,

where zi, i = 2, 3, 4, 6, 7, 8, is the steady-state amplitude of the fundamental frequency

component of marker i. Figures 8.2 and 8.3 show the quantity z̄ (in metres) plotted

against the frequency for h = 3mm and 10mm, respectively. In each figure, the data

are given for both disks and for the two non-symmetric arrangements considered here,

i.e. for ̟ = 30◦ (see panels a and b) and ̟ = 45◦ (see panels c and d). It is seen that

in most cases, we obtain good repeatability for the experimental data on the x-axis.
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Figure 8.2: Repeatability spectra of averaged deflection along the x-

axis, z̄, for the 3mm-thick disks. The data are given for the back

disk (panels a,c) and the front disk (panels b,d), such that the angle

between them is (a,b) ̟ = 30◦ and (c,d) ̟ = 45◦. For each test, the

two values of averaged deflection are given as blue crosses and red

circles, representing regions 1 and 2 (back disk), and regions 3 and 4

(front disk).
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Figure 8.3: Same as Figure 8.2 for the 10mm thick disks.
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The only spectrum showing non-negligible discrepancy is that obtained with the 3mm

disks at a 45◦ angle, when measuring the response of the front disk (see Figure 8.2(d)).

Particularly, we observe that at low and mid frequencies, the averaged deflection along

the x-axis measured on region 3 is slightly lower than that measured on region 4. For

that particular configuration, the relative difference between the two measurements

reaches 6–7%, while in all the other case we found much lower errors, typically 1–2%.

The good agreement of the averaged deflection obtained for most configurations may

give an indication of the validity of the experimental procedure. Although further tests

would be required to check that the response is repeatable over the surface of the two

disks, we consider that the data are sufficiently reliable in the subsequent analysis.

8.2 Symmetric arrangements

Similarly to the single-disk analysis conducted in Chapter 6, we use the NMV of the

circular plate to decompose the motion of each disk involved in the two-disk tests. In

this section, we examine the response of the two symmetric arrangements considered in

the two-disk experiments, so that we give results for the symmetric modes only, as for

the single disk. In particular, we compare the modal spectra associated with the front

disk and the back disk in order to characterise how they interact. The modal spectra

obtained for the corresponding single disk (i.e. same thickness) will also be given for

reference and allow us to determine how the response of the two interacting disks is

modified.

8.2.1 Small spacing: s = 1.88m

Rigid body modes

Figure 8.4 shows the modal spectra associated with the rigid body modes (heave and

pitch) for the two disk thicknesses considered here. In each panel, the theoretical and

experimental spectra of the front (green line and red circles) and back (magenta line

and blue circles) disks are given, which can be compared to those obtained for the

corresponding single-disk tests (black line and cyan crosses). It is seen that, at low

frequencies, the spectra associated with the single disk and both disks of the two-disk

tests coincide. In this regime, we observe trends of agreement between experimental

and theoretical data that are similar to those discussed in §6.2.3 for the single-disk

case, so that the disks have no effects on each another. In the mid to high frequency
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Figure 8.4: Comparison model/experiments of the rigid body modes

amplitude spectra for a symmetric two-disk arrangement with spac-

ing s = 1.88m. Panels (a) and (b) show the scaled heave motion Ā0,0

(for h = 3 and 10mm) and panels (c) and (d) the scaled pitch motion

Ā1,0 (for h = 3 and 10mm). For each case, the theoretical and experi-

mental spectra are given for the front disk (green line and red circles),

the back disk (magenta line and blue pluses) and the single-disk test

(black line and cyan crosses) for reference.

range, there are differences between the spectra of the disks, which is evidence of disk

interactions. The frequency representing the lower boundary of this regime is different

for the two disk thicknesses considered, and are f > 1Hz and f > 0.7Hz approximately

for the 3 and 10mm disks, respectively.

For the 3mm disks, we observe that the heave and pitch spectra (obtained theo-

retically and experimentally) associated with the front disk are similar to those of the
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single-disk tests, suggesting that the back disk has little effect on the front one. On

the other hand, the heave and pitch response of the back disk are slightly attenuated

in the mid to high frequency regime. Therefore, the presence of the front disk alters

the incident wave field through scattering over the directional spectrum, so that the

back disk undergoes excitations due to waves with reduced energy. Note that the the-

oretical heave spectrum displays a phase change frequency at f ≈ 1.2Hz, as for the

single disk. Although this feature is not present in the experimental spectra (similar

to the single-disk tests), we observe that the heave response of the front disk is slightly

higher than that of the back disk, which is consistent with the theoretical spectra. The

comparison is difficult here due to the phase change frequency. For the pitch spectra,

we find a good agreement between theoretical and experimental data over the mid to

high frequency range for both disks (5–10% relative difference).

For the 10mm disks, we obtain similar results. Theoretical and experimental spec-

tra agree very well over the mid to high frequency range (as defined above for the 10mm

disk) with a relative difference of 5–25% for both disks, which is consistent with the

results for the single disk. We see that in this case the back disk has an influence on the

motion of the front disk, as the corresponding heave and pitch spectra oscillate about

the single-disk spectra. A similar oscillatory behaviour may be observed for the 3mm

disks tests (see panels a and c), with low magnitude oscillations. The maxima of these

oscillations are likely to be associated with the natural frequencies of the hydroelastic

system composed of both plates in a laterally unbounded fluid domain (analogous to

the two-dimensional problem discussed in §3.4.4). Note that these oscillations have

low magnitude, even for the 10mm disk, so that we can conclude that the front disk

response is similar to that of the single disk. Therefore, the interaction effects between

the two disks are essentially driven by the front disk altering the incident wave so that

the motion of the back disk decreases.

Flexural modes

Figure 8.5 shows the spectra of the six flexural modes retained for the present analysis

(as in Figure 6.8) for the tests involving the 3mm disks. Similarly to what we observed

for the rigid body modes (see Figure 8.4), we do not see any differences from the single-

disk response in a low frequency range, in both theoretical and experimental spectra.

Differences appear, for the theoretical spectra, in the mid and high frequency range,

for f > 1Hz approximately, depending on the modes. At high frequencies, we observe

that the theoretical spectra associated with the front disk slightly oscillate about those
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Figure 8.5: Comparison model/experiments of the flexural modes am-

plitude spectra for a symmetric two-disk arrangement with spacing

s = 1.88m and thickness h = 3mm. The modes are the same as in

Figure 6.8 and the color code for theoretical and experimental spectra

is the same as in Figure 8.4.

of the single disk, comparable to the rigid body modes. These oscillations have low

magnitude, so that they are not clear in the corresponding experimental spectra. At

high frequencies, it is seen that, in the theoretical spectra, the back disk amplitudes are

lower than the front disk amplitudes, which is consistent with the experimental data.

The interaction effects predicted by the model are confirmed by our observations of

the experimental spectra and the quantitative agreement is similar to that estimated
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Figure 8.6: Same as Figure 8.5 for h = 10mm.

for the single disk (30–50% relative difference). Therefore, it is logical to conclude that

the discrepancies between experimental and theoretical data have the same sources as

those observed in the single-disk analysis.

For the tests involving the 10mm disks, Figure 8.6 shows the flexural modes spec-

tra of the two disks. The differences from the single-disk spectra are more significant

than for the 3mm disk, although similar observations can be made with regard to

the qualitative behaviour of these spectra. In particular, we see from the theoretical

and experimental data that the two disks interact very little at low frequencies, for

f < 0.8Hz approximately. At higher frequencies, it is seen that the front disk theoret-

ical spectra oscillate about the single-disk spectra. The magnitude of these oscillations
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is more significant than those of the 3mm disk. Although more data points would be

required to characterise these oscillations experimentally, we may compare the relative

positions of the markers associated with the front disk with respect to those corre-

sponding to the single disk. For the modal amplitudes Ā2,0 and Ā0,1, we observe that

these relative positions are consistent with those seen in the corresponding theoretical

spectra, suggesting that this oscillatory behaviour is present in the experiments. For

the other modes, the magnitudes of the oscillations are too low and the experimental

error is more significant, so that there is more variability in the results.

Similarly to the 3mm disk, the motion of the back disk is lower than that of the

single disk, due to the presence of the front disk altering the incident wave and reducing

the energy exciting the back disk. Here, we find a good qualitative agreement between

theoretical and experimental data. In the mid to high frequency regime, the relative

difference between theoretical and experimental data is similar to that of the single disk

for the front disk (30–50%), and slightly higher for the back disk (50–60%). Therefore,

we may conjecture that the observed discrepancies have the same source as those of

the single-disk tests, so that the interaction effects are captured well by the model.

In particular, note that the minimum seen for the back disk modal amplitudes Ā0,1

and Ā1,1 at f ≈ 1.2Hz is present in both the theoretical and experimental spectra.

For the modal amplitudes Ā4,0 and Ā2,1, lower amplitudes inducing more experimental

error cause the agreement to be not as good as for the other modes, similarly to the

single-disk analysis.

8.2.2 Large spacing: s = 3m

Rigid body modes

Figure 8.7 shows the rigid body modes amplitude spectra of the front and back disks,

for the two disk thicknesses considered here. We use the same colour code as that of

Figure 8.4. We obtain comparable theoretical and experimental spectra to those with

a small spacing. In particular, differences from the single-disk spectra are very small in

a low frequency range. From the theoretical spectra, we see that the front disk behaves

similarly to the single disk at high frequencies with low magnitude oscillations about

the single-disk spectra. The oscillatory behaviour is likely to be related to the natural

frequencies of the system as discussed previously for the smaller spacing. We observe

that the oscillations are denser for the larger spacing than for the smaller spacing,

suggesting that this parameter influences the oscillatory behaviour. We obtained com-

240



0.5 1 1.5
10

−2

10
−1

10
0

 

 

0.5 1 1.5
10

−2

10
−1

10
0

0.5 1 1.5

10
−1

10
0

0.5 1 1.5
10

−2

10
−1

10
0

Front (th) Back (th) Single (th) Front (exp) Back (exp) Single (exp)

Ā
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Ā
1
,0

f(Hz) f(Hz)

(a) (b)

(c) (d)

Figure 8.7: Same as Figure 8.4 for a larger spacing, i.e. s = 3m.

parable results for the two-dimensional problem in §3.4.3, where we found that a larger

spacing allows for more natural harmonics to resonate in a given frequency range. This

oscillatory behaviour is unclear from the experimental spectra, similarly to the small

spacing observations.

The motion of the back disk is decreased compared to that in the single disk in

the high frequency range, similarly to that observed for the smaller spacing. We also

observe local minima in the back disk spectra at high frequencies, which are significantly

more pronounced than for the smaller spacing. The agreement between theoretical

and experimental spectra is good overall, except for the phase change in heave for

h = 3mm, as for the single-disk tests. Quantitatively, we obtain a relative difference

between theoretical and experimental front and back disks’ spectra disks similar to that

of the single disk and the smaller spacing. Therefore, the spacing has little influence

on the rigid body modes amplitude spectra in the frequency range considered in the
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Ā
3
,0

Ā
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Figure 8.8: Same as Figure 8.5 for a larger spacing, i.e. s = 3m.

present work.

Flexural modes

Figure 8.8 shows the flexural modes amplitude spectra of the two 3mm disks. The

behaviour of the front and back disks is the same as for the smaller spacing discussed

in §8.2.1. The larger spacing has very little effect on the spectra for this disk thickness,

except at high frequencies for the back disk, where we observe the magnitude of the

modal amplitudes is lower than for the smaller spacing (lower minima). The qualitative

agreement between the theoretical and experimental spectra is good for all the modes

and the discrepancy in magnitude is 30–50%, similarly to the single-disk response.
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Ā
4
,0

Ā
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Figure 8.9: Same as Figure 8.6 for a larger spacing, i.e. s = 3m.

Therefore, it is reasonable to conjecture that the discrepancy has the same sources as

that observed for the single disk.

Figure 8.9 shows the flexural modes amplitude spectra for the 10mm disks. Previous

observations regarding the effect of the spacing still hold. In particular, the density of

oscillations in the theoretical spectra of the front disk is increased compared to that

for the smaller spacing. In addition, the back disk spectra reach lower minima at high

frequencies. The agreement with the experimental data is reasonably good (30–50%

relative difference), similarly to the smaller spacing, except at some isolated frequencies

(e.g. Ā01 at f = 1.1Hz, Ā30 at f = 1.3Hz and Ā11 at f = 1.1Hz).

We may conclude that for a symmetric arrangement of two floating disks, the

243



spacing has little effect on the response of the two disks. From the theoretical data,

we found that its influence is the same for all the modes. It is characterised by an

increase in the number of oscillations in a given frequency range for the front disk

spectra and a lowering of the minima for the back disk spectra, when the spacing is

increased. Although it is difficult to observe the oscillatory behaviour in the front

plate’ experimental spectra, the minima for the back disk’s spectra are seen in the

experimental data and are consistent with the corresponding theoretical spectra.

8.3 Non-symmetric arrangements

In this section we analyse the modal amplitude spectra associated with each disk of

the two non-symmetric (with respect to the x-axis) arrangements considered in the

present work. The spacing between the disks is s = 3m for both arrangements and we

consider two angles, i.e. ̟ = 30◦ and 45◦. This will allow us to determine the influence

of this parameter on the response of the disks. In addition, the anti-symmetric NMV,

defined in §6.1, are considered due to the asymmetry of the configuration. As will

be shown in this section, the anti-symmetric modes have low magnitude, so that we

will analyse a subset of five modes, including the rigid body mode Ā−1,0, also referred

to as the roll motion, and the four flexural modes Ā−2,0, Ā−3,0, Ā−1,1 and Ā−2,1. We

evaluate the anti-symmetric modal amplitudes using Eqs. (6.7) and (6.8), similarly to

the symmetric modes, with n < 0. We do not show the diagram of the anti-symmetric

mode shapes as they can be deduced from the symmetric ones (see Figure 6.1) by a

rotation of ±π/2n, depending on the evenness of n. Note that the roll amplitude is

scaled by the product of the incident wave amplitude and the open-water wavenumber,

when all the other modal amplitudes are scaled by the incident wave amplitude, for

consistency with the symmetric NMV.

8.3.1 Small angle: ̟ = 30◦

Rigid body modes

Figure 8.10 shows the rigid body modes amplitude spectra for both disk thicknesses.

This includes the anti-symmetric roll (see panels a and b). We observe a significant

discrepancy between theoretical and experimental roll for both disks for h = 3mm

(relative difference over 100%), while a better agreement is found for h = 10mm

(20–60% relative difference) in the mid to high frequency range (f ≥ 0.8Hz). It is
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Figure 8.10: Comparison model/experiments of the rigid body modes

amplitude spectra for the non-symmetric two-disk arrangement with

spacing 3m and angle ̟ = 30◦. Panels (a) and (b) show the scaled

roll motion Ā−1,0 (for h = 3 and 10mm), panels (c) and (d) the scaled

heave motion Ā0,0 (for h = 3 and 10mm) and panels (e) and (f) the

scaled pitch motion Ā1,0 (for h = 3 and 10mm). The colour code for

the theoretical and experimental spectra is the same as in Figure 8.4.

The single-disk spectra are not shown for the roll (a and b), as it has

no anti-symmetric component.

seen that the magnitude of the roll motion predicted by the model is very small, so it

is likely that the resolution of the measuring device may not allow us to measure this
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mode accurately in the experiments. We find similar magnitudes, Ā−1,0 ≈ 10−2, in the

experimental roll spectra of the two disks, for both thicknesses, across the spectrum.

Therefore, we expect that a significant proportion of the spectra obtained for the roll

motion represent the ambient noise due to a symmetric forcing and that similar spectra

would be obtained for symmetric arrangements or the single-disk tests. As discussed in

§6.4.2, we cannot verify this assertion as the measurements conducted for these cases

do not allow us to calculate the anti-symmetric modal amplitudes. These amplitudes

are small compared to those measured for the heave and pitch, however, so that their

effect on the motion of the disks is insignificant.

The heave (see panels c and d) and pitch (see panels e and f) spectra associated

with the front and back disks coincide with those of the single disk at low frequencies,

similarly to what we found for a symmetric arrangement. For higher frequencies, the

front disk theoretical spectra oscillate about the single-disk spectra, with oscillations

of higher magnitude for the 10mm disk. This is, again, similar to the behaviour we

observed in §8.2.2 for a symmetric arrangement.

On the other hand, the response of the back disk differs from that of the symmetric

case. Specifically, it is found that the heave and pitch theoretical responses have

magnitudes slightly higher than those of the single disk, in the high frequency range.

Although the difference with the single-disk response is not significant, nor is not

negligible. The experimental data show similar energy partition between the two disks.

The response of the back disk is induced by a forcing with an energy higher than that

of the incident wave alone. In the present non-symmetric arrangement, the back disk

is not hidden behind the front disk in the direction of propagation of the incident wave,

so that it is excited by the incident wave that has not been (or has been minimally)

altered by the front disk. The second source of excitation comes from the scattered

waves produced by the front disk under the incident wave forcing. This phenomenon is

already well documented for problems involving multiple bodies and is commonly used

to optimise the positioning of arrays of wave energy absorbers (WEAs) (Budal, 1977;

Evans, 1980; Falnes, 1980; McIver, 1994). It is usually characterised by an interaction

factor larger than 1, which is defined as the ratio of the maximum power absorbed

by a certain number of interacting WEAs to that absorbed by all these WEAs placed

in isolation. In comparison, the spectra obtained for the symmetric arrangements are

characterised by an interaction factor lower than 1. Similar observations can be made

for the experimental spectra.
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Ā
0
,1

Ā
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Figure 8.11: Same as Figure 8.5 for the non-symmetric two-disk ar-

rangement with spacing 3m and angle ̟ = 30◦.

Symmetric flexural modes

Figure 8.11 shows the symmetric flexural modes amplitude spectra of the front and back

disks with thickness 3mm. Similarly to the symmetric arrangements, at low frequencies

both disks respond in an identical manner to the single disk. In the high frequency

range, we observe that the front disk theoretical spectra oscillate about that of the single

disk, comparable to what we found in §8.2.2 for a symmetric configuration. From the

theoretical data, the response of the back disk is consistent with our observations for

the rigid body modes, that is the modal amplitudes have higher magnitude than in the

single-disk tests at high frequencies. Note, however, that the interaction effects seen
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Ā
2
,0

Ā
3
,0

Ā
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Figure 8.12: Same as Figure 8.6 for the non-symmetric two-disk ar-

rangement with spacing 3m and angle ̟ = 30◦.

in the back disk spectra are less important than those we observed for the symmetric

case. In particular the modal amplitudes Ā3,0, Ā4,0 and Ā2,1 have their spectra similar

to those of the single disk. We also find a consistent energy partition between the front

and back disk amplitudes in the experimental data for Ā2,0, Ā0,1 and Ā1,1. For the other

modes, the experimental data points are similar to the single-disk data. Quantitatively,

the difference between theoretical and experimental data is the same as that found for

the single disk.

The symmetric flexural modes spectra are given for the 10mm disks in Figure

8.12. Most observations made for the 3mm disks spectra hold in the present case.
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Figure 8.13: Comparison model/experiments of the anti-symmetric

modes amplitude spectra for a non-symmetric arrangement of two

3mm disks with spacing s = 3m, at an angle ̟ = 30◦. Panels

(a,b,c,d) show the scaled amplitudes Ā−2,0, Ā−1,1, Ā−3,0 and Ā−2,1,

respectively. In each panel, the theoretical and experimental spectra

of the front and back disks are given with the same colour code as in

Figure 8.4.

In the theoretical spectra, the interaction effects are more significant, however, as

the oscillations in the front disk spectra have higher magnitudes, and the back disk

amplitudes Ā2,0, Ā0,1 and Ā1,1 are significantly higher than in the single-disk spectra

at high frequencies. We find that the other amplitudes Ā3,0, Ā4,0 and Ā2,1 are less

influenced by the interaction effects, similarly to the 3mm disk. In addition, we observe

that the spectrum of Ā4,0 has lower magnitude than the single-disk spectrum at high

frequencies, unlike the other modes. The qualitative agreement between experimental

and theoretical data at high frequencies is found to be reasonably good, although

the partition of energy between the front and back disks is less consistent with the

theoretical predictions than for the symmetric arrangement (see Figure 8.9), due to

the large variability in the data points, suggesting that the experimental error may be
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Figure 8.14: Same as Figure 8.13 for the 10mm disks.

more significant in this case. However, similarly to the symmetric cases analysed in

§8.2, we conjecture that most of the discrepancies observed have the same sources as

those discussed for the single-disk tests in Chapter 6.

Anti-symmetric flexural modes

Figure 8.13 shows the amplitude spectra of the anti-symmetric modes for the tests

involving the 3mm disks, Ā−2,0, Ā−1,1, Ā−3,0 and Ā−2,1. The colour code used for the

theoretical and experimental spectra associated with the front and back disks is similar

to that of Figure 8.4. It is seen that at low frequencies, the theoretical amplitudes

have very low magnitude. In this regime, the experimental and theoretical spectra

do not agree well. Similarly to our conclusions regarding the roll motion spectra, we

suspect that a large part of the measured response is noise that does not originate

from the two disks interacting. However, we observe from the experimental data that

for the modal amplitudes Ā−1,1 and Ā−2,1, the front disk motion has higher magnitude

than that in the back disk, suggesting that the disks do interact. In addition, we

note that for each mode, the spectra have an upward trend towards high frequencies,
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which is in agreement with the corresponding theoretical spectra. At high frequencies

(f ≥ 1.1Hz), we find a better agreement between theoretical spectra and data points

for the four modes (20–70% relative difference). In particular, the energy partition

between front and back disks is consistent between theory and experiments in this

regime.

Figure 8.14 shows the amplitude spectra of the anti-symmetric modes for the 10mm

disks. It is seen that the magnitude of the amplitudes is lower than for the 3mm disks

across the spectrum, which is different from our observations for the roll motion in

Figure 8.10(a,b). This simply follows from the fact that flexural modes are less excited

for thicker disks, and similar observations have been made for the symmetric modes.

We find reasonably good qualitative agreement for all the data (i.e. upward trend

towards high frequencies) and reasonably good quantitative agreement for the modal

amplitudes Ā−2,0 and Ā−3,0 (20–60% relative difference), over most of the frequency

range.

8.3.2 Large angle: ̟ = 45◦

Rigid body modes

Figure 8.15 shows the rigid body modes amplitude spectra for both disk thicknesses. It

is seen that the magnitude of the roll motion in the 3mm disks (see panel a) is very low,

and that experimental and theoretical spectra do not agree. In this case, the measured

amplitudes in the back disk have significantly higher magnitude than in the front disk.

Although this would suggest that the disks are interacting through the roll motion, we

recall the discontinuous behaviour in the experimental deflection of the front disk at

the junction between the lower and upper halves (see Figure 8.2(d)). Integrating the

displacement over the disk’s surface with the discontinuity present tends to increase the

roll motion, which would explain the difference between front and back disks’ spectra

in Figure 8.15(a). We have not been able to explain why the discontinuity occurs in

the experimental tests, however.

For the 10mm disks, the theoretical and experimental roll spectra (see panel b)

agree reasonably well across the frequency range (relative difference similar to that for

the 30◦ angle). The experimental data are significantly scattered over the spectrum,

however, suggesting that a significant part of the measured amplitudes is noise. In

addition, the energy partition between front and back disk is not consistent with the

predictions of the model.
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Figure 8.15: Same as Figure 8.10 for an angle ̟ = 45◦.

The heave and pitch spectra of both disks have similar trends to those observed

for the non-symmetric arrangement at a 30◦ angle (see Figure 8.10). We note that

the theoretical spectra associated with the back disk deviate less from the single-disk

spectra than with a smaller angle. For the 3mm disks, we find that the theoretical heave

in the back disk has lower magnitude than that of the single disk at high frequencies,

which is different from our observations for the 30◦ angle. This may be explained by

the scattering directional spectrum of the front plate, which is characterised by a high

magnitude scattered wave at 30◦, while it is very low at 45◦. This may be seen in Figure

2.10(d) for similar conditions. In this frequency range, we deduce that the interaction

factor would be less than one. The two disks interact very little over most of the
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Ā
3
,0

Ā
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Figure 8.16: Same as Figure 8.11 for an angle ̟ = 45◦.

spectrum in this case, however. For the 10mm disk, the system behaves as in the 30◦

angle arrangement, although interaction effects are slightly reduced. The agreement

with the experimental data is found to be good for the symmetric rigid body modes

overall.

Symmetric flexural modes

Figure 8.16 shows the symmetric flexural modes for the 3mm disks. We observe that

the two disks behave similarly to the single disk. In this case, the interaction factor is

close to 1, which corresponds to two disks not interacting. We find a similar trend for

the experimental spectra, except for the modal amplitude Ā0,1, for which we see that
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Figure 8.17: Same as Figure 8.12 for an angle ̟ = 45◦.

only the back disk behaves like the single disk at high frequencies, while the front disk

has lower amplitude in this regime. For this mode, the model predicts that the motion

in the back disk is lower than that of the front disk, which behaves like the single disk.

The reason for this isolated qualitative discrepancy has not been explained.

For the tests involving the 10mm disks, the symmetric flexural modes spectra are

shown in Figure 8.17. It is seen that the interaction effects are less significant than for

a 30◦ angle, similarly to our observations for the rigid body modes. The theoretical

modal amplitudes of the back disk have higher magnitude than those of the single disk

at high frequencies. We also find a reasonably good quantitative agreement between

experimental and theoretical data in this frequency range (20–60% relative difference),
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Figure 8.18: Same as Figure 8.13 for an angle ̟ = 45◦.
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Figure 8.19: Same as Figure 8.14 for an angle ̟ = 45◦.
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for the modes that contribute most to the motion of the disks. However, the energy

partition between the front and back disks is not consistent between model prediction

and data points for all the modes and all frequencies. In particular, we observe different

behaviour for the theoretical and experimental spectra of Ā0,1 at high frequencies.

Anti-symmetric flexural modes

Figures 8.18 and 8.19 show the anti-symmetric flexural modes spectra for the 3 and

10mm disks, respectively. For the 3mm disks, we observe reasonably good qualitative

agreement between experimental and theoretical spectra for the modal amplitude Ā−2,0

and Ā−3,0 (i.e. upward trend towards high frequencies). For the other two modes, it

is seen that the experimental amplitudes in the front disk have significantly higher

magnitude than those in the back disk, suggesting that the disks are interacting through

these modes. However, the theoretical spectra do not show such energy partition, and

have much lower magnitude overall. Note that similar observations were made for the

tests with a 30◦ angle. The qualitative discrepancy has not been explained as part of

the present analysis.

Similar results are found for the 10mm disks. The experimental data are more

scattered in this case, suggesting that mostly noise has been measured. The agreement

between theoretical and experimental spectra is reasonably good, however, for the

modal amplitude Ā−2,0 (20–60% relative difference).

8.4 Conclusions

In this chapter, we have extended the single-disk model/experiments comparisons of

NMV, conducted in Chapter 6, to the two-disk tests described in §4.4. Data were

recorded for four two-disk arrangements, i.e. two symmetric ones with different spac-

ing and two non-symmetric ones with different angles. As the motion in the front and

back disks was recorded separately, we defined the characteristic times in the exper-

iments and deduced a steady-state window that is used to generate the steady-state

amplitudes associated with the motion of each disk. We accounted for interaction ef-

fects by including one interaction cycle (i.e. scattered wave travelling from one disk to

the other one and back) before the start of the steady-state window.

For the symmetric tests, we recorded the motion over half the surface of each disk

and used the symmetry argument to extrapolate the motion for the other halves. The

deflection of the disks was then decomposed into their NMV, allowing us to calculate
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the corresponding modal amplitudes. For non-symmetric tests, we recorded the motion

on each of the four halves and reconstructed the deflection of each disk by combining

the response in its two halves, which allowed us to compute the corresponding modal

amplitudes.

As the experimental tests were performed once only, we have not been able to

conduct a repeatability analysis for the two-disk tests, similar to that of the single

disk. It is assumed that such an analysis would have produced results similar to those

obtained for the single disk. We noted, however, that for the non-symmetric tests,

the displacement of six markers located on the x-axis was measured twice, as they are

part of both the lower and upper half on each disk. We tested the repeatability of the

mean displacement of those markers for the two available datasets and found that they

matched reasonably well overall, suggesting good repeatability.

A comparison analysis of theoretical and experimental modal spectra was then per-

formed for the four arrangements considered. For the two symmetric configurations, we

compared the spectra associated with the two symmetric rigid body modes (i.e. heave

and pitch) and six symmetric flexural modes (the same modes analysed in §6.2.3 for the
single disk). We found that interaction effects were insignificant at low frequencies for

each case considered, i.e. the two disks separately behave like a single disk. We observe

interaction effects for higher frequencies as the spectra associated with the front disk

modal amplitudes oscillate about the corresponding single-disk spectra. These oscilla-

tions are likely to be related to the natural frequencies of the system, similarly to our

observations for the two-dimensional problem and discussed in §3.4.4. In addition, we

found that these oscillations are denser when the spacing is increased.

When the disks are aligned with the incident wave direction, the front disk shields

the back disk, and we find that the modal amplitudes have lower magnitude than for

the single disk in the high frequency regime. As the spacing increases, the motion

in the back disk is significantly reduced. This could be explained by the geometrical

decay of the scattered wave field from the front disk while travelling towards the back

disk, although further analyses would be required to confirm this assertion.

We found a good agreement between theoretical and experimental data overall in

that the energy partition for the two disks was consistent. The relative difference is

similar to that of the single disk (5–20% for the rigid body modes and 30–50% for the

flexural modes), except at a few isolated frequencies. This allowed us to conjecture that

the discrepancies have the same source as those of the single disk, and discussed in §6.4
and Chapter 7. We find similar spectra for the front disk and the single disk, so that
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we cannot confirm that the oscillations observed from the model are also present in

the experiments. A single set of data is not enough to speculate on their accuracy and

a repeatability analysis would be needed to calculate the standard deviation and error

bars. However, the results found are satisfactory, as we have been able to characterise

experimentally features from the interaction theory, particularly the energy partition

between the two disks.

We then analysed the modal amplitude spectra of the front and back disks for the

two non-symmetric arrangements. In this case, the anti-symmetric modes must be

considered, so that we included the roll motion and four flexural anti-symmetric modes

in our analysis. We found that the low frequency response of the two disks is similar to

that of the single disk for the symmetric modes. For the 3mm disks, interaction effects

have minimal influence on the response of the disks. In particular, they are insignificant

for a 45◦ angle arrangement. We found a good agreement between experimental and

theoretical spectra overall, as the measured data were similar to the single disk data

for both disks.

For the 10mm disks, the symmetric modal amplitudes associated with the front

disk were similar to those found for the symmetric case and do not depend on the

angle, at high frequencies. On the other hand, the behaviour of the symmetric modes

spectra of the back disk at high frequencies differs from that observed for the sym-

metric arrangements. It was found that the modal amplitudes in the back disk have

larger magnitude than those of the single disk. Overall, interaction effects are reduced

when the angle increases, although this would theoretically depend on the scattering

directional spectrum. Similar observations were made for the experimental data. In

particular we found that the energy partition between the front and back disks was

consistent with the model’s predictions for most modes. Quantitatively, the experi-

mental data have more variability over the frequency range and we found a relative

difference of 20–60% between theoretical and experimental spectra overall.

An analysis of the anti-symmetric modes showed that they have low magnitude

and contribute little to the motion over most of the frequency range considered here.

Therefore, we suspect that a significant part of the measured amplitudes represent

noise that does not arise from the asymmetry of the arrangement, so that we could

expect similar amplitudes for the single-disk tests or the symmetric two-disk tests. We

found a reasonably good qualitative agreement, however, as the experimental spectra

have upward trends towards high frequencies, which is consistent with the model.

We acknowledge the need to repeat the tests to obtain statistically significant re-
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sults, which would allow us to validate the interaction theory for two disks. The results

obtained are satisfactory, however, as we were able to characterise most interaction ef-

fects that were predicted by the model. This is all the more remarkable, as the modal

amplitudes were calculated in short steady-state windows in order to account for one

interaction cycle. Throughout this analysis, we did not find evidence of multiple scat-

tering, although it is clear that the wavefield scattered by one disk affects the other.

As an extension to the present experiment, we could perform tests in a larger wave

tank in order to include multiple interaction effects. Although those effects are expected

to be small for two disks, existing models predict that they can be significant when

large arrays of disks are considered (Bennetts and Squire, 2009). Such configurations

are immensely difficult to setup experimentally and represent the subject of future

research.
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Chapter 9

Conclusions

The primary focus of this thesis has been to validate experimentally a linear hydroe-

lastic model of regular surface wave scattering by a group of floating circular elastic

plates. This is novel experimental research in that we have characterised (i) the flexural

motion in a plate of circular shape and (ii) the interaction effects on the bending motion

when two plates are present. We have obtained benchmark data for the response of a

single disk (3 thicknesses, 8 wave frequencies and 2 wave steepnesses) and two disks

(4 arrangements, 2 thicknesses and 8 frequencies) in a wave tank. The experimental

setup has been presented in details in Chapter 4 and the method to extract the linear

steady-state component from the deflection raw data is given in Chapter 5.

The theoretical model, derived in Chapter 2, synthesises the interaction theory

of Kagemoto and Yue (1986) with the time-harmonic solution to the scattering by a

single plate. Our work extends the eigenfunction matching approach of Peter et al.

(2003) for a single circular plate, as draught is now included. The numerical scheme is

modified as a result, to account for the singularity in the velocity field at the submerged

corner, using weighted Gegenbauer polynomials similarly to the two-dimensional study

of Williams and Porter (2009). We found that this approach improves the accuracy of

the converged truncated expansions compared to a standard eigenfunction matching

approach. The method is characterised by a slow convergence of the potential series

expansion, however, similarly to other versions of the eigenfunction matching method,

and no gain in numerical efficiency has been observed. We are currently investigating

alternative numerical techniques to improve the convergence of the model, which is

crucial when considering a large number of bodies.

Comparisons of experimental data and theoretical predictions are presented in

Chapter 6 for a single disk. In particular, we have investigated the frequency varia-
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tions of the natural modes amplitudes associated with the modes that are significantly

excited in the context of the regular wave forcing considered here. It was found that

(i) the qualitative agreement is good for all the modes considered;

(ii) the rigid body modes amplitude spectra agree well over the frequency range

(5–20% relative difference);

(iii) the model predicts phase changes that are not seen in the experimental data (over

100% relative difference around the phase change frequencies), possibly due to the

coarse experimental frequency sampling;

(iv) the model overestimates the flexural modes’s amplitude spectra over the frequency

range (30–50% relative difference for the 3 and 10mm disks, and 40–70% for the

5mm disk);

(v) the resonance peaks are in good agreement;

(vi) the trends of agreement and discrepancy are consistent for the three thicknesses

analysed.

Extensions to the original model have been proposed in Chapter 7 to analyse theo-

retically the effects of several physical processes present in the experiments. The main

findings of this analysis are as follows:

(i) the edge barrier fixed along the edge of the disk to prevent flooding events (green

water) has little effect on the response of the disk;

(ii) the central rod restricting the lateral oscillations of the disk induces insignificant

frictional effects at the centre;

(iii) the surge motion of the disk has no effect on its vertical displacement;

(iv) the viscoelastic properties of the disks may explain part of the discrepancy in the

flexural modes amplitude spectra at high frequencies, although additional tests

are required to characterise the behaviour of the disks properly.

Data comparisons for the response of two disks have been carried out in Chapter

8. The modal amplitude spectra of each disk are compared to the single-disk spectra,

allowing us to determine the interaction effects. A summary of the main findings is

given as follows:
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(i) the front disk behaves behaves similarly to the single disk with additional res-

onance peaks at the natural frequencies of the system. Increasing the spacing

between the disks tends to create more peaks in the spectra;

(ii) the motion in the back plate is reduced for symmetric arrangements and increased

for non-symmetric arrangements, in comparison to that in the single disk. It

strongly depends on the combined scattering directional spectrum of the disk,

characterised by the interaction factor;

(iii) the magnitude of the anti-symmetric modal amplitudes for non-symmetric ar-

rangements is insignificant over the frequency range;

(iv) the trends of agreement and discrepancy between theoretical and experimental

data are similar to those observed for a single disk;

(v) the qualitative and quantitative agreement of the interaction effects is good for

both disks.

In summary, the experimental campaign conducted as part of this project has been

successful. Regarding the discrepancy observed in the flexural modes spectra, a sen-

sitivity analysis proposed in Chapter 6 has shown that increasing (reasonably) the

Young’s modulus of the plate significantly improves the agreement between theory and

experiments. Although these observations have not been entirely confirmed by the

anelastic plate model in Chapter 7, we note that the calibration of this model may

have been faulty due to unreliable flexural test data. Therefore, additional tests are

needed to characterise the mechanical properties of the disks properly, so that we can

determine an appropriate plate model in the hydroelastic context.

The outcomes of the present study are of primary significance to sea-ice and VLFS

research. We have provided benchmark experimental data for the validation of math-

ematical models used in these fields as the theoretical core of the research to produce

more sophisticated models. However, we do not wish to speculate on the extension of

our results to plates with different shapes or response to realistic sea states, which are

not concerned by the scope of this investigation. The experimental method has been

proved to be reliable and, therefore, can be reused for other campaigns. We hope this

study will encourage researchers to conduct further laboratory experiments for more

complicated geometries, such as non-uniform plates, arbitrarily shaped plates or large

groups of plates, and forcings governed realistic wave spectra. We note that follow-up
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experiments have already been initiated that involve up to 100 freely floating rigid

disks to study the attenuation of surface waves in the MIZ.

A significant limitation of the experimental validation undertaken as part of this

thesis concerns the transient effects induced by the experimental wave forcing and

the influence of the wave tank boundaries. These effects have been removed from

the post-processed data by selecting a relevant time window (with short duration)

for the analysis. Therefore, we would like to construct a wave tank model including

transient wavemaker forcing, in order to conduct comparative studies over statistically

relevant time windows. This has been accomplished in a two-dimensional setting and

a derivation of the model and results are presented in Chapter 3. This study was

published during the completion of this thesis research (see Montiel et al., 2012). The

authors are currently investigating an extension of the model to three dimensions,

including side walls and wave scattering over the directional spectrum. We hope to

produce a numerical platform for the testing of hydroelastic structures in a wave tank

and facilitate data comparisons with experimental measurements.
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Appendix A

Edge conditions of thin plates

The free-edge conditions are used to express the amplitudes associated with the damped

vertical modes in terms of the other unknown amplitudes (associated with the travelling

and evanescent components). This provides expansions for the velocity potential in the

plate-covered region in terms of the travelling and evanescent wave components only,

similarly to those for the free-surface fluid region. The derivation of this mapping for

the circular plate and two-dimensional finite plate is presented here.

A.1 Circular plate

The matrix and vector form of the potential eigenfunction expansion in the plate-

covered fluid region Ω is given as follows

ψ(x) ≈ C(z)
∞∑

n=−∞

[
En(r)An +VẼn(r)Ãn

]
e inθ, x ∈ Ω, (A.1)

where C(z) is the (M + 1)-length row vector with entries φp(z), 0 ≤ m ≤ M . The

matrix V is of size (M + 1) × 2 with
[
V
]
m+1,j

= vm,j∗ , 0 ≤ m ≤ M , j = 1, 2, and

the diagonal matrices En(r) and Ẽn(r) have sizes M + 1 and 2 respectively, such that
[
En(r)

]
m+1,m+1

= În(κmr), 0 ≤ m ≤M , and
[
Ẽn(r)

]
j,j

= În(κ−j∗r), j = 1, 2.

Application of the edge conditions allows us to find a matrix map between Ãn and

An. The kinematic condition iαη = ∂zψ on Λ is used to write the deflection of the

plate in terms of an eigenfunction expansion. It is found that the linear dependence

relations given by Eq. (2.16) do not converge uniformly so that the series involving

the derivative of each term on the right-hand side diverge. This result comes from

numerical observations and no attempt to prove it is undertaken as part of the present
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work. Therefore, we must use Eq. (2.19) to expand the deflection, that is

η(r, θ) ≈ 1

iα

M∑

m=−2

ϕ
′

m(0)
∞∑

n=−∞
An,mÎn(κmr) e

inθ, r ≤ R, (A.2)

where the dashed superscript denotes the derivative of the single variable function.

This expression is then substituted into Eqs. (2.13e) and (2.13f) so we obtain

M∑

m=−2

ϕ
′

m(0)
[
(κmR)

2 − (1− ν)
(
κmRÎ

′

n(κmR)− n2
) ]

An,m = 0 (A.3a)

and
M∑

m=−2

ϕ
′

m(0)
[
(κmR)

3Î
′

n(κmR)− n2(1− ν)
(
κmRÎ

′

n(κmR)− 1
) ]

An,m = 0, (A.3b)

for all n ∈ Z. We have also used the linear independence of the set
{
e inθ : n ∈ Z

}

(actually an orthonormal basis for the Hilbert space L2([0, 2π])). We can rewrite these

equations using matrix and vector notations as

LnAn + L̃nÃn = 0,

where Ln are 2 by M + 1 matrices and L̃n are 2 by 2 square matrices, n ∈ Z. The

entries of these matrices are given by

[
Ln

]
1,m+1

= ϕ
′

m(0)
[
(κmR)

2 − (1− ν)
(
κmRÎ

′

n(κmR)− n2
) ]
, 0 ≤ m ≤M,

[
Ln

]
2,m+1

= ϕ
′

m(0)
[
(κmR)

3Î
′

n(κmR)− n2(1− ν)
(
κmRÎ

′

n(κmR)− 1
) ]
, 0 ≤ m ≤M,

[
L̃n

]
1,j+1

= ϕ
′

−j∗(0)
[
(κ−j∗R)

2 − (1− ν)
(
κ−j∗RÎ

′

n(κ−j∗R)− n2
) ]
, j = 1, 2,

[
L̃n

]
2,j+1

= ϕ
′

−j∗(0)
[
(κ−j∗R)

3Î
′

n(κ−j∗R)−n2(1−ν)
(
κ−j∗RÎ

′

n(κ−j∗R)− 1
) ]
, j = 1, 2.

Therefore, we obtain the result sought, that is

Ãn = LnAn, (A.4)

where Ln = −L̃−1
n Ln, n ∈ Z. The superscript −1 is used to denote square matrix

inversion.

Using the result of Eq. (A.4), we may rewrite the potential expansion in Ω given

by Eq. (A.1) as follows

ψ(x) ≈ C(z)
∞∑

n=−∞

(
En(r) +VẼn(r)Ln

)
An e

inθ, x ∈ Ω.

Therefore, we define the radial matrix of eigenfunctions in Ω as

En(r) = En(r) +VẼn(r)Ln, n ∈ Z (A.5)
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A.2 Two-dimensional finite plate

Using Eq. (3.6e), we expand the 4 free-edge conditions applied to Φ̂ = Φ̂(+) + Φ̂(−), as

M∑

m=0

κ3m

{[
A(+)

p

]
m
+
[
A(−)

p

]
m
e−κm(x(−)−x(+))

}
tanκm (1− γ)

+
2∑

j=1

κ3−j

{[
Ã(+)

p

]
j∗
+
[
Ã(−)

p

]
j∗
e−κ−j(x(−)−x(+))

}
tanκ−j (1− γ) = 0,

(A.6a)

M∑

m=0

κ3m

{[
A(+)

p

]
m
e−κm(x(−)−x(+)) +

[
A(−)

p

]
m

}
tanκm (1− γ)

+
2∑

j=1

κ3−j

{[
Ã(+)

p

]
j∗
e−κ−j(x(−)−x(+)) +

[
Ã(−)

p

]
j∗

}
tanκ−j (1− γ) = 0,

(A.6b)

M∑

m=0

κ4m

{[
A(+)

p

]
m
−
[
A(−)

p

]
m
e−κm(x(−)−x(+))

}
tanκm (1− γ)

+
2∑

j=1

κ4−j

{[
Ã(+)

p

]
j∗
−
[
Ã(−)

p

]
j∗
e−κ−j(x(−)−x(+))

}
tanκ−j (1− γ) = 0,

(A.6c)

M∑

m=0

κ4m

{
−
[
A(+)

p

]
m
e−κm(x(−)−x(+)) +

[
A(−)

p

]
m

}
tanκm (1− γ)

+
2∑

j=1

κ4−j

{
−
[
Ã(+)

p

]
j∗
e−κ−j(x(−)−x(+)) +

[
Ã(−)

p

]
j∗

}
tanκ−j (1− γ) = 0.

(A.6d)

These conditions allow us to express the amplitudes of damped modes, Ã
(±)
p in

terms of A
(±)
p . We first define the following truncated sequences

L
(1)
m = κ3m tanκm (1− γ) , L

(2)
m = κ3m e−κm(x(−)−x(+)) tanκm (1− γ) ,

L
(3)
m = κ4m tanκm (1− γ) , L

(4)
m = −κ4m e−κm(x(−)−x(+)) tanκm (1− γ) ,

for m = −2, . . . ,M .
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Therefore, combining Eqs. (A.6a) and (A.6b) into a single matrix equation gives

(
L
(1)
−2 L

(1)
−1

L
(2)
−2 L

(2)
−1

)
Ã(+)

p +

(
L
(2)
−2 L

(2)
−1

L
(1)
−2 L

(1)
−1

)
Ã(−)

p

+

(
L
(1)
0 . . . L

(1)
M

L
(2)
0 . . . L

(2)
M

)
A(+)

p +

(
L
(2)
0 . . . L

(2)
M

L
(1)
0 . . . L

(1)
M

)
A(−)

p = 0. (A.7)

Likewise, combining Eqs. (A.6c) and (A.6d) gives

(
L
(3)
−2 L

(3)
−1

L
(4)
−2 L

(4)
−1

)
Ã(+)

p +

(
L
(4)
−2 L

(4)
−1

L
(3)
−2 L

(3)
−1

)
Ã(−)

p

+

(
L
(3)
0 . . . L

(3)
M

L
(4)
0 . . . L

(4)
M

)
A(+)

p +

(
L
(4)
0 . . . L

(4)
M

L
(3)
0 . . . L

(3)
M

)
A(−)

p = 0. (A.8)

It is straightforward to solve the system defined by Eqs. (A.7) and (A.8) for vec-

tors Ã
(±)
p , assuming that the square matrices weighting those vectors are invertible.

Therefore, we may write

Ã(±)
p = T±

1 A
(+)
p +T±

2 A
(−)
p .
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Appendix B

Diffraction transfer matrices

B.1 Diffraction transfer matrices of a circular plate

In this section, we derive the diffraction transfer matrices (DTMs) associated with a

single circular plate. We define two sets of DTMs, i.e. the interior DTMs and the

exterior DTMs. The interior and exterior DTMs map the vectors A
(In)
n to the vectors

An and A
(0)
n , n ∈ Z, respectively, therefore mapping the incident wave field to the

scattered wave field. In a two-dimensional context those matrices are also commonly

referred to as scattering matrices. Those matrices contain the scattering properties

of the plate and do not require the knowledge of the incident wave amplitude to be

determined. This is a very general result typical of linear scattering models.

The derivation of these matrices results from the application of the EMM to the

single circular plate problem. We substitute the potential expansions (2.23) and (2.24)

and their normal derivative into the matching conditions given by Eqs. (2.27) and

(2.28), so we obtain

D0

(
E(I)′

n (R)A(In)
n + E(0)′

n (R)A(0)
n

)
= D(0)

g U(n), (B.1a)

DE
′

n(R)An = DgU
(n), (B.1b)

for the potential normal derivative matching and

D(0)T
g

(
A(In)

n +A(0)
n

)
= DT

g En(R)An, (B.1c)

for the potential matching, noting that E
(I)
n (R) and E

(0)
n (R) are the identity matrix of

dimension M + 1.
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In Eq. (B.1), the (M+1)-size square matrices D0 and D contain the inner-products

between the vertical modes of V0 and V , respectively, i.e.
[
D0

]
i+1,j+1

=

∫ 0

−1

ϕ
(0)
i (z)ϕ

(0)
j (z) dz =

1

2

(
tan ki
ki

+ sec2 ki

)
δij,

where δij is the Kronecker delta, and

[
D
]
i+1,j+1

=

∫ −γ

−1

ϕi(z)ϕj(z) dz =
1

2

(
tanκi
κi

+ sec2 κi

)
, if i = j,

=
κi tanκi − κj tanκj

κ2i − κ2j
, if i 6= j,

for i, j = 0, . . . ,M . Note that the matrix D0 is diagonal due to the orthogonality

of the vertical modes of V0, already mentioned in §2.2.1. The matrices D
(0)
g and Dg

were similarly introduced in Eq. (B.1), such that D
(0)
g contains the inner-products

between the elements of V0 and Vg, and Dg, the inner-products between the elements

of V and Vg. Note that these two matrices are not square and both have dimension

(M + 1)× (P + 1). The entries are defined by

[
D(0)

g

]
i+1,j+1

=

∫ 0

−1

ϕ
(0)
i (z)Cj(z

∗(z)) dz,

and

[Dg]i+1,j+1 =

∫ −γ

−1

ϕi(z)Cj(z
∗(z)) dz,

for i, j = 0, . . . ,M , and are calculated using the degenerate form of Gegenbauer’s

addition theorem (see, Abramowitz and Stegun, 1970, Eq. 9.1.81), so that

[
D(0)

g

]
i+1,j+1

= Γ (δ)

(
2

ki(1− γ)

)δ

(2j + δ) (−1)j
J2j+δ (ki(1− γ))

cos ki
,

and

[Dg]i+1,j+1 = Γ (δ)

(
2

κi(1− γ)

)δ

(2j + δ) (−1)j
J2j+δ (κi(1− γ))

cosκi (1− γ)
,

where Jp is the Bessel function of the first kind of order p.

Allowing M and P to be independent provides more numerical freedom, as their

effect on the accuracy and convergence rate can be studied separately. Therefore, non-

square matrices appear in Eq. (B.1) and care must be taken to manipulate them. The

solution is found by expressing the vectors of amplitude of the scattered waves, i.e.

A
(0)
n and An, in terms of the vector of amplitude of the incident wave A

(In)
n and the

interface vector U(n), using Eqs. (B.1a) and (B.1b), that is

A(0)
n = M(In)

n A(In)
n +M(0)

n U(n), (B.2)

288



and

An = MnU
(n) (B.3)

where we have defined the (M+1)-size square matricesM(In)
n = −

[
E

(0)′

n (R)
]−1

E
(I)′

n (R),

and the non-square matrices M(0)
n =

[
D0E

(0)′

n (R)
]−1

D
(0)
g and Mn =

[
DE

′

n(R)
]−1

Dg,

n ∈ Z, of sizeM+1 by P+1. The exponent −1 denotes matrix inversion. Substitution

of those expressions into Eq. (B.1c) allows us to express U(n) in terms of A
(In)
n , i.e.

U(n) = M(U)
n A(In)

n ,

where M(U)
n =

[
DT

g En(R)Mn − D
(0)T
g M(0)

n

]−1
D

(0)T
g

(
IM+1 + M(In)

n

)
, with IM+1 the

identity matrix of size M +1. The inverted matrix in the previous expression is square

of size P + 1 and it is crucial to assume that it is invertible. The rare cases for which

this matrix is not invertible correspond to the system’s natural modes, and only occur

for a few complex frequencies due to the infinite extent of the fluid domain in the

horizontal directions. The natural modes of the fluid-plate system are also referred to

as the wet modes, as opposed to the dry modes of a plate in vacuo.

SubstitutingU(n) into Eqs. (B.2) and (B.3) gives the required form of the diffraction

transfer matrices, that is

A(0)
n =

(
M(In)

n +M(0)
n M(U)

n

)
A(In)

n ,

and

An = MnM(U)
n A(In)

n ,

for each n ∈ Z. The exterior and interior DTMs are therefore given by S
(0)
n = M(In)

n +

M(0)
n M(U)

n and Sn = MnM(U)
n , respectively, n ∈ Z.

B.2 Diffraction transfer matrices of a module

In this section, we simplify the approach of Peter and Meylan (2009) for characterising

the scattered wave field due to a module of plates by considering circular plates only.

This allows us to algebraically derive the DTM of the module in terms of the DTMs

associated with each plate.

Let us assume the module is included in a circular contour of centre located at

(xmod, ymod, 0) and radius Rmod, so the aim is to derive the exterior DTM, S(mod) say,

of everything that is contained within this contour denoted by Γmod. We denote by

xmod = (rmod, θmod, z) the cylindrical coordinates of a point in the fluid domain in the
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system with origin located at the centre of Γmod. The derivation of the exterior DTM

is based on mapping the local scattered wave fields from all the bodies into a scattered

wave field for the contour Γmod. Therefore a change of coordinate system is required

on the horizontal wave-like components of φ
(j)
S , j = 1, . . . , Np, that is

Kn(krj) e
inθj =

∞∑

s=−∞
(−1)sKn−s(krmod) e

i(n−s)θmodIs(kρj) e
isχj

=
∞∑

τ=−∞

[
(−1)n−τ In−τ (kρj) e

i(n−τ)χj

]
Kτ (krmod) e

iτθmod (τ = n− s),

(B.4)

where

ρj =
√
(xmod − xj)2 + (ymod − yj)2 and χj = tan−1 ymod − yj

xmod − xj
,

and is valid provided that ρj < rmod. The change of variable τ = n− s creates a shift

in the Fourier mode expansion of the potential φ
(j)
S (xmod) so that truncation of the

infinite sum must be performed with care. For now, we introduce a new truncation

parameter, T say, for the infinite sum. We may then write

φ
(j)
S (xmod) ≈ C

(T )
0 (z)E(mod)(rmod, θmod)A

(mod)
j ,

where C
(T )
0 (z) is the (2T + 1)(M + 1)-length row vector obtained by concatenating

2T + 1 times the vector C0(z), and the (2T + 1)(M + 1)-size square block diagonal

matrix obtained by concatenating the matrices E
(0)
τ (rmod) exp( iτθmod), τ = −T, . . . , T .

The vectorsA
(mod)
j , j = 1, . . . , Np contain the amplitudes of the potential φ

(j)
S expressed

in the coordinate system of the module. The DTM of the module is therefore defined

as the map between those vectors and the vector of amplitude of the ambient wave.

Using (B.4) we may write

A
(mod)
j = T

(mod)
j A

(S)
j ,

where T
(mod)
j is the coordinate transformation matrix from plate j to the module of

size (2T + 1)(M + 1) by (2N + 1)(M + 1) with entries

[
T

(mod)
j

]
(M+1)(T+τ)+m+1,(M+1)(N+n)+p+1

= (−1)n−τKτ (kmRmod)
In−τ (kmρj)

Kn(kmRj)
e i(n−τ)χjδmp,

for m, p = 0, . . . ,M , τ = −T, . . . , T and n = −N, . . . , N .

The DTM is then obtain by successively applying the definition of the exterior

DTM of plate j, and the interaction matrix defined by Eq. (2.32), so that

A
(mod)
j = T

(mod)
j S(j)S

(int)
j A(In),
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where S
(int)
j is defined from Eq. (2.32) so we have A

(I)
j = S

(int)
j A(In), and has size

(2N + 1)(M + 1) by Np(2N + 1)(M + 1).

The vector of amplitude of the ambient wave A(In) is defined by concatenation

of the ambient wave amplitudes with respect to each plate. Therefore a map is in-

troduced so the ambient wave field is expressed in the coordinate system associated

with the module, such that the entries of the corresponding vector of amplitudes are
[
A

(In)
mod

]
(M+1)(N+n)+m

= (1/ i
√
α) exp(k0xmod)In(k0Rmod)δ1m. The mapping is there-

fore given by A(In) = S
(In)
modA

(In)
mod. The matrix S

(In)
mod has size Np(2N + 1)(M + 1) by

(2N + 1)(M + 1) and its entries are given by

[
S
(In)
mod

]
(M+1)(2N+1)(j−1)+(M+1)(N+n)+m+1,(M+1)(N+s)+p+1

= e i(xj−xmod)
In(k0Rj)

In(k0Rmod)
δ1mδns,

for m, p = 0, . . . ,M , n, s = −N, . . . , N and j = 1, . . . , Np.

The total scattered wave potential is obtained by summing the scattered wave

potential from each plate, so the DTM of the module is given by

S(mod) =

(
Np∑

j=1

T
(mod)
j S(j)S

(int)
j

)
S
(In)
mod. (B.5)

Referring to the condition of application of Graf’s addition theorem, the DTM of

the module is valid for rmod > max{ρj, j = 1, . . . , Np}. This condition is naturally

satisfied as we have assumed rmod > Rmod in order to obtain a circular scatterer.
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Appendix C

Performance of Fourier transform

inversion techniques

The use of FFT integration techniques requires the variables to be discretised (DFT)

in a specific manner such that the time step is defined as the inverse of the sampling

frequency. Therefore the integrations in the time/frequency domains cannot be treated

independently. We investigated the possibility of performing time and frequency do-

main integration independently. Here this only concerns the computation of the inverse

Fourier transform to recover the time-dependent variables, as the Fourier transform of

the wavemaker amplitude time evolution can be found analytically. We derive a direct

integration scheme allowing fast numerical inversion. The first step is to rewrite the

inverse transform formula for the case of a causal signal, that is

X(t) = F
−1[X̂(ω)] =

1

π

∫ ∞

0

(
Re
[
X̂
]
cosωt− Im

[
X̂
]
sinωt

)
dω,

where Re and Im denote the real and imaginary parts. It was then noted that the

spectral distribution of the potential is narrowband and localised around the exciting

frequency, so we can perform the integration over a finite interval [0, ωmax]. The only

issue encountered during the integration is that the integrand is not defined at ω = ω0,

but this can easily be accommodated as part of an integration scheme using a midpoint

rule around this point, for instance. We can perform the integration over the rest of the

domain using standard techniques (Newton-Cotes types). Convergence was achieved

after optimising the integration parameters and the results compared very well to the

ones obtained previously with FFT algorithms.

A third method was tested as part of this analysis, which consists of a generalisation

of the double exponential (DE) formula. A description of this numerical quadrature
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Figure C.1: Test function in the early moments and its reconstruction

through the three numerical schemes.

is given by Ooura (2005). After optimisation of the parameters involved, we obtained

reasonably good convergence.

To compare accuracy and speed of these methods, we used the wavemaker input

signal as a test function (see Figure 3.3). The initial value is the critical point in

terms of convergence (see Figure C.1). Therefore we use this point as a convergence

parameter and study how fast it tends to 0 with respect to the number of frequency

samples taken for the integration Ns. This number is not defined in the same way for all

three methods. For the FFT we first set the frequency interval (inverse of the signal’s

duration) so that convergence is obtained, and apply an ideal low-pass filter (with a

cutoff frequency ωc located between ω0 and ωf , the Nyquist frequency) to the spectrum

in order to reduce the number of frequency calculations. The distortion induced in the

reconstructed signal is related to Gibbs phenomenon, which is critical at t = 0, when

the ramp starts. Therefore, by varying ωc, we vary Ns. For our direct integration

technique we choose two frequency intervals, one around the exciting frequency and a

longer one elsewhere. Those were optimised so Ns varies as ωmax varies. For the DE

quadrature, the samples are predefined by the variable transformation, once the mesh

size is optimised, and Ns increases with the extension of the spectrum in the numerical

scheme. In Figure C.2(a), we plotted the convergence parameter as a function of Ns

and in Figure C.2(b), we gave the corresponding CPU time for each numerical scheme
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Figure C.2: Comparison of performances between three schemes for

numerical inversion of Fourier transforms.

tested. It is clear that FFT is superior in accuracy and speed to the other two methods.

In particular, FFT is 2 orders of magnitude faster than the DE quadrature and the

direct integration. It is noted that the Matlab built-in functions fft.m and ifft.m are

used here, which are based on the efficient FFTW algorithm.

Although the direct integration techniques allow time domain discretisation to be

independent from the frequency domain’s (which is not the case when using FFT), it

was found that these methods are computationally more demanding than the FFT, to

reach the same level of convergence. The FFT only requires O(Ns logNs) operations

to compute the transform, while direct integration requires an inversion at each time

sample so that O(NsNt) operations are needed, whereNt is the number of time samples.

In addition we have seen that applying an ideal low-pass filter to the transformed

function does not significantly affect the reconstructed signal. In practice, we use a

cutoff frequency ωc ≈ ω0 + 2π, which has proved to give less than 1% error on the

initial value and the distortion is negligible elsewhere. As part of the present work,

this significantly reduces the number of frequency samples needed to solve the problem

in the frequency domain.

295





Appendix D

Pointwise comparison of disk’s

deflection

A pointwise comparison of the deflection of a single disk at four points (markers 1, 5, 9

and 37) is given in Figures D.1–D.10. Theoretical and experimental transient responses

are analysed for the three thicknesses (h = 3, 5 and 10mm), four frequencies (f = 0.6,

0.8, 1.1 and 1.3Hz) and wave steepness ǫ = 1%. The raw time-dependent data from

the markers’ displacement is given in red, while the time-harmonic response from the

model is given in blue.

We observe a general good agreement overall in phase and amplitude. We find that

the agreement is best for marker 1 and worst for marker 37. In addition, more discrep-

ancy is observed as the frequency increases (or magnitude of the motion decreases).

297



0 5 10 15 20 25 30

−20

0

20

 

 

0 5 10 15 20 25 30

−20

0

20

 

 

0 5 10 15 20 25 30

−20

0

20

 

 

0 5 10 15 20 25 30

−20

0

20

 

 

z 1
z 5

z 9
z 3

7

t(s)

Figure D.1: Same as Figure 5.7 for ǫ1/f06/h3/pos2.
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Figure D.2: Same as Figure 5.7 for ǫ1/f08/h3/pos2.
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Figure D.3: Same as Figure 5.7 for ǫ1/f11/h3/pos2.
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Figure D.4: Same as Figure 5.7 for ǫ1/f13/h3/pos2.
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Figure D.5: Same as Figure 5.7 for ǫ1/f06/h5/pos2.
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Figure D.6: Same as Figure 5.7 for ǫ1/f13/h5/pos2.
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Figure D.7: Same as Figure 5.7 for ǫ1/f06/h10/pos2.
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Figure D.8: Same as Figure 5.7 for ǫ1/f08/h10/pos2.
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Figure D.9: Same as Figure 5.7 for ǫ1/f11/h10/pos2.
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Figure D.10: Same as Figure 5.7 for ǫ1/f13/h10/pos2.
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Appendix E

Normalisation of flexural natural

modes

We calculate the norm square of the symmetric NMV exhibiting flexural motion, that

are wn,j(r, θ) for (n, j) ∈ N
2 \{(0, 0), (1, 0)}. For those modes the norm square is given

by

〈wn,j, wn,j〉 =
∫ 2π

0

∫ R

0

w2
n,j(r, θ)r dr dθ

=

∫ 2π

0

∫ R

0

[
Jn (Kn,jr/R) + Cn,jIn (Kn,jr/R)

]2
cos2 (nθ) r dr dθ

= π

∫ R

0

[
J2n (Kn,jr/R) + 2Cn,jJn (Kn,jr/R) In (Kn,jr/R)+

C2
n,jI

2
n (Kn,jr/R)

]
r dr

= π (I1 + I2 + I3) ,

where

I1 =

∫ R

0

rJ2n (Kn,jr/R) dr,

I2 = 2Cn,j

∫ R

0

rJn (Kn,jr/R) In (Kn,jr/R) dr,

I3 = C2
n,j

∫ R

0

rI2n (Kn,jr/R) dr.

Using results from Meylan (1995) and Gradshteyn and Ryzhik (2007), we find that

I1 =
R2

2

[
J2n (Kn,j)− Jn−1 (Kn,j) Jn+1 (Kn,j)

]
,

I2 = R2Cn,j

Kn,j

[
Jn (Kn,j) In−1 (Kn,j)− Jn−1 (Kn,j) In (Kn,j)

]
,
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I3 =
R2

2
C2

n,j

[
I2n (Kn,j)− In−1 (Kn,j) In+1 (Kn,j)

]
.

Therefore, we may write

〈wn,j, wn,j〉 = πNn,jR
2/2,

where

Nn,j = J2n (Kn,j)− Jn−1 (Kn,j) Jn+1 (Kn,j) + 2
Cn,j

Kn,j

[
Jn (Kn,j) In−1 (Kn,j)

− Jn−1 (Kn,j) In (Kn,j)
]
+ C2

n,j

[
I2n (Kn,j)− In−1 (Kn,j) In+1 (Kn,j)

]
.

This expression also holds for the antisymmetric modes, i.e. n < 0, although it is

straightforward to prove that N−n,j = Nn,j, for all n ∈ N
∗.
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Appendix F

Natural vibrations of the circular

plate with an edge barrier

F.1 Edge mass

We derive the natural modes of vibrations (NMV) of the in vacuo circular plate with

an edge mass, introduced in §7.1.1. The NMV are similar to those of the free circular

plate derived in §6.1. For each angular mode, the eigenvalues K(em)
n of the problem are

different, however, as they satisfy the characteristic equation

det








F
(em)
Jn

(K(em)
n ) M

(em)
Jn

(K(em)
n )

F
(em)
In

(K(em)
n ) M

(em)
In

(K(em)
n )








= 0, (F.1)

where M
(em)
Jn

=M
(fe)
Jn

, M
(em)
In

=M
(fe)
In

and

F
(em)
Jn

(K(em)
n ) = F

(fe)
Jn

(K(em)
n ) + m̃b(K(em)

n )4Jn(K(em)
n ),

F
(em)
In

(K(em)
n ) = F

(fe)
In

(K(em)
n )− m̃b(K(em)

n )4In(K(em)
n ).

We have introduced the non-dimensional point mass m̃b = mb/ρhR. Note that setting

m̃b = 0 yields the free-edge problem considered in §6.1. The roots K(em)
n,j , j ≥ 0, of the

characteristic equation (F.1) are ordered in ascending magnitude for each n, similarly to

the free-edge plate. Therefore, the NMV are given by Eq. (6.3), where the eigenvalues

Kn,j are replaced by K(em)
n,j and the mode shape parameters C

(em)
n,j are given by

C
(em)
n,j =

M
(em)
Jn

(K(em)
n,j )

M
(em)
In

(K(em)
n,j )

=
F

(em)
Jn

(K(em)
n,j )

F
(em)
In

(K(em)
n,j )

.
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h = 3mm h = 5mm h = 10mm

n j fnj, f
(em)
n,j ∆f fn,j f

(em)
n,j ∆f fn,j f

(em)
n,j ∆f

2 0 1.73 1.91 10% 2.39 2.51 6% 4.82 5.09 6%

0 1 2.91 3.17 9% 4.01 4.20 5% 8.09 8.48 5%

3 0 4.02 4.53 13% 5.54 5.91 7% 11.18 11.96 7%

1 1 6.62 7.22 9% 9.12 9.54 5% 18.40 19.29 5%

4 0 7.06 8.09 15% 10.73 10.48 8% 19.62 21.20 8%

2 1 11.40 12.51 10% 15.71 16.48 5% 31.69 33.31 5%

0 2 12.43 13.59 9% 17.12 17.92 5% 34.55 36.21 5%

3 1 17.13 18.94 11% 23.61 24.85 5% 47.64 50.23 5%

1 2 19.33 21.25 10% 26.64 27.92 5% 53.76 56.43 5%

4 1 23.77 26.44 11% 32.76 34.58 6% 66.10 69.91 6%

2 2 27.27 30.15 11% 37.58 39.47 5% 75.83 79.79 5%

0 3 28.37 31.31 10% 39.09 40.99 5% 78.87 82.87 5%

3 2 36.19 40.23 11% 49.87 52.50 5% 100.61 106.15 5%

1 3 38.45 42.65 11% 52.99 55.67 5% 106.91 112.54 5%

4 2 46.04 51.42 12% 63.45 66.96 6% 128.01 135.40 6%

2 3 49.56 55.23 11% 68.29 71.88 5% 137.79 145.34 5%

3 3 61.64 68.97 12% 84.94 89.60 5% 171.39 181.19 6%

4 3 74.68 83.80 12% 102.91 108.79 6% 207.64 220.00 6%

Table F.1: Comparison of natural frequencies (in Hz) between free-

edge and edge-mass models.

The natural frequencies f
(em)
n,j of the circular plate with an edge mass are calculated

using Eq. (6.4), in which the non-dimensional wavenumbers Kn,j are replaced by K(em)
n,j ,

roots of the characteristic equation given by Eq. (F.1). In Table F.1, we compare

the magnitudes of the natural frequencies given by the edge mass model to those of

the free-edge model fn,j , for n ≤ 4 and j ≤ 3, and for the three plate thicknesses

considered, i.e. h = 3, 5 and 10mm. For each mode we evaluate the relative deviation

∆f =
∣∣∣fn,j − f

(em)
n,j

∣∣∣ /fn,j. The values used for the different parameters are those given

in §7.1.1.
We observe that the edge mass tends to increase the natural frequency of a given

mode compared to the free-edge case. In addition, it is seen that for the three thick-
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nesses, the relative deviation is uniform over the range of modes analysed. The modes

indexed (2, 0), (3, 0) and (4, 0) are the most affected by the presence of the edge mass.

The 3mm plate is more affected than the other two plates with an average relative

deviation of ≈ 11% over the range of modes. For the 5 and 10mm plates, we cal-

culated an average relative deviation of ≈ 6%. This behaviour is explained by the

barrier-to-plate weight ratio, which is higher for the 3mm plate (≈ 0.06) than for the

5 and 10mm plates (≈ 0.04).

F.2 Edge beam

The eigenvalue problem associated with the edge-beam circular plate problem (see

§7.1.2) is similar to that of the free-edge plate. Therefore, the NMV of the plate

(isolated from the ring) may be expressed similarly to those of the free-edge plate (see

§6.1). For each angular mode index n, the eigenvalues K(eb)
n,j , j ≥ 0, may be found by

solving the characteristic equation

det








F
(eb)
Jn

(K(eb)
n,j ) M

(eb)
Jn

(K(eb)
n,j )

F
(eb)
In

(K(eb)
n,j ) M

(eb)
In

(K(eb)
n,j )








= 0, (F.2)

where

F
(eb)
Jn

(K(eb)
n,j ) = F

(fe)
Jn

(K(eb)
n,j ) + m̃b(K(eb)

n,j )
4Jn(K(eb)

n,j )

n2

{
L̃b

[
Jn(K(eb)

n,j )−K(eb)
n,j J

′
n(K(eb)

n,j )
]
− D̃b

[
K(eb)

n,j J
′
n(K(eb)

n,j )− n2Jn(K(eb)
n,j )

]}
,

M
(eb)
Jn

(K(eb)
n,j ) =M

(fe)
Jn

(K(eb)
n,j )− Ĩb(K(eb)

n,j )
5J′n(K(eb)

n,j )

− L̃bn
2
[
Jn(K(eb)

n,j )−K(eb)
n,j J

′
n(K(eb)

n,j )
]
+ D̃b

[
K(eb)

n,j J
′
n(K(eb)

n,j )− n2Jn(K(eb)
n,j )

]
,

F
(eb)
In

(K(eb)
n,j ) = F

(fe)
In

(K(eb)
n,j )− m̃b(K(eb)

n,j )
4In(K(eb)

n,j )

− n2

{
L̃b

[
In(K(eb)

n,j )−K(eb)
n,j I

′
n(K(eb)

n,j )
]
− D̃b

[
K(eb)

n,j I
′
n(K(eb)

n,j )− n2In(K(eb)
n,j )

]}
,

M
(eb)
In

(K(eb)
n,j ) =M

(fe)
In

(K(eb)
n,j ) + Ĩb(K(eb)

n,j )
5I′n(K(eb)

n,j )

+ L̃bn
2
[
In(K(eb)

n,j )−K(eb)
n,j I

′
n(K(eb)

n,j )
]
− D̃b

[
K(eb)

n,j I
′
n(K(eb)

n,j )− n2In(K(eb)
n,j )

]
.
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h = 3mm h = 5mm h = 10mm

n j fnj, f
(eb)
n,j ∆f fn,j f

(eb)
n,j ∆f fn,j f

(eb)
n,j ∆f

2 0 1.73 1.91 10% 2.39 2.52 5% 4.82 5.09 6%

0 1 2.91 3.17 9% 4.01 4.20 5% 8.09 8.49 5%

3 0 4.02 4.53 13% 5.54 5.91 6% 11.18 11.96 8%

1 1 6.62 7.22 9% 9.12 9.55 5% 18.40 19.30 5%

4 0 7.06 8.09 15% 10.73 10.48 7% 19.62 21.20 8%

2 1 11.40 12.51 10% 15.71 16.49 5% 31.69 33.32 5%

0 2 12.43 13.60 9% 17.12 17.93 5% 34.55 36.24 5%

3 1 17.13 18.94 11% 23.61 24.87 5% 47.64 50.27 6%

1 2 19.33 21.26 10% 26.64 27.95 5% 53.76 56.49 5%

4 1 23.77 26.45 11% 32.76 34.61 6% 66.10 69.98 6%

2 2 27.27 30.17 11% 37.58 39.52 5% 75.83 79.90 5%

0 3 28.37 31.34 10% 39.09 41.05 5% 78.87 82.99 5%

3 2 36.19 40.26 11% 49.87 52.59 5% 100.61 106.33 6%

1 3 38.45 42.70 11% 52.99 55.77 5% 106.91 112.76 5%

4 2 46.04 51.46 12% 63.45 67.09 6% 128.01 135.67 6%

2 3 49.56 55.29 12% 68.29 72.05 6% 137.79 145.69 6%

3 3 61.64 69.04 12% 84.94 89.84 6% 171.39 181.70 6%

4 3 74.68 83.88 12% 102.91 109.11 6% 207.64 220.68 6%

Table F.2: Comparison of natural frequencies (in Hz) between free-

edge and edge-beam plate models.

In the previous expressions, the non-dimensional parameters are given as follows:

Ĩb = ρbJb/ρhR
3, L̃b = Lb/RD and D̃b = Db/RD. As for the edge mass problem,

we may write the NMV of the plate with an edge beam as in Eq. (6.3), in which the

eigenvalues are K(eb)
n,j , ordered with ascending magnitude for each n, and the mode

shape parameters are

C
(em)
n,j =

M
(em)
Jn

(K(eb)
n,j )

M
(em)
In

(K(eb)
n,j )

=
F

(em)
Jn

(K(eb)
n,j )

F
(em)
In

(K(eb)
n,j )

.

We calculate the natural frequencies of the circular plate with an edge beam, as in-

troduced in §7.1.2. The frequencies are given by Eq. (6.4), in which the non-dimensional

wavenumbers Kn,j are replaced by K(eb)
n,j , i.e. the roots of the characteristic equation
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given by Eq. (F.2). As in §F.1, we compare in Table F.2 the magnitudes of the natural

frequencies given by the edge-beam plate model to those of the free-edge model fn,j and

evaluate the relative deviation ∆f =
∣∣∣fn,j − f

(eb)
n,j

∣∣∣ /fn,j , induced by the former model.

It is seen in Table F.2 that the natural frequencies are similar to those of the

edge-mass plate model. We may estimate the influence of the different parameters

introduced in this model in Table F.3. We observe that the mass parameter is more

significant than the other ones. Therefore, it is sensible that the natural frequencies

found for the edge-beam plate model are similar to those of the edge-mass plate model.

h (mm) 3 5 10

m̃b (10
−3) 33 19 20

Ĩb (10
−6) 5.4 7.7 8.2

L̃b (10
−3) 2.2 0.2 0.2

D̃b (10
−6) 20 33 34

Table F.3: Parameter estimates in the edge-beam plate model.

While performing tests on the present model, we found that for certain values of the

parameters L̃b and K̃b, the characteristic equation had complex roots. However, those

occurred for unrealistic values of the parameters as part of the present study. Complex

natural frequencies yield damping in the corresponding natural modes, suggesting that

part of the energy stored in the plate is transfered into an adjacent medium (see

Crandall, 1970, as no damping term is present in the plate equation), i.e. the elastic

ring. Although we have observed this complex frequency behaviour repeatedly, we did

not attempt to explain those occurrences as part of the present work.

315


